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PROCEEDINGS 



THE LONDON MATHEMATICAL SOCIETY 



VOL. XXXIII. 



THIRTY-SEVENTH SESSION, 1900-1901 
(since the Formafcion of the Society, January 16th, 1865). 

November Sth, 1900. 

The Seventh Annual Genkeal Meeting of The London Mathe- 
matical Society, as incorporated under the Companies Act, 
1867, on October 23rd, 1894, held at 22 Albemarle Street, W. 

Lord KELVIN, G.C.V.O., IVesident, in the Chair. 

Twenty -four members present. 

The Treasurer read his report, the reception of which was moved 
by Mr. Kempe, seconded by Mr. W. F. Sheppard, and carried 
unanimously. 

The President said, if it was the pleasure of the meeting, Mr. 
Gallop would be asked again to act as Auditor. Carried unanimously. 

The senior Secretary announced that there had been three deaths, 
of which he had received intimation, during the session, viz., of 
Prof. Beltrami (an honorary member), Mr. J. J. Walker, and Major- 
Genei'al Close, R.A. 

There had been no addition to the list of exchanges. 

The following societies and pei'aons, not members of the Society, 

VOL. xxxin. — NO. 738. b 



2 Annual General Meeting, [Nov. 8, 

receive the Proceeafilgs of the London Mathematical Society, in 
exchange for their own Proceedings, or for some other reason : — 

1. The Royal Society. 

2. The Royal Society of Edinburgh. 

3. The Royal Irish Academy. 

4. The Library of Trinity College, Dublin, 
6. The Cambridge Philosophical Society. 

6. The Philosophical Society of Manchester. 

7. The Institute of Actuaries. 

8. The Library of University College, Gower Street. 

9. The Superintendent, Cop3rright Office of the British Museum. 

10. The University Library, Cambridge. 

11. The Bodleian Library, Oxford. 

12. The Faculty of Advocates' Library, Edinburgh. 

13. The Mason Science College Library, Birmingham. 

14. The Edinburgh Mathematical Society, Edinburgh. 
16. The Editor of -tVa^Mre. 

16. The Canadian Institute, Toronto, 

17- The Smithsonian Institute, Washington, B.C. j JI,S.A, 

18. The United States Naval Observatory, Washington, B.C., U.S.A. 

19. The Connecticut Academy, Newhaven, Conn., U.S.A. 

20. The Editors of the "American Journal of Mathematics,*' Johns Eopkins 
Universitg, Baltimore, U.S.A. 

21. The Editors of ** The Annals of Mathematics, *' 2 University Hall, Cambridge, 
Mass., U.S.A. 

22. L*Institut National de France, Paris. 

23. La Societc Mathematique, 7 Jtue des Grands Augustins, Paris. 

24. La Societe Philomathique, 7 Rue des Grands Augttstins, Paris. 

25. M. le General commandant TEcole Polytechnique, Paris. 

26. La Societc des Sciences Physiques et Naturelles, Bordeatix. 

27. La Biblioth^ue Universitaire de Medecin et des Sciences alliees, Si. Michel, 
Toulottse. 

28. L* Academic Royale des Sciences, des Lettres et des Beaux Arts de Belgique, 
Palais des Aeademies, Bruxelles, 

29. La Societc HoUandaise (par Teutremise du Bureau Scientifique Central 
Neerlandaift), Haarletn, 

30. The Editors of the ** Annales de TEcole Polytechnique a Delft," Lclft. 

31. The Mathematical Society of Amsterdam. 

32. Reale Istituto Lombardo di Scienze e Lettere, Milan. 

33. Reale Accademia dei Lincei, Palazzo dclle Scienze, Lungara 10, Roma. 

34. Reale Accademia di Scienze, Lettere ed Arti, Modena. 

35. Reale Accademia delle Scienze ^iche e matematiche, Napoli. 

36. Reale Istituto Veneto di Scienze, Lettere ed Arti, Venezia. 

37. Circolo Matematico di Palermo. 

38. M. le Prof. Gomes Teixeira, Coimbra. 

39. La Societe Mathematique (Cabinet de Mccanique, Universite), Odessa. 

40. Akademie der Wissenschaften, Berlin. 
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41. Th6 Editor of the ** Journal fiir die reine uSTang^wandte Mathematik 
{Crelle),'' Berlin. 

42. The Authors of the **Jahrbuch iiber die Fortachritte der Mathematik,'* 
Berlin. 

13. Die Kiinigliche Gesellsohaft der Wissensohaften, Obttingen, 

44. The Librarian (an der PhyRischen und Medicinischen G^ReUschaft), ErUmgen. 

45. The Editor of the **Beiblatter zu den Annalen der Physik und Chemie," 
Leipzig, 

46. Die Kiinigliche SachsiAche Gesellschaft, Leipzig. 

47. Die Naturforschende Gegellfwjhaft, Zurich. 

48. The Editors of the " Prace-Matematyczno Fizyczne " of Warsaw. 

49. Le Redacteur de ** Nieuw Archiev," Leiden. 

50. La Faculte des Sciences de Marseille. 

51. The Physical Society, London. 

52. The Editor of the ** Monatshefte fiir Mathematik und Physik," Vienna. 
5i. The American Mathematical Society, New York. 

54. The American Philosophical Society, Philadelphia 

55. The Editor of the ** Periodico di Matematica per Tinsegnamento secondario." 

56. University College of North Wales, Bangor. 

Extra work liad been undertaken by the Secretaries in the form of 
a Gomplete Index of all the Papers printed in the Proceedings of the 
London Mathematical Societij, Vols. I.-XXX. (112 pp.) ; and of a List 
of Members of the London Mathematical Society^ from the date of founda- 
tion^ 16fh January, 1865, to 9th November, 1899 (16 pp.)- 

Mr. Love repoHed that at the beginning of the Session the number 
of members was 247, deaths had been 2, name restored 1, and new 
members 6, making a total of members, at the commencement of the 
new Session, equal 252. In addition, the Society had to regret the 
loss of one foreign member. 

Messrs. M. Jenkins and W. W. Taylor having consented to act as 
Scrutineers, the ballot was then taken, with the result that the 
gentlemen who had been nominated by the Council were declared by 
the President to have been elected to constitute the Council for the 
Session 1900-1901. Their names are : — President, Dr. Hobson ; 
Vice-Presidents, Lord Kelvin, Prof. W. Burnside, and Major P. A. 
MacMahon ; Treasurer, Dr. J. Larmor ; Hon. Sees., Mr. R. Tucker 
and Prof. Love. Other members : Mr. J. E. Campbell, Lt.-Col. 
Cunningham, Prof. Elliott, Dr. Glaisher, Prof. M. J. M. Hill, 
Mr. Kempe, Mr. H. M. Macdonald, Mr. A. E. Western, and Mr. 
E. T. Whittaker. 

Lord Kelvin on leaving the Chair thanked the Society for their 
having elected him to the office of President, and for their tolerating 
.so kindly his infrequent attendance at their meetings — " a result due 

B 2 
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to the interval of four hundred miles which lay between his home 
and London." He then welcomed Dr. Hobson to the vacant Chair, 
and expressed his *' pleasure in having him for his successor." 
Dr. Hobson then took the Chair, and, thanking the members present 
for having elected him, asked Lord Kelvin to communicate his 
promised address " On the Transmission of Force through a Solid." 

The vote of thanks to Loixi Kelvin for his interesting communica- 
tion was moved by Dr. Glaisher, and seconded by Dr. Lai-mor, and 
carried unanimously. In response to the request of the meeting, 
voiced by the above named gentlemen, Lord Kelvin promised to 
write out his remarks for publication in the Proceedings. 

Dr. Glaisher communicated two papers, viz., (i.) "A General Con- 
gruence Theorem i-elating to the Bernoullian Functions," and 
(ii.) "On the Residues of Bernoullian Functions for a Prime 
Modulus, including as special cases the Residues of the Eulerian 
Numbers and the /-Numbers." Major MacMahon asked a question 
in connection with Sylvester's work in this direction. 

Mr. Tucker communicated "Further Notes on Isosc«lians," and 
spoke on the properties of two in-triangles which are similar to the 
pedal triangle. 

The President i*ead the titles of the following papers : — 

In a Simple Group of an Odd Composite Order every System of 

Conjugate Operator or Sub-G roups includes more than 

Fifty : Dr. G. A. Miller. 
Pnme Functions on a Riemann Surface : Prof. A. C. Dixon. 
On Green's Function for a Circular Disc : H. S. Carslaw. 
On the Real Points of Inflexion of a Curve : A. B. Basset. 
On Quantitative Substitutional Analysis : Alfred Young. 
On a Class of Plane Curves : J. H. Gittce. 
(i.) On Group Characteristics, and (ii.) On some Properties of 

Groups of Odd Order : Pi-of. W. Bumside. 
(i.) Conformal Space Transformations, and (ii.) Dynamical 

and other Applications of Algebra of Bilinear Functions : 

T. J. I'A. Bromwich. 

The following presents were made to the Librar}- : — 

** Educational Times," November, 1900. 

** Indian Engineering," Vol. xxviii., Nos. 12-16, Sept. 22-Oct. 13, 1900. 

**Proce8 Verbal de la Societe des Naturalistes," Anneea 8, 9, 10; Vareovie,. 
1898-1899. 

Edalji, J. — •Reciprocally related Figures and the Principle of Continuity,'*' 
8vo ; Ahniodabad, 1900. 
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**Mathemati8ch-naturwi88eii8chaftliche Mitteilungen in Wiirttemberg," Sorie 2, 
Bd. n., Heft 3 ; Stuttgart, 1900. 

** Mathematical Gazette,'* Vol. i., No. 23 ; 1900. 

Lebon, E. — ** Solution de la Probleme de Malfatti," 8vo ; Goimbra, 1889 (from 
the *' Rendiconti del Circ Mat. di Palermo '*). 

The following exchanges were received :- 

** Proceedings of the American Philosophical Society,*' Vol. xxxix., No. 162; 
Phihidelphia, 1900. 

**Periodico di Matematica," Serie 2, Vol. in., Fasc. 2 ; Livomo, 1900. 

** Transactions of the American Mathematical Society," Vol. i , No. 3 ; July, 
1900. 

•* Annals of Mathematics," Series 2, Vol. ii., No. 1 ; Harvard University, 1900. 

** Proceedings of the Royal Society," Vol. lxvii., Nos. 436, 437 ; 1900. 

** Beibliitter zu den Annalcn der Phy^ik und Chemie," Bd. xxiv., St. 9 ; Leipzig, 
1900. 

** Rendiconti del Circolo Matematico di Palermo," Tomo xrv., Fasc. 5 ; Sett.- 
Ott.,1900. 

*' Bulletin of the American Mathematical Society," Series 2, Vol. vn., No. 1, 
Oct., 1900; New York. 

** Jomal de Sciencias Mathematicas e Astronomicas," Vol xrv.. No. 2 ; Coimbra, 
1900. 

** Monatshefte fiir Mathematik und Physik," Jalirgang xi., Pt. 4 ; Wien, 1900. 

*' Bulletin de.s Sciences Mathcmatiques," Tome xxiv. , Juillet, Aout, 1900 ; Paris. 

** Journal fiir die reine und angewandte Mathematik," Bd. cxxii., Heft 4; 
Berlin, 1900. 

'* Archives Neerlandaisea," Serie 2, Tome iv., Livr. 1 ; La Haye, 1900. 

*'Atti della Reale Accademia dei Lincei — Rendiconti," Sem. 2, Vol. ix., 
Fasc. 7 ; Roma, 1900. 

** Nyt Tidsskrift for Matematik," B. Aargang ii., Nr. 3 .; Copenhagen, 1900. 

** Journal of the Institute of Actuaries," Vol. xxxv., Pt. 5, Oct., 1900. 

* * Memoirs and Proceedings of the Manchester Literary and Philosophical Society," 
Vol. XMV., IH. 5, 1900. 

** Nachrichten von der Kiiuigl. Gesellschaft der Wissonschaften zu Gottingen," 
Math.-Phys. Kla«se, Heft 2 ; 1900. 

*' Tokyo Siigaku-Butwurigaku Kwai Kiji," Maki No. 8, Dai 4, 6, 1900. 
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In a Simple Oroup of an Odd Composite Order every System of 
Conjvgate Operators or Sub-groups includes more than Fifty, 
By 6. A. Miller. Received July 4th, 1900. Read 
November 8th, 1900. 

Bumside has called attention to the importance of the study of 
questions relating to simple groups of an odd composite order, and 
he has proved some theorems which throw light on this question.* 
In what follows this subject is studied from a somewhat different 
standpoint, and the proof of the theorem stated in the heading is the 
principal objective point. This theorem is evidently equivalent to 
the theorem : The degree of a simple group of an odd order must 
exceed fifty. This proof is based, to a large extent, upon the follow- 
ing facts. 

If we represent a simple group o^an odd composite order as a 
substitution group in the smallest possible number (?i) of elements, 
the group (G) is primitive and simply transitive. All its ti^ausitive 
sub-groups, as well as all the transitive constituents of its intransitive 
sub-groups, are only simply transitive, and of an odd order. In 
particular, its maximal sub-group of degree n— 1 (G^) is composed 
of an even number of simply transitive constituents of an odd 
order. The order of each one of these transitive constituents in- 
volves all the prime factoids that are contained in the order of G^.f 

The degree of G cannot be a prime number of the form 2*-|-l, 
since the operators of this prime order would be transformed into 
themselves by substitutions of order 2, according to the theorem that 
each operator of a prime order {p) in a group of degree p must be 
transformed into itself by more than p operators of the group, when- 
ever the order of the group is composite. If one of the transitive 
constituents of Gi were of a prime degree of the form 2'-h 1, the order 
of Gi would have to be p.J In this case G would have to contain 
just n— 1 substitutions of degree n, and hence it could be represented 
as a transitive group whose degree would not exceed w — 1, a result 



* Bumside, Theory of Groups of a Finite Order, 1897, pp. 371, 379. 
t Jordan, Traite des Substitutions, 1870, p. 284. 
X Proc, Lottd. Math. Soc., Vol. xxviii., p. 536. 
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wliich is contrary to the hypothesis that is represented by the 
smallest possible number of elements. We may therefore assume 
that Oi does not contain any transitive constituent whose degree is 
one of the numbers 3, 5, 17, .... 

By means of the following general theorem we may further restrict 
the possible degrees of transitive constituents of G^. 

Theorem. — If 0^ contains a transitive cmistituent (of degree «,) whose 
order is not divisible by p**^ (p being a prime number), and if this con- 
stituent contains a self-conjugate sub-group of order p* which includes 
p' — l substitutions of degree rij, then the order of G^ will not be divisible 
by p'**^y whenever the sub-group which corresponds to identity of this con- 
stituent is generated by its substitutions of order p', or contairis only one 
maximal group whose order is of the form p'. 

We shall prove this theorem by showing that the hypothesis that 
the order of (r, is divisible by p'** leads to a contradiction. Suppose 
that the order of G^ is divisible by y (/3>a), but not by any higher 
power of p. All the operator's of (7, whose orders are powers of p 
generate a sub-group (G^) of (7„ which has the given self -conjugate 
sub-group (PJ of order p" as a constituent. To identity of P. there 
corresponds a self -con jugate sub-group (H) of G^ whose order is 
mp^'''. Some of the conjugates of 6r, contain H without containing 
any other operator of G^. When m = 1 these conjugates of G^ will 
clearly contain operators that transform H into itself, but are not 
contained in (rp* This is impossible, since G^ is a maximal sub-gix)up 
of G. We may therefore assume m>l. 

All the operators of H whose orders are divisors of m generate a 
self-conjugate sub-group {M) of (r, whoso order cannot exceed nip^''^. 
If the order of Jf is not divisible byp*"% M must be generated b} 
operators whose orders, are powers of p, and hence it has to be self - 
conjugate in the given conjugates of G^. As this is clearly impossible, 
it remains only to consider the case when m > 1, and when the order 
of m is divisible by p^*- In this case the operators of 3f whose 
orders are divisible by p generate a self-conjugate sub-group of G^. 
As this would also be self -con jugate in the given conjugates of (?,. 
the theorem is proved. It may be observed that the theorem applies 
to any simply transitive primitive group of degree m, even if its ordei* 
is even, Q^^ being the maximal sub-group of degree w — 1 . 

In what follows we shall assume w < 51. 



♦ Bumside, Froc. Land, Math. Soc, Vol. xxvi., p. 209. 
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It is easy to prove that 0^ cannot have a transitive constituent of 
degree 7. Such a transitive constituent would have to be of order 21, 
since the cyclic and semi-metacyclic groups are the only two transi- 
tive groups of deg^e 7 which have an odd order. If each of the 
other transitive constituents of ^i were also of degree 7, the order of 
Gi would clearly be 21. This is impossible, since it is known that 
there is no simple group whose order is odd and ^ 50 . 21. Hence 

we observe that 6/} has to contain a constituent of degree 21 or of 
degree 27 if it contains a constituent of degree 7. The constituent 
(»f degree 27 could not be imprimitive, since a transitive group of an 
odd order and of degree 9 cannot include any operator of order 7. 
it could not be primitive, since its maximal sub-group of degree 26 
could not be composed of an even number of transitive constituents 
of degree 7. It remains to consider the case when G^ contains a 
transitive constituent of degree 21 and one or more constituents of 
degree 7. 

The constituent of degree 21 could not be regular, since the ordei- 
of Gi must exceed 21. It could not be primitive, since the order of 
its maximal sub-group of degree 20 could not be a power of 3. It 
could not have seven systems of imprimitivity, since the self -con jugate 
sub-group of order 3" which would cori-espoud to identity in the 
transitive constituent of degree 7 could not be similar to other sub- 
groups of (tj. As it evidently could not have three systems of 
imprimitivity, we have pi'oved that Gi cannot have any transitive 
constituent of degi^ee 7 if the degree of G does not exceed 50. 

We proceed to prove that 6r, cannot have a transitive constituent 
of degree 9. Such a constituent would have one of the following 
orders : — 9, 27, 81.* Hence the order of G would be 3"«, and n could 
be neither a pi-ime number nor the square of a prime.f Since G', 
would have either two or four constituents of degi'ee 9, or one con- 
stituent of degree 9 and one of degree 27, n would be either 19 or 37, 
and hence (?, cannot contain a constituent of degree 9. If it con- 
tained a constituent of degi*ee 11 or 13, its order would be 55 or 39 
respectively, and the order of G could not exceed 2835. J 

We have now proved that G, cannot contain any constituent whose 
degree is less than 15. If it contained two constituents of degree 15, 



• Quart. Jour, of Math., Vol. xxvi., 1893, p. 376. 

t Burnside, T/ieonj of Groups, 1897, p. 348. Cf. Jordan, Liouvilie, Vol. iv., 
1898, p. 21. 
X Burnside, Theory of Groups ^ 1897, p. 371. 
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they would be imprimifcive,* and the order of G would be 3* . 5^ . 31 
(a < 10, /3<6). The number of sub-groups of order 31 would be 125, 
since this is the only number within the given limits which is con- 
gruent to 1, mod 31. The order of Gi would therefore be 3 . S*" (y < 5) , 
and its sab-gi*oup of order b^ would be Abelian. As this is clearly 
impossible, Gi cannot contain two constituents of degree 15. If 6?, 
contained two constituents of degrees 15 and 25 respectively, the 
constituent of degree 25 would be primitive, since an imprimitive 
group of degree 25 and of odd oixier cannot include any operator of 
order 3. It may be observed that this group of order 75 is the first 
primitive group of an odd order that is not included in a metacyclic 
group of a prime degree. The order of this constituent would be 75, 
and it would contain 50 operators of order 3 and degree 24, and 24 
operators of degi'ee 25 and order 5. Since the order of G could not 
be 75.31, this is impossible. 

It was observed above that (7, cannot contain any constituent of 
degree 17. If it contained two constituents of degree 19, the order 
of (7 would be 39.19.3* (a < 3). The number of its sub-groups of 
order 13 would be 27, since this is the only number within the given 
limits which is congrueat to 1, mod 13. This is impossible, since a 
sub-group of order 13 could not be transformed into itself by an 
opei*ator of order 19. If (jj contained two constituents of degi*ee 21, 
its order would be 7*. 3^ (a = l, )8<16, or l<a<6, /><8). 

The number of sub-gix)ups of order 43 in G would therefore be 
7.3^^ = 356.43 + 1, and the number of sub-groups of order 7 would 
be 43.3". Hence each of the two constituents of (7, would contain 
seven systems of imprimitivity. Their sub-groups which would not 
permute any of the systems of imprimitivity would be composed of 
cycles of degree 3 in distinct sets of elements, and hence they would 
be Abelian. 

The substitutions of (r, whose degi^ee is less than 40 would 
generate a self-conjugate sub-group of order 3*, all of whose 
transitive constituents would be of degree 3. This would contain a 
sub-group of order 3*"^ which would occur in a conjugate of Gi, and 
hence it would be transformed into itself by a group of degree 43. 
As this is impossible, Gi cannot contain two constituents of degree 21. 

It remains to pi*ove that Gi cannot involve two constituents of 
degree 23. In this case the order of G^ would be 23.11, while the 



Proc. Lond. Math. Soc.^ Vol. xxvin., 1897, p. 533. 
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order of G would be 23. 11 .47. This is impossible, since 23. 11 is not 
conjugate to 1, mod 47. We have now examined all possible cases 
and found that there is no simple group of an odd order whose degree 
is less than 51. This proves the statement of the heading. 



Prime Functions on a Riemann Surface. By A. C. Dixon. 
Received August 10th, 1900. Read November 8th, 1900. 
Received, in revised form, January 19th, 1901. 

In a paper read to the London Mathematical Society {Proceedings, 
Vol. XXXI., p. 308) I pointed out a method by which prime functions 
quite analogous to the elliptic theta-fuiictions could be introduced 
into the moi'e general theory of Abelian functions. In the present 
paper I have gone moi*e fully into the genei-al theory of these prime 
functions, investigating their relations to each other and giving other 
methods by which they may be introduced. The discussion is, of 
course, liirgely pai*allel to that in Prof. Klein's paper (Math. Anv., 
Vol. XXXVI., p. 1) and the cori^esponding parts of Mr. Baker's book. 

1. Take a Riemann sui-face, resolved by a canonical system of -y/ 
cuts into a simply connected .surface or polygon, whose boundary in 
the positive sense when it is opened out is 

«! 6, c, di rt-j 6.2 c^d^ ... a^ 6^ c^dj, ; 

thus a,6j and diCi will be opposite sides of the same cut, and so will 
c,6j and ti,aj+i (a^M being the same as a,). Let *S„ T, denote the 
operations of moving across the polygon fi-om a point of «,6, to the 
corresponding point of Cj'/,, and from a point of 6,Ci to the corre- 
sponding point of didi^i respectively, or of moving round circuits 
equivalent to these. 

Let tt„ u^, ..,, «/, be the integi'als of the first kind, such that 

w, (Siz) = Vi (z) -f2«ir, 

u,iTjz) = u,{z)+u.^, 
where w,, = <o,,-. 



1900.] Prime Functions on a Riemann Surface, 11 

Consider a function $, {z) having no pole or singulaiity within the 
polygon or on its boundary, and having one simple zero at e, and 
affected by passage round the circuits* so that 

\o^e.{Siz) = log^,(2;) + 2a^to+/50 

log^,(T.^) = log^,(z)+2y,7^, + 8,j ^' 

Such a function will be called a prime function in this paper. 
Functions uniform within the polygon and satisfpng relations of the 
form ( I ) will be called factor -functions, and such as have no pole or 
zovo accidental factctr 8. The '•2/; (j9-f-l) quantities «, /3, y, B are not 
altogether arbitrary, but must satisfy certain relations which can be 
found ai* follows. Take for simplicity the case of a prime function. 

In the first place J d log 0^ (z) taken round the whole boundary of 
the polygon must be 2«t. But the part of this contributed by the 
sides Uihi and Cidi is 

- (" d \0^-'}f^ = - 2 «, f" dn, = - 2 a, C duj = 2 «,a.,. 

The part given by the sides fc.o, and rfjrt. + i is 

- C^' d log ^' ( J' ;-^- = - 2 y J^' dv, = - 2.7r. V... 

Thus, by summation, we have 

2 Y.. = - 1+^^-2 2 «,<«„. (2) 

Again, the value of J Mjj^ log 0^ {z) taken round the whole boundary 
of the polygon is 2t7r. n^ (e). The part contributed by the sides a^b^ 
and fjcZi is 

r [K-2.7r) d log ^, (;^Y'^)-"i.a[ log6>. (z)] 

= 1 [ — ( ?^ — 2nr) 2 a,^ (i?t> — 2(7r d log ^,. (:;) J 

m,cZm, — 2(7r2a,^w„ + 2c7r {2y,/«> (c,)-|-^i}. 



• Here the circuits -S",, 7', are taken a8 equivalent to the sides A^/^j, <?,r/i of the 
polygon respectively, and, if one of the circuits is altered so as to pass on the other 
side of the point <■, the right-hand side of the corresponding equation must be in- 
creased or diminished by 2ijr. 
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The part given by a. 6, and r.(Z, (t ^ 1) is 

S a 1 u^du . 

J J c • 

The part given by 6,Ci and diQi^i (t = 1, 2, ..., j?) is 
[ * [-(ui + oi,,) dlogO, (TiZ)'{-u,dloge, (z)] 

= I [ — (u,-|-<«),0 2yoci?f;-wucilog^, (z)] 

-f J 6, ■'* 

Thus we have the relation 
^, + 2 y„ . M, (c,) 

2i7r I J C J6,. Jc, ) i"r • > 

+ 2a,u(a„ + y«). (3) 

I 

This holds also when any of the suffixes 2, ...,/> is put in the place 
of 1, and thus it represents p relations. 

The equations (2), (3) hold for factor-functions in general with 
slight modification. In (2) we must put as the first term on the 
right the excess in number of the poles over the zeroes of the function. 
In (3) we must have in place of the term n^ (e) the sum of the values 
of Wj at the zei'oes diminished by the sum of its values at the poles. 

It will be found that there are no more restnctions on the quanti- 
ties a, P, y, c than those expressed in the equations (2), (3) as thus 
modified, or, say, the equations (2'), (3'). 

The ratio of two factor-functions with the same poles and zeroes 
will be an accidental factor. For any accidental factor the equations 
(2'), (3) are linear and homogeneous in the quantities a, )8, y, ^, the 
coefficients being constants depending on the surface, and also on the 
fixed place where the cuts begin and end. The dependence on this 
place is clearly only apparent. 

We shall now discuss the question of the existence of factor- 
functions and their reduction to their simplest forms. 
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Actual Formation of Accidental Factors and Prime Functions. 

2. The simplest accidental factors are those of the forms exp Ui 
exp UiUj. For exp Ui we have 

a = y = for all pairs of suffixes, 

/3,.= 2iir, /3,=0 (j^O, 

Exp ViUj is the product of exp j Uiduj and exp j Ujduf, each of which 
is an accidental factor. For we have, as the increase in the logarithm 

of exp j Ui'luj when z passes round any circuit S, 

I «,(ii*;— Uidtij = \ Uiduj-^\ Uiduj—\ Uiduj 

-'o .--0 -'S J=o .'*« 

= u) duj-^ Uiduj* 

* *o • "0 

where <u is the modulus of m, for the circuit S. Here then a,;, = 2iir, 
a = for other pairs of suffixes. 

Hence any given factoi'-function can be expressed as the product 
of a factor function for which a = 0, /3 = 0, and functions of the 
forms exp cjuiduj, exp cw„ c being constant. For to destroy all the 
coefficients a we need only divide the given factor- function by 



n exp ^- I Uiduj; 
i,j 2nr J 



and, if a = for all pairs of suffixes, we destroy P for all suffixes if 
we divide by ^ o /o 

i 

Now let i\ be such a multiple of V„ the normal elementary integral 
of the second kind, with e for pole, that J v^dvi taken iT)und a small 
contour enclosing e has the value 2nr. Then the function exp J t\dui 
has no pole within the polygon and no zero except a simple one at e, 
and it is, in fact, a prime function. For take any circuit S, and let rf 



• In this and other places where the paths of integration are clearly implied, I 
have not thought it necessary to take up space by defining them. Any place on 
the surface is, in fact, throughout supposed to be reached by a definite path from a 
fixed orig^. 
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denote the modulus of v, for this circuit. Then when z passes round 
the circuit 1 v^dui is changed into v,dui, the increment of this 

integral being* 
'\\dui +1—1 I ^V^^M. = ° v,dui+ I Tfdui 

Since this holds for any circuit, the function is a prime function, and 
we have, moreover, 

a = for all pairs of suffixes, 

y,i = modulus of t\ for the circuit 7}, 

There is an exception to this if e is one of the 2p — 2 zeroes of dtii. 
Then J V^dui is finite at e, as elsewhere, and exp / V^dui is an acci- 
dental factor, not a prime function. The rest of the investigation 
holds good, so that y^j is proportional to the differential coefficient of 
Hf at e, and 

yj,. = 0, y^/i = (/i ^ t), a = for all pairs of suffixes. 

In this way 2p—2 functions can be formed, one for each of the 
points at which dui vanishes. Of the 2p—2 sets of ^ — 1 coefficients 
yJ^ (J zfz %) thus got, jp — 1 must be linearly independent, since other- 
wise a linear combination of d\i^^ du^, ..., dut.i, ^Wi+i, ..., du^ would 
vanish at the same 2p— 2 points as du„ and could therefore only be 
a constant multiple of du,s which is impossible. Thus, again, by 
dividing by accidental factors of the form exp c F^'^m,, where c is a 
constant and e is one of the zeroes of dui, we can destroy the co- 
efficients yjty except y^^, in any given factor-function. 

Now let U stand for t^i-ht^j-l- ... -1-^^, and let e be one of the zeroes 
of dU. Then exp J V^dll is another a^jcidental factor for which a = 
in all cases, and yji = modulus of F< for the circuit Tj (i = 1, 2, ..., p). 



♦ This proof is repeated from Proc. Loud. Math. Soe.^ Vol. xxxi., pp. 308, 309. 
It hhould be noted that the passage on p. 309, from '* Suppose now " to ** arbitrary 
zero " In faulty. A better investigation is given below (see the end of § 3). 
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Since e is a zero of dUy the sum of the moduli of F, for the circuits 
1\, T„ ..., Tp must be zero, and thus 

7ii+r«-l---+ypp = 0. 

This is, however, the only linear relation satisfied by the moduli of 
F„ since, as before, p—1 of the 2p—2 sets of moduli corresponding to 
the difEerent zeroes oi dU must be linearly independent. Hence we 
have here j9— 1 more special accidental factors by means of which all 
but one of the quantities 

yiu ytii •••» "Ypp 

can be destroyed in any given factor- function. 

Thus, given any accidental factor whatever, we can by dividing it 
by suitable powers of certain known special accidental factors reduce 
it to an accidental factor in which, first, a = for all paii's of suffixes, 
then ya, 788, •••» 7/.^ vanish, then y = for all paii*s of unequal 
suffixes, then /3 = for all suffixes ; so that finally of all the 
quantities a, )3, y, ^ only y,,, ^„ ^„ ..., ^p are left. 

But the relation (2') for an accidental factor shows that now 
y,j = also, and from (3') we have \=i B^ = ... = ^^ = 0. Thus the 
accidental factor is now reduced to a function uniform on the surface 
and without pole or zero, that is, to a constant. Or the result may 
be stated thus — it is possible to construct an accidental factor for 
which all the quantities a, ft, and all the quantities y except yi„ 
shall be assigned arbitrarily. 

Again, we have seen that exp J r, rfw, is a prime function with the 
arbitrary zero e ; by means of products and quotients of such prime 
functions it is possible to construct factor-functions with all zeroes and 
poles assigned. By means of the special accidental factors that have 
been investigated the quantities a, /3, y, 8 for any factor-function can 
be altered in any way consistent with the equations (2'), (3'). 

Thus, finally, z^ is possible to cottstruct a factor -function with all zeroes 
and poles assigned, and such that the quantities a, P, y, 8 shall have any 
a^sitjned values satisfying the conditions (2'), (3'), p-f 1 in number. 



3. Let the degree of a factor-function be the excess of the number 
of its zeroes over that of its poles. We shall consider such a function 
to be reduced when a, fl vanish for all suffixes, y = for unequal 
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suffixes, y„ = yjj = ... = y,^ = of the degree of the function. 

P 
Thus reduced factor-functions are formed by multiplication and 
division from the proper reduced prime functions without any 
accidental factor. 

A reduced factor-function of degree will thus be a factorial 
function; the factors for the circuits 5„ S„ ..., Sp will all be unity. 
The factor for the circuit T, will be exp ^j, that is, 

exp {2/^(e)— 2m, (/)}, 

where e denotes one of the zeroes and / one of the poles. If, then, 

5«< (e) = S«i (/) (t = l,2, ...,p), 

the reduced factor-function of degree will be an algebraic function. 

When 2m, (e)-2M, (/) = (t = 1, 2, ..., p) 

for two sets of places e, /, the same in number, we shall say that the 
two sets are strictly coresidual. They are coresidual in the ordinaiy 
sense when these expressions differ from zero by a period. Thus 
any two coresidual sets may be made strictly so by passing any place 
of one set round a suitable circuit ; the word ** strictly " implies a 
restriction on the paths by which we may pass from the one set of 
points to the other. 

It may be well to note further that, for the reduced prime 
function 0^ (z), 

5. = - M. (O- .7— 2 r u.duj^ ^ 2«,, f M, (e). 
p 2piv j Jbj p j 

4. Let us now take two reduced prime functions, 0, (z) and Of(z), 
having zei*oes at e,f respectively. Let c„ €„ ..., c^ be the quantities 
corresponding to 8,, 8j, ..., 8^ in the case of Of(z). Let us add to the 
boundary of the polygon a small closed contour enclosing e and a cut 
joining this contour to the old boundary at a^. Then 2i7rlog^^(/) 
will be the value of 

j\oge.(z)d\ogdy(z), 

taken round the boundary as thus increased. 
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Now, the part contributed by a^fc, and c^cZ,- is zero. From 6,c, and 
ditti^i we have 

= — f * {uid log Ofiz) +log e, (z) du,]- ~ f * (ui-pB,)du, 

= - P {^oge,(z) -log e,(z)]dni-^ ^""log^/CcO 
P ih p 

Now log 0^ (Ci) - — w, (c.) + €, = log 0^ (di) = log ^/ (a.) . 

P 
It is also equal to 



Thus 



log^/(feO - - ^. (&.)+*.- ^- = log 0,(a,^0 - '^-'^ . 
P P P 



XogOj^ad =: log^,(a,.0+ *^"'= ... = log ^, (a,) + ^-^^''^ , 

P P 

and the part of the integral given by 6,Ci and dia-i^i is 

i P (log^,(.)-log^,(^)}^"i+^- Jlog^,(a,)+a~c,+ (_2j-l)''^| . 

The integral round the contour enclosing e tends to zero when the 
contour is indefinitely diminished. From the two sides of the cut 
joining this to aj, we have in the limit 



•2.^j\noge/(.-;, 



that is, 
Hence 



•2.,r * log e,(«)- log «,(«,) J 

2.»logtf,(/) 

1 



> • 



= 2,«- { log tf,(e) -<?,(«,)]+ -5 I {\og6Az)-logO,(z)]du, 

+ 2<«- ;iog<?,(a,) + .r} + 2!^2 (S.-S). 

* The valno of log 6/{fii) which ocriirH here may be taken to dilt'er by a multiple 
of 2nr from that in the last expresHion. ThiH will have i-o effect on the final res^ult. 
nince 2iir is the period of tlu^ exponential function. 
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^ogeAf)-\ogey(e) 

Now, in 6g (z) we still have at disposal a factor independent of r, and 
this may be so chosen that 

J-2riog^,a)(iti,+ A25, 
2titp t U. p i 

shall be independent of e.* It will tberefoi'e be equal to 

^~1 2f'log^,(;:)rfr..+ l2c„ 
2iirp i Jfc. " ' pi 

and the right-hand side of the equation last written will i*educe to 
its first term. 

We have then after this special detemiination, say of the value of 
0, (z) at some fixed place, 

log^.(/) = log^,(<') + *^ 
and 0,(f)=-e^(e), 

A reduced prime function with this pi*operty will be called normal. 
It still contains an arbiti*ary constant factor independent of the 
pai-ametric place. We shall have no occasion at present to assign 
this factor. 

The effect on log6', (/) of a passage of the parametnc place round 
a closed circuit can now be ascertained. If we suppose 0^ («) still to 
denote the normal prime function, we have 

= log 6>,(/)-—«,(e) + «.(/) 
+ a quantity independent of f», /, by (3). 

♦ This would, of course, not be true if 2 logd^ {z) diu were unaffected by the 

. J 6, 
change of 0t («) into \e, (z), A being a factor independent of z. But this expression 

would, in fact, be increased through the change by log A. 5 dfUi that is, 2piv\og\, 
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Hence Of ^ (js) may be considered as a prime function with e as 
parameter ; bat it is then not reduced, since its logarithm is changed 
by 2iir when z describes the circuit Si. Or we may put the matter 
in {mother way, and say that a prime function is reduced if i?, instead 
of vanishing, is a multiple of 2tir for all suffixes, the other criteria 
being unchanged. The parametric place will then be outside the 
polygon, and will be derived from the zero within the polygon by 
passage round a circuit made up of T^ travelled 0J2iir. times, Tj 
travelled fiJ2iir times, and so on, and iS\, 8^^ ..., Sp any number of 
times. 

5. Let (e, e„ e,, ..., e^), 

(/» /i» ftt ""> fp)y 

(g^ 9i^ 9iy "M Up) 

be three strictly coresidual sets of p-\-l places belonging to a singly 

infinite series of sets in which no place is common to all. Let 6 

henceforth denote the normal prime function. 

Then the ratios 

are algebraic functions of the place Zy by § 3. Thus 

{n6^ {z) m^^ iz) + v6^ (.) no,. (.) } -4- 0, {z) m,^ (z) 

is an algebraic function of the place z : by proper choice of the ratio 
/A : V its numerator may be made to vanish when r = e, so that the 
expression must be constant, as it cannot have poles at Cj, ..., e,, only. 
Hence there is an equation of three terms 

\d, (z) no,^ iz) +^e^ (.-) no^ {z) + yO^ (z) m^^ (z) = o, 

where A, fi, v are independent of z. For conve^iience, write this 

AOy (g) 6, (z) no,, (z) + Be^ (e) 0, (--) no,. (z) + CO, (/) 0, (z) ne,^(.) = o. 

Then, by putting e, f, g for z in succession, we have 

n-.c :: no.(?,):no.(/o, 

t i 

C:A::ue,(ed:T10,(g,), 

* i 

A:B::ne,(f,):n0,(ed. 

i i 

Thus n 6, (g.) n fl, (e.) n 0, (/,) = n0. c/,) n 0, (<,,) no, («,)• 

i i i lit 

c2 
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To put Ay By in a symmetrical form, we may introduce a foui'th 
series of coresidual places 

(/i, //„ ..., h,,). 

Then we have fi-om the relation last written 

ue.(g,)n0,(e,)ne,ifi)Tifi,(hd = ni),(f,)ne,(h,)ue,(g,) n»,{e,), 

and tbas 
B:0::ndAgd-ne.if,) 

:: ne,(A,) ne, (?.) ne, («,) : n<?,(«.) no, (/,) ne,(h.) 

It is clear that these squai-e roots are only surds in appearance ; 
if, for instance, e coincides with gr,, so that nw^(g',) vanishes, then ff 
will coincide with one of the series e,, ...,o^, so that the product 
n^, (gi) Ud^ (e.) will vanish doubly. 

Thus the equation of three terms takes the symmetrical form 






-H J no, (..) HH. (3.) JJ^i^-^^^-^ J *o, (e) 0, (/) ne, (/) 
+ J no, (/, ) no, (<>, , JJ J^ ^M I '„, (/) 0^ (j) no, (^,) = o. 

If, now, we take z to coincide with //, the relation becomes completely 
skew S3rmmetrical in e, /, f/, h, as follows : — 

{ n 0, (g.) n 0, (/,) n h. (h,) n o„ (eO } * e, (g) a, (/,) 
+ {nff, (..) no, (r,,) n«/ (fe.) no, (/.) ] ♦ o, (.) o, (/.) 
+ {no, (/.)no,(.,) no, (/».) no, (r/,)]»o. (/) o, (/-) = o. 

In the same way, if we have a </-ply infinite series of strictly co- 
residual sets of r places, and if ^ + 2 sets 

ai., «2o •.., f^ri {i =1, 2, ..., 5^4-2) 
of the system are taken, there will bo ii homogeneous linear relation 
aniimg the <7 + 2 functions 

n6l,(a,). 



the coefficients in this relation being independent of r. 
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6. The following particular case of this theorem leads to an 
interesting result. 

Take a p-ply infinite series of strictly coresidual sets of 2p places, 
and suppose one of the sets to include the 2p—2 zeroes of an integ- 
rand of the first kind, and two other places f, ly. Then, in all, p 
independent sets will be of the same nature, and we may, in fact, 
take them as 

iy Vj ^.1, e.j, ..., «..2p-2 (i = 1» 2, ..., p) 



where e.i, e^ 



are the zeroes of dui. 



Let two other sets of the series be 



rtJjp; 



2/11 Vv ..., 2/2p. 
Then there must be an identity of the form 

A no, (x,) -f B n 0, (y,) +2 0.^= (0 0, (i/'n ^x («</) = o. 

h»l A-1 i-1 jml 

From this, by putting z =^ (, ri, in turn, we get 



A « 1 A> 1 

Now, J, B cannot both vanish, since that would lead to a linear 
relation among du^, du^, ..., dup. 
Hence we have 

n 0, {x,)ie, {x^) = ne, {y,)/e, (yO = Q (^, ,;), say. 

Thus, so long as f, ij stay within the polygon, Q (^, i;) is a uniform 
function of them ; for ajj, ..., aj^p and y,, ..., y^ are any two sets of 2p 
places strictly coresidual with $, i;, ©i,, e^, ..., ei,2p-2i a^id if f, for 
instance, travels to a new position without leaving the polygon, the 
new value of Q ($, i;) will only depend on the new position of ^, and 
not on the path by which it has been reached Also none of the 
places a'j, ,.., ai^,, need ever be supposed to coincide with ( or ly, and 
thus Q (i, ti) is never zero or infinite. Its logarithm is then a 
uniform function of f, i? within the polygon. 

Suppose, now, that $ passes round the circuit S<. Then the new set 
of places corresponding to Xi, x^, ..., Xip will be strictly coresidual 
with 

^•^l» ^y •••» '^i 
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and thus it readily follows that 

log Q (Sit »»)— log Q f^» »?) = a multiple of 2iv, 

The change in the logarithm of Q ($, i?) is not necessarily zero, 
because the paths leading from the set of places 

JTh iTj, ..., iP^, 

to *S.a'p .r., ..., Xi,„ 

in whatever order these latter are to be taken, may enclose i| or 
intersect the path of (. 

Let log Q (6\ t\ '/) -log Q ($. n) =z 2fe,i7r. 

Then /.*, is a definite integer, since log Q (f, ri) is not affected when 
( desciibes any cii'cuit on the surface that can be reduced to a point 
by continuous variation. 

Now, suppose i to pass i-ound the circuit 1\. The new set taking 
the place of a*,, j-j, ..., ar.^, will then be strictly coresidual with 

ijO*,, a'j, ..., X2,,. 



Hence 



Q {T,t '/ » _ ^ji, {Tr^j) 8^ (a,) ^ Ot,, (a) 



n 



= exp [n, (T,i) - 7/, (r/) + 2^> ( - ^- ) u, {$) +1 //, 0-,) 4- 27<. (r.) 

1 '• I '-^ '' "1 

nrj.\;},. /.I J 

r 2p 2 i> I '!/ p -| 

= exp 2S?t.(.r;k) — ?f,(f)— w.(»0 + 2//,(c,) - — 2 w.dtt, — 2 2cDy-f-tt;,.L 

LA-l (TTj-l 'ft. f.l J 

a constant quantity. 

Thus log Q {$, ?;) is a function of f, uniform, finite, and continuous 
within the polygon, and increased by a constant when ( passes round 
any of the circuits ^',, ..., Sj„ jT^, ..., 7),. The moduli of periodicity 
for the circuits S,, ..., *S\, are, in fact, zero for the function 

logQ(£. ,,)-5Avn,(£). 
1-1 

This is therefore independent of i. To find its value put ( = tj. 
Since Q{n, v) is clearly 1, we find that in general 

Q(^, ,,) = exp 2 A:, [n,(^) -«,(,,)]. 
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Here fcj, Af„ ..., ^j. are integers, and they may be reduced to zero by 
passing oae or more of the points x^y ..., a^p ronnd suitable circaits; 
for instance, x^ may be passed round T^ —k^ times, T^ —Jc^ times, 
..., Tp —kj, times, and S„ 8^, ..., 8p any number of times. 

Thus we have the equation 

hml hml 

this holds when the p expressions 

A-l 

have values differing from certain definite quantities by multiples of 
2nr only. These quantities are found from the consideration of 
Q {Ti(, fi). We must, in fact, have 

5 Ui(x^)-u,(i) -Uiin) = — S Uiduj-2ui(Ci) +2 2 <.i^-<u,,(mod 2iir) 

(i=l,2,...,p). 

7. An important expression is that which vanishes when p given 

places are zeroes of the same integrand of the firet kind. 

I^et ^y (y = 1, 2, ..., 2p—2) again denote a zero of dui, the sets of 

zeroes for different values of i being strictly coresidual. Let tar, (z) 

•lit - 1 
stand for [I W. (e.^). Then tar, (2)/tBr, (z) can only differ by a constant 

factor from dui/duj. 

Hence the determinant of order jt? in which the t-th constituent of 

the^-th I'ow is tsr^ {zj) vanishes if two of the places 2?i, ..., Zp coincide, 

or if they are all zeroes of the same integrand of the first kind. 

p 1-1 
The result of dividing this determinant by 11 11 02.{zj) will be such 

an expression as is sought ; it will be a reduced factor-function of 
degree p — 1 of each of tlie places z^, z^, ..., r^, without poles. 

Let this function be denoted by ^ (z^, z^, ..., z^). Then, if 
2r,,(i = l,2, ...,^-1) 

is one of the other zeroes of that integrand of the first kind which 
vanishes at z„ z^ . . . , z,,, so that 



^ii ^8» •••> ^P? ^111 ^u» •••9 ^UP-I 
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are strictly coresidnal with the zeroes taken for dui above, the product 
p-i . . 

n Of (x?„) will differ from 4> (^^ Cj, ..., z,,) by a factor independent of 

r„ and so by symmetiy for z^, ..., z^,. 

p 
The product ^(5,, Zj, ..., r^) 11 ^. (z.) can only differ by a factor 

ta 1 

independent of z, z^, ..., z,, from Riemann's th eta-function of the 
arguments 

u (z)-5n (-?.)-«* (A-) + 271 (A-,), 

t i 

where fe, fc„ ..., Ar^ are suitably chosen places, such that (e,i, ..., e,-2p-2> ^) 
are coresidual to (Zr^ Ztj, ..., Afp). 

For the two functions vanish together, and are altered by the saipe 
factor when anyone of the places r, ;:„ ...,z,, desciibes a closed circuit. 
(Compare Klein, Math. Ann., xxxvr., p. 39.) 

8, It is clear that the normal elementary integml of the third kind 

^<»„(y)e»(.t) 

if a, b are the parametric places, a*, y the limits. 

There is thus no need to dwell on the constiniction of factorial 
functions as products of prime functions and their powers. The 
formula given on p. 396 of Mr. Baker's Ahelian Functions leads 
directly to the construction in question. The following modified 
form of the result given in the same work at p. 426 may be of 
intei*est : — 

Let there be a ((? — l)-ply infinite series of strictly coresidual sets 
of r places, so that r— 5 + 1 > p and = p—s, sslj. 

Take q independent sets from the series, say 

Gil, e.a, ..., e.> (i = 1, 2, ..., q). 
Then the ratios of the 5 expressions 

are algebraic functions of z, and some linear function of them will 
vanish in all the r places of any set belonging to the system. 

Hence, if there are any q places z^, Zj, ...,jr,, and we denote by 
4^(z„ Zi, ..,, Zg), the quotient of the determinant of the g-th order in 
which the z-th constituent of the ^-th row is 
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by the product EI 11 fe. (zy), 

• => J»i*l * 

then the vanishiDg of ^ (z^, z^, ..., z^) is the necessary and sufficient 
condition that z^, Zj, ..., z^ should belong to a set of the system. Also 
^ (zi, ...,Zg) is a factor-function of each of the q places z. As a 
function, say of Zj, it has no poles and r—q-\-l, that is,/)— «, zeroes, 
namely, the other places <3,i, %, ..., ^i,p_, belonging to that set of the 
system which contains z„ Zj, ..., Zg. 

Thus ^(^1, Zj, ..., z,)n^, (zi), if /j,/,, ...,/, are any pla<;es, is a 

function of Zj, having p zeroes, the same as those of 

© {«* (-i)-w (z„)-u (z,,)... -w (z,.p.,)-t* (/,)... -t* (/.) 

-w (A;) +t* (fci) + ... +w C^;,)} , 

that is, of e {u {z,)-\-u (^2)4- ... + n (r,)-w (/,)...-« (/.)- ^}» 

where ?7 denotes the quantity 

j'l y-i 

which by hypothesis is the same for all suffixes /. 

Also, the behaviour of these two functions when z^ passes round 
any closed circuit is the same, since each is a reduced factor-function.* 
Thus the two can only differ by a factor independent of z,, and, by 

symmetry, ^(zj, ..., z,) n II Of {zj) can only differ from 
1-1 >-i • 

e{u(z,)-{-u(z,)-\-..,+uiz,)-u(f,)-.,.-u(f.)-U] 

by a factor independent of z,, Zj, ..., z^, 

9. There are other ways of introducing the prime function than 
the one used in this paper. For instance, the pnme form of Schottky 
and Klein (Baker, Abelian Functions, chapters xii., xiv.) would, on 
division by a Mittelform (Klein, Math, Ann.^ xxxvi., pp. 14-17) of the 
same dimensions, yield a prime function. 

Again, take the special transcendent 2\, (jfi, o^, ..., aj^) of Clebsch 
and Gordan (see also NSther, Math, Ann., xxxvii., p. 491), that is, the 
expression ^ p x^^a?' 

^..1 ^n ' 



* It may be necessary to pass one of the points Atj, .. , Ar^ round a closed^circuit 
to ensure that the change in the logarithm shall be always the same for both 
fonctiouB. 
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where a?,, ic,, ..., «p, ajji ^4 •••» «i are coresidaal with ^, i|, and the zeroes 
of dui (fij zugeordnet), and H denotes an integral of the third kind ; 
we shall suppose it to be the normal integral. Then, since 

and 6, (a-,) 6, (x,)...6, {x,) 6, {x',) 6, (x',) ... 0, (*;) 

= <?,(;r,)...tf,w<?,(x;)...tf,(x;). 

as we have seen above (§ 6), we have 

Suppose now that a^, .rj, ..., Xp are all coincident and fixed, and 
that fj is also fixed ; then the prime function W, (f ) differs by a 
ccmstant factor from 



expl-lr.Ce')}. 



Again, a property of Riemann's theta-function, given at p. 25t5 of 
Baker's Ahelian Functions^ is, in the notation there used, that the 

^e^•oe8of q (/'"-/■•""-/'•'"•...-/- '»'■), 

regarded as a function of i\ are the the places s,, «„ ..., z^. If we 
suppose ^1, ^j, ..., 2?^ to coincide, then this function has no poles, 
and it has only one/?-ple zero ; so that its /)-th root is uniform within 
the polygon. Also, in regard to the closed circuits on the surface, 
the p'ih. root behaves like a prime function [Baker, p. 249 (B)]. So, 
in fact, it is a prime function of r. In this case, as in that of the 
function formed by means of the special transcendent T^, (.r), a factor 
independent of the argument place must be introduced if the function 
is to have the property 



1900.] C(mgrvsnr£ Theorem relating to the Bernoullian Function. 27 



A General Congruence Theorem rehtUng to thn Bemoullian 
Function, By J. W. L. Glaishek. Re:id and received 
November 8th, 1900. 

1. In a paper* communicated to the Society on May 10th the 
values of the I'esidues of the Bernoullian functions r'^'^^B-i^^i (7) 

and r*""*'*/li,H ( — ), mod jp^ were obtained in the case when p — 1 is a 
divisor of 2^^, the pnncipal formulae being 

'"•■'(7) = '-[pL'"~'''- 

where p is any uneven prime number, r is any number prime to /?, 
I is any number <p±r and prime to )\ and — is the least 

L ^ Jr 

positive root of the congruence px ^ /. mod r.f 



2. The residues of i'^"B.i,A j and r"A'i,A- — j , mod ^y, where, 



as 



before, p— 1 is a di\48or of 2//, form the subject of the present paper, 
the principal formula* giving the residues of 

i-'-'n,,, ( ^- ] and 7-"-U;.i (-^ ) , mod p. 

As in the previous paper, other results are derived from the 
fundamental formulae. A quantity Q (r) by which the residues are 
expressed in the case of / = 1 is considered at length in §§ 9-44. 

Residue of r^'^, (i). mod p. (§§ 3-8.) 

3. Let p be any uneven prime and let Ar denote the sum of the 
products of the numbei-s 1, 2, ...,j9— 1 taken r together. Tlien 



• •* A Gongpruence Theorem relating to the Eulerian Numbers and other Co- 
efficients," Vol. xxxn., pp. 171-198. 
t /*.,§} 10, 18 (pp. 174, 178). 
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evidently 

j;''+Aa^-'+^,a;''-2-f ...-h^.2a;? + ^p-iaj = a;(aj-|-l)(ar+2)...(aj+p-l). 
Differentiating with respect to x, we find 

Now, At = ^p(p—l), 

.4,,.,= (_l)-i2l+^L)-^.p., ^od/ (<> 0), 

A„ = (-l)'f^p, modp\ 

where Bt is the ^-th Beruoullian number.* 
Thus the left-hand side of (i.) 

= px^-'-hh>^-'+pB,x^-'--pB,x'-'+...-\-(-iy''-'^pB^^,,,^a^ + A^,u 

modjp*, 
and we therefore find 

p p \ X X -hi a; -hp — 1 ) ' 

mod p. (ii.) 

4. Now the Bemoullian function B,^ (a^), n being even, is defined 
by the equation f 

B.(x) = J -4x"-'+ ''^ B,x"-- (^icd.)(n^_2K!^ii3) B.^- + ... 

^^ ' '(n-2)! ■"»'»-»>*• 

and therefore 

(p^l)B,.,{x) = x^-^-^af-^-^i^if:^)B,x^^^ 



mod^?, 



= aJ'-^+iJJ''-' + Ax''-^-JB,a^-*^-... + (-l)»"-^>54(^.3)a;^ mod p. 



* Quarterly Journal, Vol. xxxi., pp. 326, 327. 
f Proc. Xonrf. Math. Soc., Vol. xzxi., p. 203. 
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Thus tlie formula (ii.) shows that 

P P 

X {- +-^- +...+ --^ J, modp, (iii.) 
and therefore 



P 






5. The formula (iv.) cori'esponds to the formula 

B^i^;x:)'-'.v r=r. ' ^- -' ^^ \ mod p, 

of the previous paper.* The method of proof is the same for both 
formulae, the investigation in the two preceding sections being similar 
to that in §§ 2 and 8 of the previous paper. 

6. When x is a positive integer, the formula (iv.) may be easily 
verified. For let jc = kp'\-f, where t^}* ♦ then 

x(a-+l)...(.r+p-l) 

= {kp-\-i)(kp-\-t + l) ... (kp-\-p-l){kp'\-p) 

x(kp+p-\-l){kp+p-Jt2) ...(kp'\-p-{-t-l} 

^(k^i)p.to.^i),,,(p-^i)(i-,'^f^^^^ 

^(^+l);>x(^-l)!(H-^f + ^-J^ + ...+ >^ 

+ ^'P-^P^^P^P^,,,^^J^Py mod/ 
= {k-\-l)px{p-l)l(l-\-hph mod/, 

♦ Vol. XXXII., p. 172. We may derive (iv.) from thii formula by ditferentiatiiig 
with re8i)€ct to a-, for, iu general, 



ffx 



Jlin.\(^) = 2;/yy.,.(r) + (-l)"-H^,., 
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where ^ "= ^ "^ "2~ "^ "3" "^ "" "*" T^ ' 

fiince 1+ — + — + ...+ — ,= 0, niod^. 

Omitting the divisible number h'p-\-p^ the other 'p—l numbers in 
«,«+!, ..., aj+jj— 1 are == 1, 2, 3, ..., p— 1, mod p, in some order; 
therefore the sum of their i^eciprocals ^ 0, mod p^ and we have 

JT j;+l x-\-p—\ {k-\'\)p 

Thus the formula (iv.) g^ives in this case 

B,.,(..)=-^^-^>'-(A + l)(p-l)!(l + Ap) ... ,\- , mod;,, 

^ — (2?— 1)! fc = A, mod;}, 

that is, i?„.,(Ap+/) = l+ ^ + A+...+ ^^j, mod p. 

This result is evidently true, for 

B,.i(,kp+0 = l"-'+2"-H3'-»+... + (Ay+/-l)''-- 

which = 1+ — + - 4- •+73-, » mod ;;, 

since -- ,+ ,+ ..+ , = ^- mod p. 

np + 1 ??p + 2 7ip4-p — 1 



We thus find, by diiferentiating, 

-i»„.,(x).(-l).'P*ny,„,..„_l^ '^ r(r+I)..,(..;,-l)^ ^^ 

and therefore, since 

(_l)l';>ti)j?j.^_,j_l = L^-i)', niod// (Vol. xxxn., p. 172), 

we have -//,., [x) + t^:^^! ^ _^_ ^^^-D-^^'- ^_PjzA} , „,od ;;, 

p dx p 

which is equivalent to (iv,). 
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7. Now let X =. — , where r is any positive integer prime to p. 

The formula (iv.) then becomes 

^-.p IL\ = (P-l)V-. {r+l){2r+l)...Hp-l)r+l) 
'"^\ r / p p 

^{l+r]-l + 27+-l+-+(^-lVr+l}' "^•'^- ^^'-^ 
Of thep— 1 numbers r+1, 2r+l, ,.., (p— l)r+l one is divisible by 
p, and we know* that 

mod j?', 



where 



IT (^\ — Ml , Mi. 4_ J. M,. - i 



fij being the least positive root of the congruence p/i, + 1 = 0, mod r. 
Consider now the series 

^r-hl^2r+l^' ^ (p-l)r-{-l' 

one of the denominators is the divisible number (ftjj-i + l)/), and, 
since the others are ^ 1, 2, 3, ..., p— 1, modp (in some order), the 
sum of the other terms of the series = 0, mod p, 

1 



^ mod 1^. 



Thus the series 
The formula (v.) therefore gives 

^-i?.-,(^)-^^;^r^--^{l + n,(r)^},mod^ 

p. 



Now 



where 



(^_i)ir:::!_j_(p_i)in,(r), mod 
p 

r^-^ — l 

= 9i (0» ^od p,f 

P 



9. (r) = 



- M, , /ft. 



+ ...+ 



the /I's being as before. 



Ma-_L 



* Messenffer of MathematieSy Vol. xxx. , p. 78. 
t Quarterly Journal, VoL xxxn., p. 8. 
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8. Now let n (r) = U^ (?) - g^ (r), 



so that n (r) = - 7- + 



— /l -i.'^i— "a J- /*?— M« 



2 



8 



+ ...+ 



p-l ' 



(vi.) 



/i,- being the least positive root of the congruence pfii + t ^ 0, mod r. 
The fonnula then is 

r^- '5^-1 ( ^ ) = n (r), mod p. (vii.) 

Since r*""* ^ 1, mod p, we have also 

5^.1 f- j = 11 (r), mod p. (^ii-) 

T^ie Qnantity O (r). (§§ 9-44.) 

9. It is interesting now to consider the nature and the metliods of 
calculating the quantity O (r) which, as has just been shown, 

represents the I'esidue of ^^,.1 ( J, mod^. This quantity is defined 

by the equation (vi.)? viz., 

^ ^'" 1 ^ 2 ^ 3 ^ "^ p-\ ' 

To calculate the ^'s we first obtain fx^ fi'oni the congimence 

pfi^ + 1 i^ 0, mod r ; 

thus /i, depends upon the two quantities p and r. Having found ^, 
we can derive /^j, /i„ ... from it by reference to r alone, i.e.^ we con- 
tinually add /ii and subtract r whenever the sum is greater than r or 
is equal to r. Thus /i, = ifjt^ — Jc}\ where kr is the gi*eatest multiple 
of r contained in i/*,. 

10. As an example, let ^ = 11, r= 8. We have 11/jl^-\-1 = 0, 
mod 8, giving /ij = 5, and therefore 

/'i = 5, //^ = 2, /ij = 7, fi^= 4, ^5 =1, /ifl = 6, /^7 = 3, /ig = 0. 

Thus n(8) = -5^3_5^3^3_|^.3_^|_5_^_3^. 

= ^(l-Hi-f-HHs + i'o)' mod 11 
EE 3, mod 11. 



• As we are concerned only with the residue of H (*) to mod p, we may. if we 
plenKC, define CI (r) by any of the other congruent exprensions which are obtained 
in the Rubsequcnt sections. 
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11. In this example we notice that the numerators of the negative 
terms are always 5 ( = /Xj) and the numerators of the positive terms 
3 (= r— /L4), the sum of 5 and 3 being 8 (= r). This must always 
be the case, for ft,— /i.-i is eqnal to either /ij or — (r— /tj), the former 
if /ii >/*<_, and the latter if /uti<fi<_i. 

We therefore have in general 



"('■^"'■(i;+i+i+-)' '"°*^' 



where d^, d,, d^, ... are the denominators of the positive terms. Thus 
the calculation of i2 (r) depends upon the determination of the de- 
nominators of the positive terms. 

12. The sequence of the negative and positive terms is governed 
by the magnitudes of /ii, /*,, .... To determine this sequence, divide 
r by fCi, let 5, be the quotient and r^ the remainder ; then the first 
qi /I's, viz., /ii, /LI J, ..., /A, , are in ascending order of magnitude. Add 
r to the remainder r^ and divide again by fi, ; let 9, be the quotient 
and r, the remainder; then /a5,+i<A',,, and the next q^ /a's, viz., ftg,+i, 
f*«,*a» •••> /*«,♦«, are in ascending order of magnitude; the next /*, viz., 
.**«•* 9tM> is ^®ss than the preceding one, and therefore f»,,+5,+i, ..., 
A*tf,+«,4^«, are in ascending order of magnitude ; and so on. Finally 
we come to a quotient q,^ for which the remainder is zero. This 
occurs for n ^ fi^, and, as will be shown in § 14, the sura of the 
quotients, 51+^2+ ... +g„, = r. The final sequence of ascending /I's, 
however, ends with m^, ♦,,+...+, -1 = /Ar-i instead of with fif, for fir is 
not r, but zero. 

Thus, supposing jp—l>r, we have 



= r ( H 

\<7i + l Qx+Q' 



n(r) 



+ _!__ +__!__ +... 

+ 3 , H = +... + ), mod©. 

After the denominator (7i4-5'j+ ... + g„ = r has been reached, we 
obtain the succeeding terms by adding r to the n denominators 
already obtained, then by adding 2r to these first n denominators (or 
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r to the second n denominators), and so on. The series is to be con- 
tinned so long as the denominators do not snrpass j> — 1. 

If ^--l<r, the denominator 5i+5i+...+5„ is not reached: if 
/)— I = r, the series ends with this term.* 

13. The preceding reasoning is very easily followed in a numerical 
example. Taking the case of ^ = 11, r = 8, ft, = 5, considered in § 10, 
we perform the divisions 

5) 8(1 

5_ 

6 ) 11 ( 2 
10 

5 ) 9 ( 1 
_ 5 

5)12(2 
_10_ 

6 ) 10 ( 2 

The quotients 1, 2, 1, 2, 2 correspond to the ascending sequences 
of the cycle of /i's, viz., taking for the moment /is = 8 instead of 0, 
f^v f4> A'si •••I /Ah are 5, I 2, 7, | 4, | 1, 6, | 3, 8 | ; the vertical bars 
sepai*ate the sequences, which contain 1, 2, 1, 2, 2 numbers re- 
spectively. The denominators of the positive terms are the suflixes 
of the /i*s immediately following the bars, viz., they are 2, 4, 5, 7, 9 ; 
but, since the last /i, viz., /ig, is really and not 8, the last sequence is 
1, not 2, and the last denominator of the cycle is 8, not 9. 

ThM n(8) = 8(|-+J+i + ^+|+A), mod 11, 

the denominator 10 being obtained by adding 8 to 2. 



14. Now 



r + r, = 5,/i,-|-rj, 

^ + ^1 =95/^1 +^«» 



whence we have 



2r= (3i-|-2s)/*i + r„ 
3r= (gi + gj + <?s)At, + r5, 



In this case Xl (r) = 1. (See § 42.) 
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Now we know that r, 2r, ..., (/Xi — l) r when divided by fi, leave the 
system of remainders 1, 2, 3, ..., fti— 1,* and fi^r divided by n^ leaves 
remainder zero. Therefore n must = /#„ and the last equation shows 
that g,+5,+ ... +g„ = r. 

15. Let K I — j denote the integer next greater than - - if — is 

fractional, and denote — if — is integral ; then, from § 14-, 
a a 

unless I = n = ftj, in which case 






16. If therefore we put, for all positive values of i, 

then ^^^^—^iif'^Y'^T'^'")' ^^^P^ C^^-) 

the series being continued so long as the )S's do not surpass p—l,f 
The symbol A, as just defined, includes denominators greater than r 
as well as those up to r, for /^.^.r = A+^. 

17. Applying this formula to the example in § 13, viz., p = 11, 
r = 8, ft, = 5, we have 

H, = Ki%) =2, 

4=iir(^)=8, 
giving. n(8) = 8(^+i+i+^+|+,3s), modll. 



* /A] is neceesarily prime to r, since /?/*, + 1 = 0, mod r. 

t The number of terms is A — 1, whore A is the least positive root of the con- 
graence Ar = 1, mod p. (See § 33.) 

D 2 
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18. Instead of the numbers /i^ given by the congruence ^J/^^+i ^ 0, 
mod p, we may use the numbers m. given by the congruence jpm, ^ t , 
mod Pj mi being defined as the least positive rooot of this congruence. 

It can be shown that the m's and fc's are connected by the relation 
m. = /Hp_< + 1.* The /is have the values 0, 1, 2, ..., r— 1 ; so that the 
m*s have the values 1, 2, 3, ..., r. 

Since /*, = w^.,— 1, we have 

which, taking the terms in the reverse order, 

= 5iiri!^ + ^y-'^ + ... + '"pr^-";-^ + 'jviri , ^odp, 

1 2 p—2 p—l ^ 

since m^ = If; we may therefore take 

n (r) = t?''-^-'". + !?k^ + ... + "ip-ir-"',, (X.) 

m, being the least positive root of pvii — i =: 0, mod p. 

19. Applying this formula to the same example, viz., p = 11^ 
r = 8, we detennine m^ ivoia ll?Wi ^^ 1, mod 8, giving mj = 3, and 
therefore m, = 6, m, = 1, m4 = 4, tUj = 7, m^ =2, 7/17= 5, m^ = 8, 
and the formula gives 

n(8) = -!+|-f-|+f-|-f+i-|+fb 
= -3(}+K*+-+iV) 

= 8(|+i+|+^5), mod 11. 



* The m*s and ^'s are also connected by the relation m,- + /i,- » r, and in addition 
we have 

fXt + Hp-i— r—ly w< + i»p_i — r + 1 

(Quarterly Journal ^ Vol. zxxn., pp. 8, 13, 250). These relations may all be established 
very simply from the definitions. Taking, for example, »«, « fip_i + 1, we have, from 
the definitions of nii and fij, pmi — i = li r and Pfip-i •¥p — i = Xp. ,r. Now «n« cannot 
exceed r, and therefore /< <p. Also /^p.,- must be < r, and therefore Ap.* <>?. By 
subtraction we have i?(w>»-/i,,-i — 1) = (/i— Ap_,)r. Since r is prime to />, and /» 
and Kp-i are both <jtf, we must have U—hp-i =» 0, and therefore w»— /ip-*— I «- 0. 
t For Mp is the least positive root of the congruence pmp = j?, mod r. 
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20. We see, as in § 10, that in general, by adding 

/I _^ 1 ^ 1 ^ _L. 1 \ 

to the expression for Q (r) in (x.), we obtain the formula 

where d^, d^, dj, ... are the denominators of the positive terms in (x.).* 

21. To determine the denominators of these positive terms we 
proceed as in § 12, viz., we divide r by m,, giving quotient 5, and 
remainder r^, we divide r+r^ by mj, giving quotient q^ and remainder 
r„ and so on. We thus obtain the equations 



whence 






wr = (51-+ (7a +...-!-(?„) m,. 
As before, we can pi*ove that » = m, and g'i + g'j+ ... 4-g'„ = r. 

22. In the case of the w's the denominators coiTCsponding to the 
same suffixes in the numerators are less by unity than in the case of 
the /ut's, so that, corresponding to the formula in § 12, we have 

Ii(r) = r(l+ ] + !-_+...+ _ 1 

H- - o +" ;t-+-+ )» niod^. 

^1 -h 2r ^1 -f 52 "»- ^'^ ' 



* It will be shown in § 39 that the last denominator is always p—l. 
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23. Let / 1 I denote the integer next less than — if — is frac- 

\ a / a a 

tional, and denote — if — is integral.* 
a a 

Then, for all values of *, 

24. If therefore we put a ^ ss I ( — J , 

we have Q(r) ^r ( h h — + ... ) mod p, (xi.) 

\ a^ a, a, / ' 

the series being continued so long as the o's do not surpass p—l.f 

25. Taking the example of § 19 in which p = 11, r = 8, w, = 8, 

the divisions are 

3) 8(2 

_6 
3 ) 10 ( 3 

9 
3)9(3 

giving n(8) = 8(^+^ + i + ^), mod 11. 

Using the formula (xi.) of § 24, 

«, = !(§) =2, 
«, = !(¥) =5, 

giving «(8) = 8(^-hi + J+A), mod 11, 

as before. 



♦ Thus iSrf-) = 1+^(7) ^^en * is fractional, and Jrf-) =^(-) »* - 

when — is integral. 
a 

t The number of terms is /, where / is tho least positive root of the congruence 
/r + 1 = 0, mod;?. (See § 39.) 
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26. The formnlBB for O (r) which have been obtained in §§24 
and 16 are : 

n(r)=r(i- + ^ + A.4... V modi?, i^^) 
\ ttj a, a, / 

where pwii = 1, mod r, 

and O (r) = r (^ + ^ + ^ + .. V mod;?, (ix.) 

^ Pi /^i P« ' 

where ^j^Uj ^ — 1, mod r, 

The most convenient method of determining O (r) is therefore as 
follows. 

From p and r we form the congruence pm^ ee 1, mod r, and thei'e- 
fix>m determine mj ; if iniiK^r^ we retain t/i, and use the formula (xi.), 

i.e., we form the values of a, = / ( ^M , but, if mi>4r, we derive 

/^i = r—m^^ from mj, and use the formula (ix.), i.e., we form the 

values of /3, = JT ( — ) . 

27. As examples, (i.) let p = 13, r = 9. We find m, from 

13mi == 1, mod 9, 
Thus m^ = 7, which >^/-. We therefore take /^i = 9 — 7 = 2, and 
calculate ^, = ;r(|) = 5, ;3. = TT (^P) = 9 ; 

whence n (9) = 9 (i + 4), mod 13. 

(ii.) Let p = 17, r = 10. We find m^ from 17m, = 1, mod 10 ; there- 
foi-e mj = 3, which we retain, since it < ^r, and calculate 

".= -?(¥) = 3. «4 = im = 6, „,= I(-3gP) = 10; 

whence O (10) = 10 (§+.|. + 5^ + ,;^ + ,^), mod 17. 
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28. Two other forms for O (r) should also be noticed. 
In the original formula (vi.) of § 9, viz., 

O (r) = -- a + a-r& + ei=M, + ... + M^,=£^ , 
12 o I? — 1 

substitute r— 1 — /^^.^ for ft^ throughout (§ 18, note). We thus find 

0(r)===-(r-l) + ^ + ^^-=^^+... + '^— ^ mod^. 
1 z p — 1 

(xii.) 

Substituting — (2?— for i in the denominators, replacing r—1 by 
ftp,* and changing the signs of the terms throughout, we find 

_0 (^) = fh=lL> + Mt-jM, ^ _ ^ M,_-«-^... 4 6.-Jr^, mod p. 
1 2 p— 2 2^—1 

Now fjLp.^—fA^^ — fjL^, for /ip = r— 1, and therefore /Up., must 
necessarily be <ftp ; so that we have 

_0 (r) = ^'-7^?'- + ^^=^ + . . . + ^''-'-';^ - Jli- , mod ,,. 
1 2 J? — 2 J? — 1 

29. In this expression for — 0(r) the terms "*^-^, ..., ^"'"" ^' 

difEer from the terms '^'"7— , ..., ^''-^~~^^ in the original ex- 

2 jj— 1 

pression (vi.) for O (r) only in having the denominators diminished 

by unity (the signs of the terms and the numerators being unaltered) ; 

and, in place of the first term — ^, we have the tenn '*'- . 

1 p—l 

Thus when we add, as in §§ 10 and 11, the expression 

which ^ 0, mod />, we are left with exactly the same positive terms, 
except that their denominators are diminished by unity ; i.e., using 
the notation of § 11, we have 

dx, fij, d^y ... being the denominators of the positive tenns in the 
original formula (vi.) for O (r). 



• /ip ifl the least positive root of Pfip-¥p = 0, mod r; therefore Pfip+p = wr, 
where, since fip <r, a must he — p, and therefore /ip — r— 1 . 
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80. Thus, taking the example in § 10, the original formula for 
n (r) gave 

and the above formula for — O (r) gives 

f-i+f+i-f+i+f-i+i-f^- 

By adding 5 (^+^+... +^), 

we obtain from the first expression, as in § 10, 

n(8) = 8(^ + J + J+^ + i + 5^), mod 11. 
and from the second 

-n (8) = 8 (} + !+ 1 +| + i + J), mod 11. 

31. If therefore we denote hjTy - j the integer next less than 
— , whether — be fractional or integral,* and if we put, for all 
values of t. 



then we have 



il{r)=:—rl — -h + h...V modo, (xiii.) 



the series being continued so long as the denominators do not 
surpass p—\, 

32. This formula may be connected directly with the formula (ix.) 
(§ 26) as follows. 

We have /3,=:^(*^), y, = r(*^), 

and it can be shown that, if A. = ^^^ , then 

r 



• 7' ( j is the same as / I - j when — is fractional, and =/( — ) — 1 when 
Ib integral. 
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For let — = A-f - , 7i being an integer and c<fti ; then 
Ml Ml 

\ flj \ fl^ / 

and therefore, 

(i.)if€>l, /3, = ^ + l, yx-< = p-A-l; 

(ii.)ife = l, /3, = ^+l, yx-.=p-^-l; 

(iii.) if e = 0, iS< = /i, yx-< = 1>— ^ ; 

80 that in all three cases ftH-y^ . , = j?. 

33. Now in the formula (ix.), viz., 

the last numei'ator is /3;,.i, for 
which >p—l. 

which, since fh < r, must be < or = p— 1. 

Thus, in (ix.), the denominators are /3,, j(3„ ..., /3x_i ; and therefore 
the corresponding y's derived fix>m them are yx-i» yx-2» •••» yi« The 
number of the y's in (xiii.) is therefore A.— 1, and, since jS. + yx-t ==!> 
and /3i cannot be < 2, the largest y, viz., y^.j, cannot exceed p— 2. 

84. Since y, = /S^ — 1 for all values of i, we have thus proved the 
relations ^ ^ 



where 



yi+yx-. = i?-l» 



Assuming that we know that, in the formula (ix.), the /3"s run 
from /3, to /^^.i, the first of these relations shows at once why in that 
formula we may diminish all the denominators by unity if at the 
same time we change the sign of O (r) . 
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These relations show also that the sum of any pair of denominators 
which are equidistant from the beginning and end of the series in 
(ix.) isp-hl, and in (xiii.) is p — l. When A. is even, there is a 
middle term whose denominator /i^^ or y^^ is eqaal to ■|(j?-hl) or 
^ (p— 1) respectively. 

The number A is the least positive root of the congruence 

Xr ^ 1, mod p, 

35. Treating in the same manner as in § 29 the formula (x.) of 
§ 18, viz., 

"W- 1 ^ 2 ^'"^ p-l ' 

we substitute r+1— m^.^ for m, throughout, we put —{p—i) for i in 
the denominators, and change the signs of all the terms. We thus 
find 



1 2 2^—1 



— -^- , mod p. 



The terms ^ ''^s^ _.^ ^.''-2 ^V-i differ from the first ©—2 terms 
2 p — \ 

of (x.) only by an increase of unity in the denominators. The only 



other change is that we have the new term 
last term —^~- — -—^ which = ^ 



in place of the 



Thus, when we add 



p-\ 



the resulting expression differs from that in § 20 only by the substi- 



tution of — for -^ and the increase of the other denominators 



by unity. 



36. Taking the example of § 19, the expression for O (8) found in 
that section was 

n(8)=-f+f-f-|+|-|-f+|-|+A. mod 11. 

while the formula (xiv.) gives 

_0 (8) = f_3 +|_3_| + |_^_H.|_^, mod 11. 
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Adding 3(i+i+|+...+^), 

the formnlBB become 

0(8)=8(i+HHi^), niodll, 

-n(8)=8(i + §+i+i^^)' mod 11, 
respectively. 

37. If therefore we denote by ^ {—) ^^® integer next greater 

than — whether — be fractional or integral,* and if we put 
a a 

\mil 

then we have O (r) = — r ( 1-1- ^- 4- -5 +... ), modj?; (xv.) 

the series being continued so long as the denominators do not 
surpass p — 1. 

38. To connect the formulce directly with (xi.), we have 

and we can show that, if Z = ^_LT_. , then 

r 

For let ^ = /i-h - , 

h being an integer and €< w^ ; then 

a, = l{h+l-\ 5,., = Z'(p_/._l±f). 
\ m^f \ Wi / 

Thus Qj = ^ and ^f_j=jj— ^; 

80 that a,-f^/-<=j9. 



1:' ( - j ia the saino as Jif ( j when — is fractional, and =- X ( — ) + 1 



when — is integral- 
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39. Now, in the formula (xi.), the last denominator is a^, and its 
value is p— 1, for 

Thus in (xi.) the denominators are I in number, and the- last 
denominator a, = p—1. The corresponding ^'s are ^/_i, ^/-i, ..., V 
To determine ^^ we have the equation a^ + ^o = P> ^^^* is, p— 1 + ^o = i' » 
so that Oq = 1, and we therefore obtain the formula 

n(r)=-r(i. + -l + -i + ... + _L), ^od^. 

40. Since 8, = o<4-l, we deduce from a,-|-S,_, z=p the relations 

in the first of which we suppose that a^, which does not occur in the 
formula (xi.), is zero. In the second relation Sq, which does occur 
in the formula (xv.), is unity. 

We thus see that, leaving out of consideration the last denominator 
p — 1 in (xi.), the sum of any pair of denominators equidistant from 
the beginning and end of the series is p^l. When I is even there is 
a middle term whose denominator a^ is ^(p — 1). 

Similarly, in (xv.), leaving out of consideration the first term 1, 
the sum of any pair of equidistant denominators is p-{-l. When I is 
even, there is a middle term whose denominator ^^^ is J (p+ 1). 

The number I is the least positive root of the congruence 

Zr-h 1 ^ 0, mod p. 

41. As another example of the formul© (xi.) and (ix.) (§ 26), 
(xiii.) (§31), (XV.) (§37), we may take p = 13, r=5; so that 
«*i = 2, /Aj = 3. 

Here a, = 1(f) =2, a, = I(^) = .5; 

so that (xi.) gives 

n (5) = 5 (1+1+ 1 + ^+ Jj), mod 13, 

and ^,= X(f)=2, j3.=ir(V-)=4, /,'. = iT (V) = 5 ; 

so that (ix.) gives 

O (5) = 5 (1+^+1+^+^+^5+ J^), mod 13. 
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Also 7j = 1, yj = 3, y, = 4 ; 

so that (xiii.) gives 

and i5, = 3 ; 

so that (xv.) gives 

n(5) = -5(Hi+l+l+A), mod 13. 
Each formula when reduced gives O (5) = 9, mod 13. 

42. The expression for O (r) assumes a very simple form when 
m^ = 1, that is, when p = kr-\-l ; and when ft, = 1, that is, when 
p = A;r 4-^-^1. 

If ^ = ^T^- 1, then mi = 1, and therefore a, = I (r) = r ; so that 

Q^r)^r{^ + ^- + l + ...+ l), modp. 

If 2? = Zir + r— 1, then /x, = 1, and therefore /3, = X" (r) = r ; so that 
n(.)=r(l + l. + l.+... + .^l), n.odp. 

= lH--:T-4-ii- + ...-f-— , mod p. 

43.' Since every prime is of the forms 2A;+1, 3A; 4- 1 or 3^• -|- 2, 4fc-f-l 
or 4A;-|-3, 6A;+1 or 6k-\-b, these formula? show that, l( — ) denoting 

the gi^eatest integer contained in — , 

a 

n(2) = l+^+...-f -i. modp, where ^'^l{-^)'^ 

12 (3) = 1 -h — + ••• + l^ ^od p, where /^ = I ( |) ; 

n(4) = l-hi- + ...+ |-, modp, where A: = l('|) ; 

fi (6) = 1+ -^ + ... -h -^, mod p, where A; = J ^^). 
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44. The function O satisfies the following curious relation : 

O (l? — r) ^ O (r)-fr, laodp. 

To prove this formula let m, and mj denote respectively the least 
positive roots of the congruences 

prrii ^ I, mod r, 

pnii ^ I, mod p^r. 

Then we have prrii = i4-/,r, 

pm'i — i-^l-(p—r), 

where h and Z< must be < p. 

Subtracting, we find 

p (mi—mi) = (Z. + Z;) r— Z;j9. 

Since r is prime to 2?, and Z, and /J are both <p, we must have 
li-\-Vi =p. Thus the onginal equations may be written 

jmii = i-\-lir, 

pmi = i-\-(p-li)(p—r). 

Eqaating the values of Z, given by these two equations, we have 

pmi — i _ pm'i — i—p ( p—r) 
r r—p 

giving mj==Wi-h^ , mod^. 

T 

Substituting for the m's fix>m this formula in the formula (x.) of 
§ 18, viz., 

O (,) = !?v^. + !!hr"_% 4. ... 4- '>V--;^;>-. + VbLrr:^ , ^lod ^, 

1 2 J9 — ^ p — 1 

we find 

\ p—2 (p—2)r/ \ JO— 1 p — 1 rl 

^ O (p— r) — r, modj9.* 



* It can also be shown that 

n (/? + >•)= n(r), mod jM (§52). 
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Residues of n^Bi^ ( — j and of the series involving Bemoullian Numbers 
derived therefrom, (§§45-52.) 

45. Since B^ (x) = B^_k(p-i) (x), mod p* 

we have r^ip-^)*p-^ -»*(/« -i/*i'-i (^) = ^''^,-i W, mod p ; 

and therefore, patting x = — , 

r»<'-""-B.„.,„,., (1) = r'-'B,., (i ) , mod p, 

= O (r), mod p. 

If therefore J? is any uneven prime, such that p—l is a divisor of 2w 
(i.e., if^ is any uneven Staudt factor for^n), then 

r^»B^ (i) = n (r), mod 2?. (xvii.) 

46. In the case of r*"*^^.,,!!*! ( — ) discussed in the previous paper, 

the particular values r = 4, 3, 6 gave the Eulerian numbers, and the 

numbers J„ and /„t ; hut in the present case of r^'^an ( — ) we only 

obtain quantities involving Bemoullian numbers by assigning to r 
the values r = 2, 3, 4, 6 ; viz., the formulse arej 

^B^ (i) = (-1)" (2^»-l) ^-, (1) 

n 

3-B^ (I) = (-1)" (3**'-3) §, (2) 

4^-B».a) = (-l)"(2'»->+2^->-l) ^", (3) 

n 

6*" ^2. (i) = (-ir (6^" + 2.3^*-4-3.2^'-6) ^". (4) 

4n 



* P/Yyf. X<*wrf. J/rt//t. 6W., Vol. XXXI., p. 206. 

t Ibid.f Vol. xxxn.,p. 175. 

t Quarterly Journaf, Vol. xxix.,pp. 26, 31, 36, 42. 
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47. The residues given by the general formula of § 45 may be 
easily verified in the case of (1) and (2). 

In the case of (1), putting 2n = p — 1, the formula gives 

(,l)*(p-i) (2^-1-1) ^^^^>^i^^ = a(r), mod p. 

The left-hand side ={-iy^''^'^2{2'''-l)B^,,.y,, mod p, 

and, from Standt's theorem, 

pB^,,_,, = {-iy'"-'\ modp; 
so that the congruence reduces to 

-2 ^ - ~ a (2), mod p. 

V 
If p = 2A-|-l, 

p 3 5 j9— 2 

= -2^T"6"--2;t"^-2-(^+2'^- + W'°^'^^' 
and, from § 43, O (r) = 1 -f + ... -f ,-, mod jt?; 

so that the congruence is venfied. 

48. In the case of (2), putting 2;t=p— 1, the formula (xvi.) of 
§ 45 gives 

(-.i)i(p-i^ 3 (a.-._i) _Si(^i|^ a(3), niod2>, 

3/'-i-_l 
which reduces to — | - = O (3), mod^. 

If jj = 3/?-hl, then /ii = 2, and 

3p-i_l _2,1,0, ,2 ^1^0 , 

-7- =T^2-^3-^-3iti:2+3]t3i + 3-ik' ^"^^' 

1 3 4 6 ^ ^3ik-2 3A:' ^ 



* Quarterly Jouriiah Vol. xxxn., p. 21. 
VOL. XXXIII. — NO. 741. E 
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„ , . 1 1 1 1 , 1 1 1 

Replac...^ 1 • r 7 Sk-2 ^^' ' p-V ' p-4. ~ 3 ' 

that is, by — , — .», .3 • • • — . ,- . we have 

3'-'-l 2 2 2 , 

--|(l+ -J +...+ }), mod;,; 
and thei-efore, since 

n(8) = 1+ ^ ^...-h J , mod^ (§43), 

the theorem i« Vfrified when /> = 3A*H-1. 
If j9 = 3/f + 2, then /ij = 1, and 

/, 1 ^ 2 ^ 3 ^ ^3/.-2 3i— 1^3A' ^' 

~ 2 3^5 6 ^"^Sfe-l 3&' 
which ^ — "- (1+^- + ...+ j, mod p. 

Fi-om§43, 0(3)^1+ |-+... + i-, mod ;>; 

and therefore tlie theorem is verified also for p = 3i+2. 



49. It was shown in § 4 that 

Ih-x W -«"--K- -B,x''-»+B,x'-'- ... +(-l)«"-«B4„.„a!', 

mod j9. 
When ,r is a positive integer, we have (§6) 

and therefore in this case 

..'-^ »,-«.'■■'//,+ . .. + (-1)«<'-''«'Bk,.„ = - 1- ^ -B,-. (x), mod J,, 

..,1111 1 , 

---—1 — ;, — , —.,—.. — ••• v- mod p. 

2.« 1 2 .3 x—\ 
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50. This formula connects the residues, mod^, of the fii'st i (p— 3) 
Bemoullian numbers, and involves an arbitrary integer x. The 
powers of the integer decrease as the suffixes of the Bemoullian 
numbers increase. We may, however, obtain a more interesting 
formula in which the powers increase with the suffixes by putting 

ar= — . We thus find 
r 

r'-'B,., (f ) = - l-|r-B,r»+B,/-... + (-l)«<'->7?,(,.„r'-», 

mod^ ; 
and therefore, since 

we have 

r»5,-r*B, + ... + (-l)*<''-^V-^54(p_,, ^ - '2 - ■"" ^'^' '^''^^' 

(xviii.) 

51. Putting r = 1, since O (1) = 0, this fonnula gives 

i?,-^,-h5,-... + (-l)*^^-^^54,,.3, = -I, mod2>.* 

Putting r = 2, we find 

2«5i-2*5,+2*2?,-...-h(-l)*^'^^^2''-»54(^.3) 

= _2— n(2), niodj9, 

« 1 I 1 1 , 

,-2—^-- -^,--...-^-, mod^, 

where p = 2k+l. 

Similarly, it p = Bk + l or 3k + 2, we find, by putting r = 3, 

3»B,-3*B,+3'B.-... + (-lV"-"3'-»B,„.„ 

5 111 1 . 

"-2-1-2-3—-*-' '"°'*P' 
in both cases. 



* This result may be derived immediately from the recurring formula 
2n(2i.-l) p^_2>t(2n--l)(2n-2)(2n-3^B^^ ^^_,^,2t^(2n^l) ^ ^ ^ ^^_, 

by pntting 2it <■ ^ - 1. 



E 2 
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52. It may be remarked that the formula (xviii.) of § 50 a£foi*d8 a 
dimple proof of the result obtained in § 44. For the left-hand side 
of (xviii.) is unaltered, mod 2?, when />— r is substituted for r; so 
that we have 

^•-■^^+n(r)E:^-^'+-4-n(p-,.), mod;,, 

and therefore O (p — r) ^Q^r^^-r. mod p. 

In the same manner, by substituting p-^r for r, we see that 

12(;?-f r) -0(r), mod;?, 
and, in general, 12 {iip -f r) --i D (r), mod p, 

n being any positive integer. 

The Function Al, Or). (§§ 5:^56.) 
53. The function A-i^ (j-) is defined by the equation* 

A;.(.r)=-4,„(^)-2^M,..(i.r) 

= i?,„(;r)-2^7?,„(i.r) + (-l)"(2^-l)^. 

Zn 



Putting 2n = ;) — !, this equation becomes 

P 



»— 1 



Now 2)5^,,..,, =2 (-1)*^"-^ modp, 

and "^ - 1+ TT + "-■ +• + —■:>' inodp;t 

;; '.10 ;?— 2 

so that we obtain the formula 

and therefore, putting .r = — , 

^'i;-i( J) -^n0)-nc2r)-( J--h J +...+ l^),modp. (xix.) 



* Quarterhj Journal, Vol. xxix., p. 93, (ir Prw. Lmid. Math, Soc., Vol. xxxi., p. 203. 
t Quarterly Journal f Vol. xxxii., p. 21. 
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64. In general therefore, if p be any uneven Standi factor for w, 
2^AL (7)^0 (r)-a (2r)- (i- + I + ... + ^) , mod p. (xx.) 



55. 



P' 
. The values of I'-Ai, (^- ) for r = 2, 3, 4, 6 

y-A'^ (i) = (-1)" (2'"-l)(3*'-3) 
4'M,;a) = (-l)"2Q„, 
6""^*(i) = (-l)"67'„. 



4;*' 



(1) 

(2) 
(3) 
(4) 



6(5. Taking the last two equations and putting 2n = ^— 1, we have 
(-l)«<'-'>2Q,,,.„ = n (4)-n(8)-(-J + 1+... + ^), modp, 

(_l).„-.)62',,,.., = n(6)-n(12)-( J + A +...+ -1^), mod^. 

As an example, letjp = 11. These genei'al formulae give 

-2Q.^ n(4)-n(8)-(l+i+...-fi), mod 11, 
-6r5= 0(6)-n(l)-(l-fH-+4)» mod 11. 
Now, for all values of r, 12 (1) = 0; if r = 4, 11 = 2r + r— 1, and 
therefore (§ 42) 12 (4) = 1 -f ^- = 7, mod 11 ; if r = 6, 11 = r-f r-1, 
and therefore (§ 42) O (6) = 1 ; if r = 8, we have Wj = 3, and 

J(f) = 2, I(^) = 5, J(^) = 8; 
so that "(8) = 8(^-fi+|fiV) = 3, mod 11. 

Also l+i+i + ^ + i = 6, mod 11. 

The formulae therefore become 

-2Q,= 7-3-5, mod 11, 
-6T^= 1-5, mod 11, 
giving Qa = 6, mod 11, 

^5=8, mod 11, 
which are right, since ^5= 2873041, r5= 67637281. t 



• Quarterly Journal, Vol. xxix., p. 107, or MeBsenger, Vol. xxvi., p. 178. 
t Quarterly Journal^ Vol. xxix., pp. (j^y 76. 
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Besidiies of B2n[ ) anfJ A^^ I -J, mod p. (§§57-60.) 

57. We may obtain the residues of B^^ f -j aad Ai, [ — j in 
exa<;tly the same manner as the residues of B^^l — j and Ai^l — j 



were obtained in §§ 7 and 53. 
From (iv.), § 4, we have 



B. 



, (a;) - (p-^li _ ^_(a-+j) •• ■.(«•+?-!} 



P 



Si+.-ii+'+^+^-i}' '"•^^' 



r'- 



Let a* = -- and suppose / prime to p; then, multiplying by r'"*, 
r 

'B,j i)^ (P-'^y-r'-' K'- + 0- {(f>-l)r+/| 

Of the ^ numbers l,r-\-l, ..., (j?— I)r4-Z one is divisible by 2?, and 
we know that,* if Z = kp-\- 1 (f >0 and < p), 

l^r+i)...{0>-l)r + n ^(^^ .^^^l)^^^_l), p + n,(r)y|, mody. 
where, it t < p—l, 

and n,..(r) = '^iti + M,±I+ ^.Mj-t+_l. 

Corresponding to ^ = 0, in which case I = A;^>, we have 



whei'e 



f^n~\ 



I 1: p — 1 



• Mesnenger^ Vol. xxx., p. 82. 
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In these formulae (as throughout this paper) /i, is the least positive 
root of the congruence jp/i.-J-i ^ 0, mod r. 
Consider now the series 



one of the denominatoi-s is the divisible number (/*/,_* + A: -fl)j>, and, 
since the others are = 1, 2, 3, ...,p — 1, modjo, in some order, the 
sum of the other terms of the series = 0, mod ;>. 
Thus we have, if ^ > 0, 

r*- '^,., ( 1) = ^^=-^> V-' - (m,-. + fc + 1) X (p - 1 ) ! 

s(p-l)!{fir,(r)-n,(r)}, modp 
= n,(r)— sr, (r), moAp, 

where y, (^) = ^i + ^i +... + if.-" 

The quantity g^ (r) is the same as fl^^ (r), and the result may there- 
fore be written 

T^-'B,., (-J^ ) ^ n, (r)-no(r),* modi>. (XX.) 

This formula is true also for ^ = 0, i.e., for I = kp, the residue then 
being zero. 

58. In general therefore, if p be any uneven Staudt factor for ?*, 
and if l = hp-\-t^ then 

r^»^,„ (i- ) ^ n, (r) - n, (r), mod ^. (xxi.) 



• Prom this result we may derive the formula 
which iDclodes (xvm.) of § 50. 



»-a^-8^j-r*/i'-»^3+... + (-l)4(p-i)rP-3/2^^,^_3) = -?l^l^-n,(r) + no(r), mod/;, 
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59. Similarly, by proceeding as in § 53, we find that, p and I being 
as in the last section, 

f^Au{-^) ^ n.(r>-n,(2r>-n.(r) + n,(2r) 

GO. The general expansions which have the quantities a^B^l — j 

and a*Mi, [ — ) as coeflScients ai-e* 

a cos ax-co8 (26-aI* ^ ^,^ /b\ ^_^,s, {^\ ^ + Ac., 
2 ^sin a« \a/ \ a / SI 

« «lP ^26-a) ^ ^,^, / 6 \ 2,_„.j; (A) (^)* +&C. 
2 icosojr \ a / \ a / S\ 



icos 

Putting 26— a = c, these formulae become 
a cos a;r— cos ca; 



2 sin cur 



g sin cjc 
2 cosoa; 



= ..B.(»^-)2«-a-B.(»*')<|)"+*.., 



The formulae of §§58 and 59 therefore enable us to assign the 
residues of the coefficients in these expansions.f 



On the Residues of BernonlHan Functions for a Prime Modulus, 
including as special cases the Residues of the BemouUian, 
Eulerian, and I- Numbers. By J. W. L. Glaisher. Read 
and received November 8th, 1900. 

1. In previous papersj the residues of r^Bj, ( — J and r^'^Bp^i I — j, 
mod p, have been obtained and discussed. In the present paper these 

♦ Proe. Lond. Math. Soc, Vol. xxxi., pp. 206, 207. 

t The correwpondmjjr expansions in which the BnflSxes of the B^b and A'^b are 
uneven were given in Proc. Loud. Math. Soc.^ Vol. xxxn., p. 184. 

X Proe. Jxmd. Math. Soc, Vol. xxxu., pp. 171-198, and Vol. xxxm., pp. 27-66. 
The latter paper immediately precedes the present paper in this volume. 
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resulte are extended so as to give the residue of r^'^Bp.A — ), mod j), 

and, more generally, of 7-"JB„ (- 1, mod p. This function includes 

the Bernoullian, Eulerian, and J-numbers, whose residues are thus 
assigned for any prime modulus. 

lle.idne of i"-'B„.._ ( M , mod p. ( §§ 2-5.) 

2. Stai'fcinp; with the fomiula (iv.) of § 4 of the preceding paper 
(p. 29), viz., 

P P 



X )— + _+...4- [, mod^, (i.) 

( .V .i-fl x-\-p — \ ) 

we iSnd, since \ Jl,„ (a*) = (2n — 1) T?^,,., M, 

ax 

p L\x x-{-l x-^p — 1/ 

- -»-, ^ITi ""•••"/ TTj ' mod_p, (u.) 

and therefore, putting « = , 

r 

xf/l-h-l + + L V-l ^ ^ 1 

LI ^r+l^-^(p-l)r-fl/ (r-hl)* '" ((^-l)r + l]«J' 

mod p, (iii.) 



3. The p—l numbers r, 2r, 3r, ..., (p— l)r when divided by 2? all 
leave different remainders, i.e., the remainders must be 1, 2, 3, ..., 
p — 1 in some order. Let /ij, /i„ /i,, ..., fip.i be the respective quotients 
corresponding to these remainders. Then the p — 1 numbers 

are (in some order) the same as the jp— 1 numbers 
r, 2r, 3r, ..., (i>-l)r. 
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From the definition of the /«*» it follows that ft, is the least positive 
nxjt of the oongmence p/i, -h i = 0, mod r* Adding 1 to each of the 
numbers r, 2r, ..., (p— 1) r, we obtain the numbers r+1, 2r+l, ..., 
f/>— l)r+l, which therefore are the same (in some order) as the 
numbers f4p-h2, /itP+3, ..., /*^ip+i>. Since the numbers r, 2r, ..., 
(p—l)r when divided bj p leave remainders 1. 2, ..., p — 1, it follows 
that the numbers r+l, 2r4-l, -.? (/>—!) 1"+^ leave remainders 2, 3, 
..., />— 1, 0. Thus one of them is divisible by p. and this one, we 
see, is 0*^-i + !)/>, which, putting fi^.i + l = m„ we write niip. 

4. Multiplying together the p—l numbers r + 1, 2r-|-l, ..., 
(/>— 1> r+ 1, we have 

(r + l)(2r+l;...[(|,-l)r + i; 

= ^ii>(/'ii> + '^)(A'5P + 3) ... (^-sP+p-1) 

= m,p X (/)—!)!, mod/)', 

. , (r-hl)(2r + l)... >(p-l)r+r} , 

HO that ^ _ 1 __ - = — HI,, mod p. 

P 
The formula (iii.) therefore gives 

where A, = 1+ — L_ + -^ ^ +...+ ]- ^, 

1 1 1 



5. Now 

and therefore, since 

1+ V +tV + . ..+ —,-= 0, mod/>'(P>3), 
2 ^ p—1 



• The ii'8 are the same as in the preceding? paper. The reasoning in the text is 
dereloped in greater detail in the Messenger, Vol. xxx., p. 77, et seq., where the 
residue of the product l{r-^l){2r+l) ... {{p'-l)r-{-l}y mod p^y is ohtained. 
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we have A, = - { -J + || + . . . + ^^^^^^^ | p, mod ;,'. 

Also A,^l+^. + ^+...+ ^-^^.^,^0, mod^. 

Thei-efore, i{p>'d, 

2r'-''B,., (-M = - ''^'*' , mod p, 

thatis, ^-.£^.,(1) 3g+ J,+...+ -Jf^^^„ mody. (iv.) 

Bendueofr'-^B^.J — ), mod p. (§6.) 
6. Since £ £,„,, (ar) = 2nB,. (,x) + (-l)-'B., 

we find by differentiating (ii.) 

(/>-2)(p-3)B,.,(«) + (-l)»'"-"(/>-2)B,„.,. 

p L^ X x + l ' x+p — 1/ 

~^\'7'^^i'^"'^x+f-^) i's^'^ix+iy'^ -'^{^p-ifl 

Proceeding as before, i.e., putting a? = - - , and expressing the 

r 

system of numbers r+1, 2r+l, ..., (p—l)r-\-l in the /i-form, 

/^JP+2. /i,p-l-3, ..., /A,,.2P+i?— 1, WjP, we find 

- -^ { (^P -^M --^ (4 ^'0 {,Jp -^M -"' (i/ ■''') 3 ^ 

mod/?, (vi.) 
where 7i,= l+ ^.-|- ^ _^...-f. ._ ^ 

The right-hand side of (vi.) 
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and, since //, and h^ = 0, mod jo*, and A, = 0, mod p, (vi.) redaces to 

6i'-'B,.,(i)+(-l)»"-'>2r'-'B,„.„=-3^«, modi>. (vii.) 
\ r / p 



P 



Now A, = 1 + ■ — _■ - , + 



1 



,-,+...+ 



2*^3' 



-1+ 1 + 1 + + 1 



(p-iy 

and we know that • 



2« 3' 



ip-iy 



80 that 



-3A, = (-l)»<'-'> 2B,„.„p + 6 I a +§+...+ ^"-f-^, I p. mod /. 
The congruence (vii.) therefore reduces to 

mod J), (viii.) 

le^wrfne of r^-'B^.t (-~) , mod p. (§§ 7-15.) 

7. It will now be shown that in general, if p>S^ and t be any even 
number less than p, and p—t>ly 

and, if t be any uneven number less than p, 

r-B,., (A)+(-i)*-"r!:;=ip,„.,. 5 + 5 +-+(^-i). 

mod jj. 



* Quarterly Journal^ Vol. xxxi., p. 331, or Vol. xxxn., p. 11. 
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8. These results will be proved by the method employed in §§ 2-6 
for obtaining the residues of T''~^Bp.2 ( — ) and r^'^Bp.^^ \~ r ™^^ ^* 

The process thei-efore consists in differentiating t—\ times the 
formula (i.), or, which is the same thing, differentiating t timea 
the formula 

V 
and making use of the relations 

££,„., (a-) = 2«B,„ (,) + (_l)»->fi,.. 

We thus obtain an expression for the residue of Bp^t{x), mod^,. 
in the form 

x(x-\-l)... (xj-p-l)^^ 

P 
where X consists of terms which involve only the series 

a* .r+l x+p — 1 



We then replace x by and multiply by r^'\ substitute — wij for the 

0--hl)(2r+l) ... f(«-l)r4-lj 

external factor ' — - . and replace each 

p 

series 



• The formula (i.) was dedu3ed from this formula in the note to § 4 of the pre- 
oeding paper (pp. 29, 30). 



02 
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•»h<:rfe A. = 1-r ^ .. . + 



1 



Firuilly. hy ftelectin^ that part of X which is not = 0, mod p, we 
obtain the reqnirerl reflitloe. 

9. Taking the HtepA of this process separately, we first consider 
the value of .,^p f-^)^ which 

= (p-^l)(p-2) ... (p--t)B,,(x), 
If t in even, 

and =(p-l)(/>-2>... (;>~0J5i^W 

^(^ir-—Up-l)(p-2)...(p^t-^l)B,^,. 
if Hs uneven. Thus 



^B,(x)^tlB,.,ix), modp, 



if Hs even, and 



-r.B,.,i,)-(-iy>-"{t-iy. b,^_.„ modp. 



if / is uneven. 



10. We next consider the quantity X 
We have 

f , X (x-hl) ... (x^p-l) = X (x + l) ... (^+jp-l) Z, 
where, if we put 



(x + l)' " (x+2)' " - " {x+p-1) ' 
X iH the Hum of termfl of the type 

in which tt4-2/3 + 3y + ... = f. 



Now, if we multiply out all these expi'essions, the terms in 

» ;-!> •••» — „ must disappear identically from X, for the deri- 

y a; ' «' 

vatives of x (x-\-l) .., (x-^p-^l) are necessarily integral functions 
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of a-, and therefore no higher negative power of x than «"* can occur 
in X. 

The expanded terms in X must therefore be of the forms 

^''ntHi... and h^h^h;.... 



11. When therefore we replace the series 

(r + l)' {(^p-l^r+iy 

by ]-i+h<, 

■we have only to conBicler terms of the forms 

''J^KK.„ and /.»;... 

Terms of the second form are necessarily = 0, modp, since, if j?>3, 
hi = 0, mod p, for all values of i ; and since, if />>3, h^ = 0, mod p^, 
the only term included in the first form which is not = 0, mod p, 
is of the form 

rn^p 



12. To determine the coefficient of this term we notice that it is 
the same as the coefficient of 

in -—Bp(x), Denoting this coefficient by Kt, we see, by considering 

005 

the terms in T".--:iB^ (x) which give rise to this tei-m, that 

K. = -{t-2)K,., + (-iy{t-2)l, 
■whence K,=z{-iy JK:. 
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«.-i-lH2r-l)... ;r/>-i)r-hi; 



13. Replacing the ex!;.-niiil factor 
by — m.. we have theref«>i-e prjvi?«l that 



T*-' '^,B,xJr^=(--\^■ ^ ^ *"=\ mod/>. (ix.) 

jr being replaced br after the performance of the il iff erentiat ions. 



14. It is now necessar)- to separate the cases of ' even and t uneven. 

I. f even. 

In this case. usin£r the valae of *-B,ix) obtained in §9, the 
foi-mnla Cm.) jarives 



where 



""^•^ (I)^-,-i ~:- °-^>^- 






I 



1 



2«-i 3f-i 1^—1, -I 



. ) 



-('-i>J5 + ^r+-+.^!:::hJ'"-^^ 



.Since / is even, and p >3 
1 . 1 



+ o^-^3-»-^ •^(T.-r)'-"^- "^^^ 



and therefore 



In this case thei-efore tlie fornmla becomes 

\ r / :r .> (// — 1 > 

IL / uneven. 
Ill this case we have, fi-om § 9 and formula (ix.). 
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As before, 

Since t is nneven, 
and therefore 

Thus we have 

-r'-'tl B,., (iJ-C-l)*^-'^-'^-!)!^,.,.,, 

^ (_l).(p-')-'(<-l)!fl.,,.,-<! y |i-+ -Ji +...+ ^J;^^-,} .mod^, 
that is, dividing by f !, 

r'-'i?,.,(l) +(-!)•'- ':-:-;-i£,.., -5 + t + -+(/±-l)-.^ 

mod jp. (xi.) 
The formulae (x.) and (xi.) are those enunciated in § l.\ 

15. If q is any number prime to^, 

- ^ = g''-'-\ modp; 



♦ Quarterly Journal, Vol. xxxi., p. 331. 

t If in {} 8-14 we put a? = — , and substitate for r + /, 2r + /, ..., (/>— 1) r + / the 
r 

system miP + /+1, /*aP + '+2, ..., Ai/>-Ni/>+P-l, (m? - 1 -»■ 1 ) ^^i (Ai|.-ui+ l)i»+ 1, 
(Mp-U2 -•■1)^ + 2, ..., (/tp.i + l)p + /— 1 aa in the Mesnefiger, Vol. xxx., p. 79, 
we may obtain formmae, corresponding to (x.) and (xi.), for the residue of 

rP'^Bp^t { — ) • The residues in the case of some particular values of / are noticed 

in {{ 45-60. 

VOL. XXXIII. — NO. 742. F 
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and therefore the foramla (x.) may be written 

r^-7V.(J) ^/ix2^-'-» + /i,3'-'-»4-...-f/ip.2(p-l)''-'-\ mod p. 

Putting j?—^ = «, we have therefore, if s is any uneven number > 1, 
and p> 8, 

r'5.(i)=A'i2-*+A43-»+...+/i^-2(i>-l)-\ mod/i. (xii.) 
Similarly, we deduce from (xi.) that, if s is any even number and jpX, 

r-/?. (i) +(-l)»-'''-i /;,. = ;,,2-> +,,,3- + ...+,!,., (p-l)-, 

\ r / s 

mod p. (xiii.) 



Residues of r-"^^5,„,, (- \ and i^'B^, I ^-V mod p. (§§ 16-20.) 

16. In genei'al, for all values of p>3, we have 

r"'^'B,,,,, (1) ^^,2-'" + //,3'^"-f ...+/V .(p-l)^ mod p. (xiv.) 

This formula was shown in (xii.) to be true when p>'ln-\-\. It will 
now be shown to be true also when 'p<2n-\-\* if j>— 1 is not a 
divisor of 2w. 

Let 2/i-f 1 = k {p—\)-\-8, so that *• is uneven and <jy— 1. Then 

= r'i?, \-~\ modp,t 
and therefore, by (xii.), if ^> 1, *.''., if jp— 1 is not a divisor of 2n, 
r"*'i?2„M ( ;. ) = f^i2''-*-f/'r3-^+...+/i,..o(/?-l)-\ modp, 

= /x,2-•"-*>-'+^,3^'-*'-»^+.,.-fA'i.-2(p-l)'•*-*'"-^ 

mod 2?, 

= /ii2-" + /u3-" + ... +-/i,,., (i>-l);", mod p. 



* When 2// + 1 ^ p the formula in rf'liP ( — ] " — M/^-i» "»od// {Fro 
\oe.y Vol. xxxii., p. 174). ^ '* ' 



*roe. Land. Math. 
JSoe., 

t For 7/„ (x) E. Jin-k[p-\ (j^'jy mod ;;, if p in not a factor of the denominator of x 
{Froc. Lond. Math, ^oc. Vol. xxxi., p. 20(3). 
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17. In the same manner we can show that, for all values of p, snch 
that^J— 1 is not a divisor of 2n, 

r'"£^(i)+(-l)»-'(r'"-l)|; 

= ,x,2»-> + ,i,3"-' + ...+/i,.,(;j-ir-', mod p. (xv.) 

For, patting 2« = fc (/> — l)+s, so that « is even and >0 and <p—l, 
we have 

r"£^(^)=»--B. (A), modp, 

r*"— 1 = r*— 1, modp, 

and q-" = q\ mod 2>, 

g being any number prime to p. 

The formula (xv.) therefore reduces to 

r-5.(l)+(-l)*'-'(r'-l)^^/i,2-^4-Ai,3-»+...+A^,_,(p-irS 

,.,.,.... ' mod^, 

which 18 (xni.). 

18. The formula (xiv.), viz., 

»***'2J.».i (y) = Ai,2^" +,x,3^» + ...+/.„., (2>-l)■^ modi*, 

may be transformed into other more eouveiiient forms as follows. 
We have, if 'In is not a multiple of p— 1, 

0- Mil"' + /^52"^'-f ...+/x„_i(/^-ir, mod;),t 

• Messenger, Vol. xxix., pp. 60, 129. 

t To prove this formula, we notice that fii + fip.i = r— 1, and 

12» =, (jp_l)2«, mod;;, 2^ = (jt>-2)-», mod p, ...; 
HO that 

/t,12» + M22^"+...+^^.,(/>-l}2« = (r-1) I l2« + 22»»+...+ /£^^-\^*| , modp, 

= -~- {r-" + 22" + ... + (;;- 1)2"}, mod;;, 

r— 1 
= — ^- .»i„ + !{;;), mod;;. 

Now everv term in the exprension for B>„^i {p) in ascending powers of p has p^ or 

p 2 
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and, fmbtracting this form a la from 'ziv/. we find 

-^<"r-i—f*i"i)<P'-^)**^ mod p. 

This expression con-esponds exactly to the definition of O (r) in § 9 
(p. 32) of the preceding paper, viz.. 



nfr; = -^''+^'T'^ + '^-'^ + ...+ 



M>-i— M^-l 



12 ■ 8 ■ • />-l ' 

and, just as O (r) was transfonned into various other expressions by 
the UKC of the formula 

1+ ^ + V + + \ = ^' °^o<i P* 

so we may ti-ansfoi-m the expression for the residue of r^**^j,^, ( j 
into correHjMjnding expressions by means of the fonnula 

1^ + 2-'* + 3-" + . . . + (;>-!)*• = 0, mod p* 

in which 2n must not be a multiple of />— 1. . 

W). Tlie most important formulae so obtained correspond to (ix.) 
of § 16, and (xi.) of § 24 in the precediup^ paper, and are as follows 

'^"•'/J*...(J) =r(|8f+/8-;;» + /?J-+...), moAp, (xn.) 
wliero pij.^ = — 1, mod r, 

and 7^"*'ll^.^ ( J ) e: -r (aj"4-a^ + a;"+ ...), mod ;>, (xvii.) 



Komo hiKher power oi p in the numerator, except the last term { — lY'^B^p, and 
thiM temi cannot have p in it« denominator unlesA w is a multiple of ■ ~ -. ThoA 

^hn *i (p) 0> mod Pf unless 2u is a multiple of ;> — 1, which proves the formula in 

the text. 

• For l=»» + 2'^"+ ... + (;?- 1)-^' = ^•.'«*i(p). which has just been shown (in the 
preoodinjjr note) to bo -. 0, mod p, when 2;i is not a multiple oi p— 1. 
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where jtw/i, = 1, mod r, 






The functions ^( -j and If ^ J denote respectively the integei 

next above 
is integral 



next above, and next below, when is fi^a^tional ; but when 

a a a 



\ a / \ a ' a 



The quantities ft, and m, ai'e connected by the relation fA^-\'m^ = r, 
and we use fi^ or m,, i.e., the formula (xvi.) or (xvii.), according as 
/ij < or > Jr (§ 27 of the preceding paper). 

20. We may notice the particular cases (corresponding to § 42 of 
the preceding paperf) in which p = Ar+l or ^T^-r— 1, viz., 

I. If p=^T+l, 

II. If ^=itr-fr-l, 

^•*'i?2«.i (-) - ^'*' (r'" + 2'^"+... + A;^"), mod JO. 



* In the transition from the ^-form of n [r] to the m-fonn in § 19 of the preceding 
paper, each denominator p—i is replaced by — i ; in the corresponding transition 

for r^+^-BjH+i ( — ) , 0»- »}'" is replaced by i^' ; so that the w-form for the residue 
of r^*'^B2n*i ( — ) has the opposite sign to that of the w-form of fl (r), and there- 
fore also the expressions derived from the w*-form of r^'**^£2n*i ( — ) have the 
opposite sign to the corresponding n (r) expreHsions. \ r / 

t AH the investigfations relating to n (r) contained in §§ 10-44 of the preceding 

paper (pp. 32-47) hold good also with respect to the residue of r^**-fi2«<i ( — ■ )» 

when 2w is not a multiple of i>— 1, the exponent 2« replacing the exponent —1 ; 
but, as pointed out in the preceding note, the sign is different in the case of the 
M-form and the expressions derived from it. 
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Residue of E^, mod p. (§§ 21-25.) 

21. Since 4;-'B^,, (J) = (-!)-» ^», 

where JB?„ is the nth Ealeiian number, the formula (xiv.) ^ves, by 
putting r = 4, 

(«!)«*» ^^ = ^,2^"-f/i,3-'"-f ...-f,i,.,(^-.ir, mod^. 

where fii is the least positive ix)ot of 

^^,4-1 = 0, mod 4. 

When 2? = 4A- + 1, /i, = 8, /ij = 2, /',= !, /'4 = 0, and this formula 
becomes 

(-lr*»^,. = 3.2^ + 2.8^'• + 1.4'^+0.5*•+...^-l(Jp-l)^ modp, 
and we know* that, if p = 4A-+1, and 2u is not a multiple of p—\, 

2'^" + 6^' 1- 10^" 4- . . . + (jp - 3)^" = - S. mod jp, 
3^» + 7*" + ll»"4-...4-(;>-2y-"==-5f, modp, 
where S = 4'^"4-8^"+12^'*-h ... + (p-1)^ 

Thus we find 

(-1)'-^^,. = -4 [4^ + 8^» + ...-f (/j-iy**}, modp, 
= -4^*»(r- + 2"'+...-h^*"), modp, 
where ^ = i (p — ^) \ 

and therefore J57„ = (-1)"4^*^ (l"* + 2*'+ ... +ik**), mod p. 

22. When j? = 4A; + 3, we have /^i = 1, /ij = 2, /i, = .3, /i4 = 0, and 
the formula becomes 

(_l)"*i^„ = 1.2'"+2.3^'» + 3.42"-|-0.5'"-|-... + l (jP-l)'", modp, 

and, in this ca8e,t 

|2«_,.5i«^ 92"4...._|-(^_2)2" = -fif, modjp, 
2^» + 6^" + 10^"+ ... + (p-1 r = - 8, mod p, 
32'' + 7-"4-ll'"+ ... + 0^-4)*" = S, mod p, 

where *S = 4-^- 4- 8*" + 12»" 4- . . . + (^-3)^". 

• Messenger^ Vol. xxx., p. 156. f Jfessenffer, he, eit. 
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Thus we find 

(-!)-» ^.. ^ 4 {4^+8^*+ ... + (p-3)*»], modjp. 
= 4"'*»(l*' + 2*'»+...-fZ;^), modjp, 
where ^ = J (j?— 3) ; 

and therefore ^ = (-1)"**4*"** (1^+2^+ ... -f P»), modjp. 

23. In general, therefore, 

(-1)"JE7,= ±4^*»(l*' + 2^"+.. +A^), mod^, (xviii.) 

where h is the greatest integer contained in -7-, and the upper or 

4 

lower sign is to be taken according as p is of the form 4A; + 1 or 4fc+ 3.* 

24. The most interesting particular cases of (xviii.) are when 
n = i(^-3), n = i(p-5), .... 

Putting 7» =4 (2^—3), and supposing p = 4A;+1, (xviii.) gives 
^*(P-3; =-4''-»(p-«+2''-»-f-...+^-0. mod;., 
.^x(n.^4-...^J-),mod^. 

We obtain the same formula if j9 = 4A; + 3 ; so that we have, for all 
values of jp, 

J574(p.3) =-i (1+ :j^ +•••+ -^j' ^od;), (xix.) 

where k is the greatest integer contained in ^ . 

4 

Similarly, by putting w=^(jp— 5), ^(jp— 7), ..., we find from 
(xviii.) 1/1 1 \ 

^*f.-5) ^ - ^-, (1+ 2? +•••+ it)' ^^^^l^' 

At being as before.f 



• These formulaB might have been deduced directly from § 20. 

t These formulae might have been deduced directly from (x.) of § 14. 
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The coiTespoiiding formnla for n = ^ (jp — 1) is 
-^4 p-i; = or —2, modjp, 
according as 2? is of the form 4/i5-hl or 4A; + 3.* 

25. We may state these results also as follows : 

K = or ( — 1)"2, mod 27j + l, if 27i+l is prime, 

" "i (^"^"^^ "*"••• "^'^)' ^^^^'^^^^ if 2n+3isprime, 
"■"i» (^"^i* "^ ■•■^i*)' "^°^^''+^» if 2n + 5i8prime, 

where A; is the greatest integer contained in -— . 

4 

More generally, if ^ is an uneven Staudt factor for n (i.e., if jp — 1 
is a divisor of 2«), 

^,. = or (-1)"2, mod^; 

ii p is an uneven Staudt factor for n + 1, 

if p is an uneven Staudt factor for n H- 2, 

and so on. 

llcsidues of /,., mod jp. (§§ 26-29.) 

26. Since 3^"^'i?2,.., (i) = (-l)**** J«, modjp, 
the formula (xvi.) gives, by putting r = 3, 

(-l)-»I,.^Ai,2^"+/.,3^"+...+,*,.,(p-ir, modp, 
where /*, is the least positive ix)ot of 

j9;i. + l = 0, mod 3. 



• Froc. Lottd, Math. Soc., Vol. xxxii., p. 176. 
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When jp = 3fc-f 1, /i, = 2, ;i, = 1, /i, = 0, and the formula becomes 
(-l)"*>/,= 2.2*» + 1.3'^'» + 0.4^»-f2.5**+... + l(i?-ir, mod^. 
Now, lip = 3A;-f 1, and p - 1 is not a multiple of 2n, 

2^ + 52« + 8^»+... + (p-2)'" = ~2,S, modi?, 
where 8 = 3*^" -|- 6'" -f 9^- + . . . -|- (p- 1)^".* 

Thus we find 

(-ir>7«^-3{3^" + 6^+... + (p-ir], mod^, 
= _ 3'^"* 1 (12« ^ 2'" + . . . + At"*), mod p, 
where k = ^- (i? — 1) ; 

and therefore J„ = (-1)" 3^**^ (l'^ + 2-"+ ...-{-k^), mod ^. 

27. By an exactly similar pi'ocedure we can show that, when 
p = Sk+2, !,.= (-l)«^l3^*'(^"+2^"+... + ^•^")» mod^. 

Thus, generally, for all values of w, 

(-l)-J„==±3-"*^(r"+2^"-f ... + A;^"), mod^, (xx.) 

where k is the greatest integer contained in ^- , and the upper or 

lower sign is to be taken according as j9 is of the form 3A;+1 or 
3A;+2. 



28. As particular cases we derive, as in § 24, the formulee 



(xxi.) 



where k is the greatest integer contained in ■^- and the upper or 



• Metaenger, Vol. xxx., p. 167. 
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lower sign is to be taken according as p is of the form 3A:4-1 or 
3ik+2* 

The corresponding formula for the case n = id?— 1) is 
(_l)*(P-i)j^^^,^^^0 or 1, mod^, 
according as i? is of the form 3^ + 1 or 3A; + 2.t 

29. Thus, generally, if p is an uneven Staudt factor for n, 

(— l)"r^ = or 1, mod^; 
if p is an uneven Staudt factor for n-f 1, 

(-l)"/.= ±|-(l+^+... + -^), modi,; 

if jp is an uneven Staudt factor for n -|- 2, 

(_1)-J„^±^(l+ !_+...+ ^), mod p; 

and so on. As before. It is the greatest integer contained in -^, and 

o 

the upper or lower sign is to be taken according as p is of the form 

3A;-f lor3fc-f2 

I have verified these formula? in a number of cases by means of 

the table of J„ up to n = 13 given in Proc. Lond. Math, 8oc.^ 

Vol. XXXI., p. 224. The coiTesponding Staudt factoins were given in 

Vol. XXXII., p. 177. 

Eesidueof -" . (§§30-32.) 
n 

30. Putting r = 2 in formula (xv.), § 17, we have 

mod p, 
where f<, is g^ven by pfii -h i = 0, mod p. Thus /i^ = 1, /l£, = 0. Also 

2*'B^(i)=(-l)"(2^''-l)-''; 

n 



• Formula (xx.) could be derived directly from § 20, and formula (xxi.) and the 
following formula from (x.) of § 14. Similar formulae containing fewer terms are 
given in § 43. 

t Proc. Lond. Math. Soc, Vol. xxxn., p. 177. 
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and therefore tlie foiinala becomes 

(-l)-(2*'-l) 5? = 2'-» + 4"-»+... + (^-l)*»-\ modjp, 
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■where 



fc = i(p-l). 



31. Putting w = J(jp— 3), (xxii.) gives 

(_l)*fp-s)(2''-'-l)^-;) = 2''-*(p-*-f 2''-*+...+^•^-*), modp, 

whence (-l)*^-') (J-1) ^-^-> ^ | (l+ .^_ +... + > ^^ mod^; 
and therefore 

(-l)»"-'^W,„.,,sj(n.J.+...+ J,-), modi>. (zxiii.) 

Similarly, by putting n = J(2?— 5), w = J (p~7), ..., we find 



and, generally, putting » = ^ (p— 2i— 1), 

The formula which corresponds to the case w = J (i?— 1) is 

Mr.-i) ^ (-1)*'"-^ modp, 
which is included in Staudt's theorem. 

32. Using the formula 

^* = C - l)*"''-'^ __^»Jii'J£:LlL_ , mod V* 
2n ^ ^ 2n-^(p~l)' ^' 

♦ Meuenger, Vol. xxxn., pp. 63, 129. 
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to generalize (xxiii.), &c., we have, if ^ is any Standi factor for n, 

(—lypB^ T= 1, mod jp (Staudt's theorem) ; 
if p is any Standi factor > 3 for n-f 1, 

(-l)-f„--i(l+-i+--+ i). modp; 
if p is any Standi factor > o for n -f 2, 

and so on, the general formnla being, if p is any Standi factor >3 
for n+*, t being <i(p— 1), then 

Residue of (2^"- 1) ?^' . (§§ 33-35.) 

B B 

33. Considering now the form (2"* - 1) ,t-^ instead of ^ " , we notice 

2n 2n 

that for the case n = J (p—l) we have 

o/»-i 1 

= (_l)4:/'*i)^ \ modp, 

where, as before, A: = ^ (p— 1). 

Thus (-!).>-■ (2'-'-l)^«^^'= l(ui+... + I), modp. 

♦ Quarterly Journal, Vol. xxxn., p. 21, 
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34. From § 31 we have 

(_l)..-.:.(2.-3_l)^^. .^ (H. i +...+ -J.), mod p. 

(_l).r.-.(2^-._l)^--, ^ (l+ 1^ +...+ ^), modi,, 
and 80 on. 

35. More generally, if p is any uneven Staudt factor for «, 

(-ir(2'"-l)g. 1(1+ 1-+...+ J),modp; 
if p is any uneven Staudt factor for 7t + l, 

(_l).(2--l)^^--. ^1, (l+_l.+...+ ..l^), „,od;,; 

if jp is any uneven Staudt factor for n -f 2, 

(-ir(2-^-l)J;.A(l+A+...+ l-), mod^; 
and 80 on. 

Sec<m(l Method of ohtninituj the Reatdues of E», J„, ^^c. (§§ 36-4f3.) 

36. The formula?, (xviii.), (xx.),and (xxii.), which give the residues 
of J57„, J„, and (2'"— 1) - may bo obtained very simply by means of 
the formula 

,-.+ (.r_r)-^ f.r-2.0" + ... +s» = /' [ B„,, (f +l) -■»»*• (7) } * 

(xxiv.) 
in which x is any number = «, mod r. 

• Thifl formula was given in the Quarterly Journal, Vol xxxi., p. 193, in the form 

The form in the text i« derived by replacing </, /• by r, a re«pectively, and using 
the relations 

r,„., (;r) - (2w + 1) i?a,.„ W, r^.. W = 2i<^„ (x) ^■ (-1,-1^,.. 
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37. Let p ^ kr-\'t, t being < r. Let «<r, and let 
s' = t—s, if 8<t, 

and =: r + t—8y if 8>t or = t; 

80 that «+«' = t or r+f, according as 8<t or ^ f. 
Putting aj = jp— « , the formula (xxiv.) becomes 

Now, if n<p— 1, 

and therefore, writing the terms of the senes in the reverse order, 
«" + («-l-r)" + (« + 2r)--f ... -h (p-sy 

In obtaining this formula n has been supposed to be <p—l, but this 
restriction can be easily removed, so long as 2n is not a multiple of 
p—1 ; for, if I' = A; (p—1) -|-«, 

gH ^ ^*fp-r:*.. _ ^v^ mod 2?, (s + r)" = («^-r)^ mod jp, <fec., 

and 7?,.,, Ca;) = 7?4fp.i),„,, (a;) = B,^^ (x), modp ; 

so that in the formula we may replace n by y thi-oughout. 

38. Since B^n ., (1-.t) = - 5,„., (^0, 

and B,.,{l-.r) = B,^[x\ 



• This may be proved a» follows. Every t^rni in the expression for i?„ (x) in 
powers of x contains a? as a factor, and no term (;an have p in its denominator 
unless the Bemoullian number occurring in that term has /> as a factor of its 
denominator. Now the lowest Bemoullian number which has /> as a factor of its 
denominator is 7/j(;,_i^, and the highest Bemoullian number which occurs in Bm \.x) 
is B^(M-i) or B^iH,--,. If therefore m <p, we must have 

ff».(o/? + i8) = B„, [0), modp. 
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we find, by separatiug the cases in which the exponents are even 
and uneven, 

(XXV.) 

(xxvi.) 
In (xxv.) 2ii must not be a multiple oi p—1. 

39. Put r = 4, and consider separately the cases ol p = 4ik + l and 
p = 4k-\'S, 

(i.) Let 2? = 4/c + l; then, putting successively s = 1, 2, 3, 4, so 
that the corresponding values of s are 4, 3, 2, 1, the formula (xxv.) 
gives 

r-^.5"^«+... 4-(p-4)^' = -4^' {B,^,, (i)+ Z?3..., (1)}, modi9, 

2^-+6**+ ... -f (^-3)^" = -4^" {/^a,.., (i) + B,,.^, (f)}, mod^;, 

3i. + 72H^...^(^_2)^" = -4^''{/;^.,(-|) + 74..i(^)}, mod;,, 
42»+8^»4-... + (p-iy^« = -.4*"{/?^,.^,(l)+5.^,,^^(i)}. jTiodp, 

Since i?^.i (1) = 0, B,„,, (^) = 0, 

and Bi,Mi(l)=-i^2..., (i), 

the right-hand membera of these four congruences are respectively 
equal to 

-4^'*2?,,^, (i), 4^-74.., ri), 4^"B,„,,(i), -4^''B,,.,, (i). 

(ii.) Let jp = 4^-f 3 ; then, putting as before s = 1, 2, 3, 4, so that 
a' = 2, 1, 4, 3 respectively, (xxv.) gives 

::- - 4-"J?2„,, (I), mod ;?. 
2'» + 6=" + ... +(p_iy^'. _ _ 4'^" |Z,',„^, (1) + /y.,„^, (i) } 

E=-4--B,„„(J), mod^, 
3-^» + 7=»+ ... +(p-4f" - -4=" { /./„.,, (f) + B^,,(l)} 

= 4 •'i;,„», (J), mod ;j, 
4=» + S=" + ... +{p-3f' = - 45» {B,„,, (1) + 1J2KM (I)} 

=E 4-"2Jj„^,(J:), mod^. 
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These two groups of formulae include (xviii.) of §23, and also the 
results quoted from the Messenger in §§ 21 and 22. 

40. Put r = 3 in (xxv.), and (i.) let p = 3^• -1-1. Corresponding to 
« = 1, 2, 3, we have s = 3, 2, 1 respectively, and the formula gives 

l^ + 4^-+...+(l>-3)'' = -a'-{7?^.,(§)+S^.,(l;} 
= -3'"/?^,, (J), modp; 

2'- + 5*+ ... +(;>-2;'" = -3*- {B,... (§) + J?,.,, (§)} 
= 2.3^B^.,(J), modjp; 

3«»+6^+... +.>-!?-= -3'- {B,..,(l) + B^.,(|)} 
= - 3^Bi,+, (J), mod p. 

(ii.l Let p = 3fe+2. Corresponding to « = 1, 2, 3, we have 
«' = 1, 3, 2, respectively, and the formula gives 

= -2.3'"Bj.„(|), modp; 

2'-. + 5'»+ ... +(p-3r = -S'- tB,„,. (|) + B^., (1)} 
- 3'"«^.,(|), modp; 

= 3^B^.,(§), modp, 

These groups of formulae include (xx.), and also the formulie quoted 
from the Mensenger. 

In these formulae and those in the preceding section 2n must nor 
be a multiple of p — 1. 

41. Putting r = 2 in (xxvi.), we find 

= -2^»-'B^(i), modp; 

= 2-^-'B,.(i), modp. 

Since 2«"B,„ (^) = (-1)"(2'"-1) ^-, 

n 

either of these formulae is equivalent to (xxii.). 
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42. Pat r=6 in (xxv.), and let p=6Jc + l. Corresponding to 
^ = 1, 2, 3,* we have «' = 6, 5, 4 respectively, and therefore 

lJ. + 7t.+ ... +(^_6)*« = _6^B^„ (J), modp; 

2»-+8^+ ... +(^-5)*' s-e'" {i?^„ (i)-B^,. (i)}. mod y ; 

3- + 9*+... + (l)-4)'"= &-B,,,,ii),modp. 

Since 6'"*'5^.,(i) = (-ir'2(2'» + l)7. 

and 3'"*'2?«.. (§) = (-])—/., 

these formulee ^ve 

l»-+7«f+... + (p-6)*'=(-l)"|(2»-+l)7„ modi>, 

2'" + 8»"+... + (p-5r = (-l)"jr., mod^, 

Similarly, for the case p = 6/j + 5, by taking « = 1, 2, 5 to which 
correspond s' = 4, 3, 6 I'espectively, we find 

l'"+ r'' + ... + (jo-4,^"=(-irjr,., modjp, 

o 

5^" + lP" + ... + (p-6)^'*= (-ir'^4C2"^" + l)/„, mod^^. 

43. From the first formula of the first group and the third formula 
of the second group, we see, by reversing the order of the terms in 
the series, that 

6**(P' + 2^"-h...-hA:=^") = ±(-l)"i(2^'* + l)I„, modp, 
where k is the greatest integer contained in -^ , and the upper or 
lower sign is to be taken according as jp is of the form GA-f 1 or 



* The formulse corresponding to x --= 4, 5, 6 are not given, as these series are 
oongrruent, mod jy, to those for * = 3, 2, 1 respectively, and may be written down 
at sight by taking the terms in the reverse order, and transforming by 

(jy -/)•-'« - f'^n^ mod p. 
Thus the three series reversed give respectively 

A similar remark applies t^) the case p — GA + 5, the formulae for f< = 4, 3, 6 
being deducible at sight from those for « » 1. 2, 5. 

VOL. XXXIII. — NO. 743. ti 
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Proceeding as in §28, i.e., by putting 2n=jj— 3, p— 5, ..., we 
therefore find that 



(-1)«<'-"I,„.., = ± A(l+±+... + A). modi,' 
(-1)— )W = ±J^(l^i+...+ -i).mod^ 



, (xxvii.) 



and, in general, 

(_ l)»',-«-.) Jj,,.„.„ = ± ^<.T(^. + i^ (^ + i + - + j^) • °>°d !»' 

where, as before, k is the greatest integer contained in ^ , and the 

6 

upper or lower sign is to be taken according as /? is of the form 

6A:+lor6fc-f5. 

These results can be generalized as in § 29. 



General Formulas relating to the Eestdue of r^*^Bu*i (— ■)» rood p. 

(§§ 44-50.) 

44. It was shown in § 88 that, 2/* being any even integer which is 
not a multiple oi p — ly 

i^ + («+rr-H... +(i>-/r = -^'' Jb^m (^) +B^^, (^) J , modi., 

where, if jp = fcr + ^ t being < r, 54-/ = t or r-^t according as «<^ 
or « > <. 

For certain values of t and s we may by means of this formula 

express the residue of 2?2hm ( ^~) &s a simple sum of powers without 
tiieaaeofMi(§ld)- ' 

45. Fii«t, let / = 1, so that p = kr+l; then, by putting 
1,2,3, ..., we have 

mod^?, 
= — r*"Bj«„ ( -j, mod;?, 
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2*+(r+2)'-+...+(p-r + ir^ -r^ Jb^„ l"^) -^^*« (^) } ' 

mod /?, 
-^fB..,(?)-B>..(l)|. 

rxiod p, 

.3'- + (r+3r+...+(i,-r+2)'- = -r^{B^„ (£) +B^„ (f-^j J , 

mod jp, 

— ^«{b...(1)-5.,.(1)}. 

modjp 

mod p, 

= -^{i^.,(f)-B..,(J-)j. 

mod p. 
Thus, in this case ot p = kr-i-l, we have 

-'*'Bb.M (-^) = l'*+(r+l)'-+... + (y-rr, modp, 
-r^B^M (y) = (!"•+.. .) + (2'"+...). mody, 
-'^"5..„(~) =(!'"+. ..) + (2*"+...) + (3*' + ...). rnodp, 

and, generally, 

-'^"5*.>, (^) = (P"+...) + (2'"+...) + ". + (**' + ..-). modi'- 

Reveraing the order of the terms in the first formula and transform- 
ing by (p—ry = **", mod p, &c., we have 

-r^Bu,i(jr) =r'"(l'" + 2^+ ...+**•), mody. 

This formula has already been given in § 20. 

2 
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46. Next, let p = kr-\-r—l. In this case 

P»-h(r+ir + ... + (;.-r + 2r = -r^" {b^,, (i) -J5..,, (|) J , 

mod p, 

5P- + (r+2r + ... + (^-r+3)'- = -r*'^JB^„ (!-)-»».., (J-) I , 

modp, 

(r-2)'-+(2r-2r+... + (p-iy^ = _^» Jb^,,(1)_5^^, (1) j , 

mod p, 

mod j7. 
Reyersing the oi'der of the|terms in this last formula, we have 

r2"B^,,( i) =r^+(2r)^+... + (i?~r+l)»", modp, 

= ^«j(12H^2^"+... + P0» mod;)* 
and the other formula? give 

r'"^^.., (^) = (r'"+...) + (l"+.-), mod;,, 

r'»S,,„(i|) = (r»' + ...) + (l'"+...) + (2^+...'>, mod;,, 
and, generally, 
f-B.^^ (^) ^ (r'"+ ... ) + (!'"+ ...) + (2^+...)+ ... +(«"■+ ...). mod;,. 

47. Now, let ;, = At + 2. In this case 

r"'+(r+ir+...+(;,-ir =-^ f ii^., (.1-) +ii,„, ^|] I , 

mod p^ 
2* + (,+2)'-+... + (;,-r)-^" = -»*• Jb^., (|-) +fi,„„ (1) | , 

mod jp. 



• ThiH is the Becond formula of 6 20. 
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mod j», 

4^+(r+4)*'+... + (|)-r+2)*'= -r* {b,.., (i.)-B^,, (I) I , 

mod p, 

(r-l)*'+ (2»— !)*•+... + (p-3)'- 

= -**•{ B^,, (r^l) _B^,, (!:=3) J , mod p. 
The first formula gives 

-2r*'B^(J) =l'» + (r+l)*' + ... + (>>-ir. modp, 
and the second, reversing the order of the terms, gives 

»*'B»m(^) ^r"(l*'+2'»+... + fc*), modjo. 
From the other formnlee we deiive 

r'»B„,,(^) =i(l'-+...) + (3*+...), mod 2,, 

r'-B^., (y) = (»*•+. ..) + (4'-+...), mod/,. 

In this case therefore the formnlse enable ns to express the residue 
of r'"*'B»,+, ( — ) for all values of s. 

48. When p = kr+r—2, we obtain similar results, viz., 

2r^B^„(l) = (,-l)«" + (2r-l)'"+... + (i,-r+l)*, modp, 

r*B».,,(^) =,*'(l*' + 2»-+...+P'). modp, 

^S^.,(f-) -4 ((r-l)'"+...] +(!'"+. ..), modp, 

**'B^„ (^) = (**•+...) + (2'»+ ...), mod p, 
and so on. 
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49. When p^kr-^'S, 

modp, 

2»-+(r+2)*' + ...+(p-ir =-'*'{^-(f)+i^..(^)|, 

modp, 

modp, 
4'-+(r+4)'"+...+(p-r+l)>'=-f>'jB^.,(i)_B^„(A)J, 

modpt 

(r-l)'-+(2r-ir+...+(p-4)'-= -r* {B^,.(i-)-B...\ (|) } , 

modp. 

These formnbe do not suffice to assign the residues of f^Btm*il — ) 

and r»-B^M (|^), but only those of r»«B„., (|^), f^B,.., {^~), ... ; 
viz., we have 

-f^B^,,(^) =r»"(l'-+2^+. .. + *»•), modp, 
-**"B»m( J) =(»*■+•••) + (6-+...). modp, 



ftnd BO on, as long as the nomerators remain <r. 
If r is nneven, we obtain also the result 

-^B. (t±3) = ('-±3)% {^r.. ..*(.- 'f»)-, ^^. 



^ WkeneTor we ol>tain the residue of r^B^M^i [ -^ J it is erident tluit we ob- 
lain «Lm> that of r^-^i^., (*'"*). rince ^*.*i(l-ap) ---»»,., (x). 
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50. In general, if |? = At+^ we have the formulae: 

(1) -r'-B^.^fA) =7^»(l»« + 2«" + ... + A:*-), modp, 
from which we may derive the residaes of 

the numerators heing < r ; (2) if ^ is even, 

-2^5... (1) ^ ({)%(r+ -^-)%...+ (P- i)'", mod,,; 
(3) if ^ is uneven, and r is uneven, 

-^'-•m = m*■^(^^')'■+■■■>(''-^t-r■»~'^ 

Froln (2) and (3) we may obtain other residues as in §47. 



Notes on laoacelians. By K. Tucker. Received September 7th, 
1900. CommuBicated November 8th, 1900. 

1. In Fig. (i.) FG is a positive isoscelian through P (a, /3, y) with 
reference to the angle A ;* then its equation is, if the isoscelian 
equals r, 

a ^ y =0, 

I c{h—r) at 

h (c— 2r cos A) 2ar cos A 

I.e., — 2r cos Aaa -f- (c— 2r cos A)bfi-\-2(b— r) cos Acy = 0. (i.) 



* -f /^, — Ia Btand for positive and negative isoscelians with reference to angle 
A respectively. 
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In Fig. (ii.) DE is a (—1^) and its equation is 

— 2r cos Aaai-2 (c—r) cos /!6/? + (6 -2r cos /I) cy = 0. (ii.) 





B C B C 

Fio. (i.). Fig. (ii.). 

2. If, now, we draw through P three positive isoscelians (rj, r„ r,), 
the relation connecting them is found from (i.), viz., 

— 2riCOSilaa+(c— 2r, cos^4) 6/3 + 2(6— r,) cos^cy = 0' 

2 (c—r^) cos Baa—2r^ cos Bbji + (a— 2r, cos B)cy =0 

(6— 2r, cos 0) aa4- 2 (a— r,) cos C6/3- 2r, cos Cc y = . 
to be 

4 (a*ri cos C cos -4 -H 6'r, cos ^4 cos 5 + c^r^ cos 1? cos C) 

— 2 (a6ri cos A -h 6cr, cos B + car^ cos C) — 8 (ror, + abr^ -f-^ni) II cos A 
+ a6c (1 + 8n cos .4 ) = 0. (iii.) 

Hence, if ri = r^=. r, = r, we get the unique solution 
2r (2Sa' cos (7 cos /! — 2a6 cos -i4 — 4ISa6 II cos A ) 

-f«6c(l + 8nco8^) = U. (iv.) 

3. For negative isoscelians (iii.) and (iv.) become 
42a'p, cos .4 cos B— 22copi cos ^4 — SII cos .4 . l,abpj 

+ a6r (1 -f 8n cos .4) = 0, (iii. 6m) 
and 2p [22a* cos^ cosB— 2ra cos.4— 411 cos.4 .2a6] 

-h nhc (1 -»- 8n cos .4 ) = 0.» (iv. bis) 



* Greek letters will indicate negative inoAoelians. 
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4. In Fig. (iv.) take the isoscelians p,, /o,, p, ; then, if a circle goes 
throagh D(, 2>{, &c,, we l^ave 

Pi (a — 2p, cos C) == (c— /jj) 2p, cos B ; 

hence 2p^ cos B— 2f), cos = cos ^— 6 cos C ] 

and also 2pi cos (7— 2pi cos ^ = acos C—r cos ^ 

2/)^cos^~2p,cos jB = 6cos-4— acosJyJ 

Hence Sp^aft (a*-h^) = 0. 

Similarly, for positive isoscelians we have 

2r,ca(c»-a*) =0. (v.) 

5. Now the coordinate's of DJ, E{j F[ are respectively 

(a-pj) c 6p, 

cp, (^— P8)« 

(c— Pi) t ap, 

and the circle D{E{F[ has for its equation 

P.2aj8y= 2aa{2aaoj (6— p,) [ap^^— (c' + a*) Pj-hcp,p, + ?>pjP5 

-<v7p,-|-ar^]}. (vi.) 
If the isoscelians are all = p, then we have 

F. Sa/Sy = p2aa {2aa (6— p) [ra-hft + c) p'— (c*+r/r + a') p+ac*] |, 

(vi. hts) 
where P = a&c[(rt— p,)(6-^pj(c— p,)+pip,p,], 

and P' = a6c[(a— pX^— p)^<^— p)-f-P*]- 





Fig. (iii.). 



Fio. (iv.). 
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6. For Fig. (iii.) we have 

D, cr^ 

Ei eib—r^) 

F, 6r, a (c-r,) 

and the cii-cle B^E^F^ is 

(J.Scf/Jy = 2fia [Soari (c-r,) [arJ-(o' + 6') r,-|-6r,r, 

-»-rr,r,— a&r,-»-a6']}, (vii.) 
which, in the particular case, becomes 

Q'.2a/9y r= r5«a{2aavc— r)[(a+6-?-r)r«-(a«+a6+6»)r+a5«]], 

(vii. M 
where Q=:ahc [(«— ra)(&— **i){c— r,) + rir,r,J, 

Q' = a6c [(a-r)(6-r)(c-r)+r»]. 

7. The radical axis of these circles, when r =z p^ is 

2aa(6-c)(a«-S6c)=0, 
which passes through (b'\-c)la, (c-{-a)/by (a-|-6)/c. 

8. The cooi-dinates of Z>„ J5?„ Fj are respectively 

f(a— 2r,co8B) 26r,oo8 5, 

2or, cos r a (6-2r, cob C), 

/> (<•— 2/*, cos (■) 2ar, cos il 0. 

Then the circle A^i^i ^s 

R.laPy = 2Saa [Saarj cosil (6— 2rjC0S C) 

X [ 4ar^ COS- B — 2 (c* -H a*) r, cos B + 46r, r, cos B cos + 4cri r, cos A cos 5 

— 2carj cos-4 + c*a] } , (viii.) 
where 

B = ahc { (a— 2r, cosB)(6— 2r, cos 0)(c— 2r, cos J) + 8i-,r,r,n cosil} . 

If the isoscelians are equal, the part in [ 1 becomes 

4?r* cos B (a cos B + 6 cos 6*+ ccosil) — 2r { {c^ + a') cos J?^+ ca cos ^ } + c*cr. 
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Two In*Triangles which are similar to the Pedal Triangle. 
By R Tucker. Received September 7th, 1900. Bead 
November 8th, 1900. 



1, If ABO is the primitive triangle, then the angles of the pedal 
triangle are ir— 2^,ir— 2B, ir — 20. The in-triangles, whose sides are 
anti-parallels, are triangles which are similar to the pedal triangle. 

A 
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B^a = -^ -A, B^Y = l-B+Oi 



The in-triangles aj3y, aQ'y\ whose sides are perpendicular to anti- 
parallels, are another pair of similar triangles. 

For we have Aa^ = T -B, Aay=:^-A-\-<^; 

therefore z a = Aay^Aafi = ir— 2-4, 

and so for the other angles. 

Again, 

therefore Z jS* = tt— 25, 

and so for the other angles. 

Hence a)8y, a jS'y' are similar to the pedal triangle. 

2. If X be a constant to be determined, and if, for brevity, we write 
/>, q, r for sin 2^, sin 2B, sin 20, we have 

JBy sin jB = X .2? cos (7 and Oy sin C = X.gcos ((7— -4), 

then 2a sin B sin G = 2\ \p sin G cos G-k-q sin B cos (0— -4) ] 

= X.2(5r) =2X[nco8A-hncos(B— C)], 

and X = 4E.n sin^/2 {qr) 



(i.) 



If X' cori'esponds to X, then 

Bp: sin 5 -h 0)3' sin (7 = X' [r cos (.4 -5) +1^ cos B] , 
whence, as before, X' = 4E.n sin^l/S {qr) = X, 
i.e., tt/3y, a'/3'y' are congruent. 

8. Now ffy = B^V-By = X [rcos (^-B)--|>cos 0]/sinB 
= X cos G.q/siu -B = 2\ cos B cos C oc sec /I. 

4. Using trilinear coordinates, we have 

(o) qcosA rco8(-4— J9) 

(P) p COB (B—G) rcoaB 

(y) ^cos(0-^) pcosG 

(a) rcos 4 ^cos(0— ^) 

{^) ^cosB rcos(^ — /?) 

(y') p COB (B-G) (/cosO 



(ii.) 
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6. The lines aa\ /3/J' are 

— gr cos (^— B) cos (C—A) a+r* cosii cos (A—B)fi 

+ 9*008-4 cos (C—A) y = 0, 

T^ cos B cos (-4 - B) a-rp cos (B-G) cos {A^B) P 

+ j5» cos J9 cos (^ - C) y = ; 

hence oa', fiP, yy' cointersect in P, the centre of similitude* of the 
triangles, given b}' 

a/p cos (B-C) =... = ... . (iii.) 

6. The equations to a/3, y'a' are respectively 

— r cos5|co8(il — /?) a+^co8 (-4 -B) cos (JB— C)fi-{-qcoBA co&B.y = 0, 

(iv.) 

— gco8 0cos(C— -4)a-f-rco8-4co8 0/5+^co8 (B^C)coti(C—A) y = 0. 

(v.) 

Let their point of intersection be P' (Q\ W for the analogous 
pairs) ; then AF, BQ\ GW meet in 

a/co» (B—C), ..., .,., /.f'., in the nine-point centime. (vi.) 

7. Tbe equations to o'/3', ya are 

qcoB (A--B) cos (G — A) a— rcos^ cos (A— B) fi •\- p cor A coaB . y = 0, 

(vii.) 
rcos (C— -4) cos (A-^B) a-\-pco8C cosA .fi—qcosA cos (C -A) y = 0. 

(viii.) 

Let their point of intersection be P" ((/\ li*' for the analogous 
pairs) ; then AP'\ BQ'\ CB" meet in 

a/cos i-l = ... =^ ..., /.e., in the circumceutie. (ix.) 



♦ [Many of the geometrical resultH follow at once from thiw fact, but the cquationu 
to the lines and points are g^iven. as they may suggest other properties. Further, P 
is the i*" of my paper ** On a Group of TriangLs inscribetl in a given Triangle 
ABCf &c.," Vol. XXIV., pp. 131 -142, whence other properties <'an be derived than 
those griven in the present puper.] 



94 Mr. R. Tucker on Two In-Tnanglett which are [Nov. 8, 

8. The centroids of aj3y^ a'jS'y' respectively ai*e given by 



a/co8 A (2g+r) =... = ... ((?,)] 
:/co8^(g+2r) = ... = ... ((?,')/* 



and a^ 

therefore their join is given by the equation 

2 cos 5 cos C iqr^p*) a = 0, 



(xi.) 



and this passes throngli (q-\-r) co8-4, ...,..., i.e., through p cos (B — C), 
..., ..., i.e., the point P [c/. (iii.)]- 

9. If (/, 0" are the in-centres of a/^y, a'/J'y' respectively, then, since 

Z(7aO' = Oa7 + yaO'= (f -^+-^) + ( J "'^) = ""^^^ 

aO' is parallel to BG, and similarly )30' in parallel to CA, and 
yO' is paitillel to i4J5. 

In like manner, aO'\ ^'0\ yO" are respectively parallel to BC, 
CA, AB. Hence their coordinates are given by 



:} 



(xii.) 



qcosA, r cos J5, p cos G\ 
and rcos-4, ^cosB, ^cosCJ 

Hence the equation to O'O" is 

SacosBcosOC^r— y) =0, ... [^/. (xi.)], 
And the mid-point of O'O** is P (iii.)- 

10. The symmedian line through a [cf, (iv.) and (viii.)] is 
— r cos B cos (-4 --5) a4-^cos(-4— B)cos (B—G)ti'^qco8AcosB.y 
= x£rcos(C— ^)cos(-4— 5)a-|-^cosOco8-4./3--</cos^co«(0— ii) yj. 
If, for the moment, this line cuts fiy in D, then 

/3Z>:2)y = r*:g«; 
hence, from(ii.), we get the coordinates of D to be pivportional to 

jpg*co8 (J5 — 0), gVcosJ5-f gr'cos((7— i4), r^pconG. 
Substituting in the above equation -to aD, we get, after dividing by 
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and the equation to aD becomes ^ 

aTcos{A-Ii)[rcoB(0-A)'^qco8B] 

+fy) [rcos C Goa A^q cos (A- B) cos (B—0)] 

— yg co8Jl[^co85 + rco8((7— ^)] = 0. (xiii.) 

The symmedian through j3 then is 

— aroos^ [rcos (7 +j? cos (A—B)^ 

+/Jp cos (B- G) [p cos (il - B) + r cos O] 

•\-yq [2? COS -4 cosB— rcos (B — 0) cos (C— J)] = 0. 

Hence the sym median point of afiy is 

2>g [l^cosJ^-f ^cos (-B — 0)], ..., ... ; (xiv.) 

and similarly of o'/^y' is 

)7?[j9C08il-frcos (J5— C)], ..., .... 

11. Drawing aX, perpendicular to /3y, to meet it in X (i.e., parallel 
to an anti-parallel), Ve get X given by 

q cos 20 cos (B—C), ^qr sin B, r cos 27/ cos 2C ; 

and from a and X we can find the coordinates of JB", (the ortho(;entre 
of opy) to be 

a cos 20, b cos 2-4, c cos 2B ; "j 

similarly JFZ, (for aft'-y') is given by r (xv.) 

acos2i?, focos20, ccos24.>' 

Hence the equation to HyH^ is 

Xbcu (cos* 2il-cos 22/ cos 20) = 0, (xvi.) 

a line which passes thi*ough P, 

12. The circles «/3y, a'/5'y are given by 

S*.So/3y = 22aa [S^rsin Ocos (il-B) siu (20-.4) a] \ 

S^.lafly = 22aa [^rsinBcos (0— .4) sin (2B-.'l) a] L (xvii.) 

(r/. § 10)J 
Their i*adical axis is 

S [ogrsiuilsin ( // - 0) (cos 3-4 — 2 cos B cos f')] =0, (xviii.) 

and it passes through the circum centre. 
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13. The circles O/Jy', Aya have for equations 

N.2a/3y = 22aa ^p sin Ba-^ (p-\-q) sinil/3] cos C\ (xix.) 

S.ia/iy = 2%aa [gsin Oi34-(g + r) sin By] cosil ; (xx.) 

and the circles l?/3y, Gya are given by 

;S.2a/3y = 25aa [rsin Oa + (r4-p) sin-4y] cosl?, (xxi.) 

.V.Sa >y = 22ao[^sinyij3 + (^ + 5)sin-Ba] cos (^'. (xxii.) 

Hence the radical axis of 0/3y and Gya is 

a/a = /3/6 ; 

and therefoi*e it, and the analogous radical axes, pass through K, the 
symmedian point of ABG. 

14. From the above we see that the radical axis of the circles 
Bliy, GiVy is 

a If sin B cos C — r sin C cos B] 

+ [/3(p-|-7)cos(7 — y (r-h^) cosB] sin il = ; (xxiii.) 

hence, if it cuts BG in L, and the analogous radical axes cut GA^ AB 
in M, N respectively, then these axes meet in P. 

15. The circles Aati\ Bjifl\ Gyy have their equations 

S . 2a/iy = laa (crfl 4- hqy) cos J , (xxi v.) 

S . 2a/3 y = Xau (apy + era ) cos //, (xx v. ) 

H . 5a/^y = 2aa (6ga + apft) cos (7. (xx vi . ) 

The radical axis of (xxiv.) and (xxv.) is 

rr (n cos B — fl COS -4) + {ap COS B—bq cos ^) y = 0. 

If this cuts AB in A'' (and //, M' are analogous points), then AL\ 
BM\ GN' pass thi'ough the circumcentre. 

16. The equation to the conic through the six points is 

5 [graVcos^ cos(7^-C)] = 2 [(S-\-2p') iSy/coB{G'-A)Qos(A^B)'], 

(xxvii.) 
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17. It may be noted that 

Zliliy=^—C=Aa'y' 
iCya =~-A= lilS'a 

18. To coustruct the figure, let BEF be the pedal triangle ; then 
ita sides are Z?/?, i^g, 7?/*. 

If BK, EL, FM are the perpendicular of DEF, then 

DK = %r, EL= Rrp, FM = Bpq. (a) 

Now A = 4En (8in^)/2 (qr), 

^j^iyt^±FF±F^ 
~I)K-^EL + FM' 

Hence the sides of a/3y, a'/^V (*•«•» A, Zi*p, A.i^, X.22r) are known. 

[I am indebted to a referee for a suggestion which enables me to 
considerably simplify the construction, viz., 

By : yfl' : fi'G = cosec 2B : cosec 2^ : cosec 2(7, 

I.e., by (fl), = EL : FM : BK.] 



On Quantitative Subsiitutional Analysis, By A. Young. Com- 
raanicated November 8th, 1900. Eeceived November 9th, 
1900. Received, in revised form, January 12th, 1901. 

From any function P of n variables may be obtained n ! functions, 
not necessarily all different, by permuting the variables in P in all 
possible ways ; or, what is the same thing, by operating on P with 
each of the n ! substitutions of the symmetric group of the variables. 
It frequently happens that between these functions linear relations 
with constant coefHcients exist; such may be written 

VOL. XXXIll. — NO. 744. u 
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Xj, A,, ... being nambers positive or negative, integral or fractional, 
and tt^, «„ ... substitutions belonging to the symmetric group of the 
variables. The words " substitutional relation " will be used to de- 
note a relation such as that just written down ; and the expression 
*' substitutional equation '* will be used for the same relation when P 
is an unknown function for which this relation is true. The simplest 
form of such a relation is 

(1-«)P = 0, 

which merely implies that P is unaltered by the substitution s. 
This is dealt with in the theory of substitutions. The main object of 
the present paper is the discussion of single equations, such as that 
wntten down above, oi* of simultaneous systems of such equations, with 
a view to their solution ; further, of the discussion of equations of the 
form 

where A„ A,, ..., «„ «5, ... ai'e defined as above, and B is a known 
function ; these equations are also to be included in the term ** sub- 
stitutional equations." It will be seen, raoi-eover, that the right-hand 
sides of such equations, when a single equation, or else a simultaneous 
system, is under consideration, are subject to restnctions, in that they 
have in general to satisfy certain substitutional relations. 

The problem proposed is not a purely hypothetical one. In a 
paper on " The Iri'educible Concomitants of any Number of Binary' 
Quartics,"* I have shown that there is one type of concomitant to 
be discussed for each degree and order ; and that such a type satisfies 
certain substitutional equations, the solution of Avhich enables us to 
find how many concomitants of that type for a definite number of 
quartics are irreducible, and which these are. The equations were 
there discussed, and the irreducible system for any number of quartics 
was found. Thus, using the notation of that paper, the invariant type 
degree 6 may be written (ahcdef) ; it satisfies the equations 

(ahcdef) = (hcdefa) = (afedch)^ 

{ahcdef) -h (ahcfde) -f (ahcefd) -f (abcdfe) -I- (abcfed) -f (ahcedf) = E, 

(ahcdef) -h (ahfcde) -h (ahefcd) + (ahcdfe) + (ahecdf) -f (ahfecd) = J?, 

where B stands for certain reducible terms, with the form of which 



♦ Ft'oc. Loi'd. Math. Soc., Vol. xxx., p. 29 i. 
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we are not concerned. The other equations satisfied by this type are 
a necessary consequence of the four written down. 

Later, in a paper on " The Invariant Syzygies of Lowest Degree for 
any Number of Quartics/'* I proved that the substitutional equations 
satisfied by the quai*tic types gave all the syzygies between quartic 
concomitants ; but here the form of the reducible terms on the right- 
hand sides of the equations had to be included in the discussion. The 
equations for invariant types up to and including degree 7 were dis- 
cussed, with the result that no invariant syzygies existed of degree 
less than 7, and that the syzygies of degree 7 could all be obtained 
from one definite foim. Incidentally, the method of discussing the 
equations with a view simply to finding the irreducible system was 
somewhat improved ; and a theorem connected with substitutional 
analysis was pi-oved, which has been generalized hei'e, § 8. 

The term " substitutional expression " is used to denote an expres- 
sion of the form 

where X„ X^, ... are numerical constants (positive or negative) and 
«,,«,, ... are substitutions. It is shown, to start with, that the solution 
of substitutional equations, so far as rational integral algebraic 
functions are concerned, may be made to depend on the finding of 
substitutional expressions which satisfy the equations in virtue of the 
multiplication table of the gi*oup to which all the substitutions 
belong. The first seven paragraphs of this paper are concerned with 
substitutional equations ; in § 9 some examples are given. 

The second part of the paper has to do with two substitutional 
identities, one of which is proved in § 1 3, the other in § 15. By 
means of relations which are established between substitutional and 
polar operations on functions of a definite kind, from the first of 
these a proof of Gordon's series is obtained; from the second 
Capelli*s extension of this seines, a theoi'em due to Peano, and some 
corollaries concerning substitutional equations. An account of the 
paper which contains Capelli's theorem is also given, § 11, as there 
exists a fairly close connexion between the analysis of substitutional 
and polar operators. With this connexion § 12 has to do ; it is some- 
what further developed in that part of § 17 which has to do with 
Capelli's theorem. 

For convenience, owing to the quantitative use of the symbols, the 

• Pioc. Loud. Math. Soc,,\6L xxxii., p. 384. 
H 2 
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sabstitations next a function are regarded as o|>ei'ating on it before 
those further away, thus 

,,*,P = /?,(*, P). 

To avoid confusion, as the symbol (ahc...) is used in two senses, 
viz., as a substitution and as a concomitant type of a quantic, Roman 
lettei-s are used when it denotes a substitution, italics when it denotes 
a type. The usual symbols for a group are used in two senses : fii^st, 
as a name for the group, and,' secondly, to repi-esent the sum of the 
substitutions of the group. The following notation is made use of: — 

{»} = the sum of the substitutions of the smallest gi-oup in- 
cluding 8. 
{«„*j} = the sum of the substitutions of the smallest group in- 
cluding ^, and ^j. 

{6r„(Vj} = the sum of the substitutions of the smallest group 
having Gi and (?, for sub-gi-oups. 

{abc... } = the symmetric gronp of the lettera a, 6, c, .... 

{abc...}'= the sum of the substitutions of the alternating gi-oup of 
the lettere a, 6, c, ..., minus the substitutions of these 
lettera which do not belong to the alternating group. 

The expression {abc...} is sometimes referi^ed to as '* the positive 
symmetnc group " ; while {abc...}' is called " the negative symmetric 
group." 

The paper has been i-ewritten and greatly enlarged at the I'equest 
of the referees ; my thanks are due to them — particularly to Pi*of. 
Bumside — for many valuable ciiticisms and suggestions. 

1. Consider any rational integral algebraic function P of m variables 
tti,a„ ...,a„; its tenns may be arranged in sets PpPj, ...,-P,«, such that 
each set contains all those terms of P, and only those, Avhich ai^ ob- 
tainable fi-om some particular term by means of substitutions and of 
positive or negative numerical factors. And P may be wHtten 

Now, consider any set P, ; let A^a'^^a*^ ... a*" be any term of this 
set, Ai being a positive or negative numerical coefficient ; then 

where ^i, A^, ... are numerical, and s^, .«?„ ... substitutions belonging 
to the symmetiic group of the ?» variables. The effects of substitu- 
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tions on P„ and consequently all sabstitutional properties of P„ 
depend partly on the sabstitutional operator (-4i-l-.4,«,-h-4,«, + ...), 

partly on the substitutional properties of the term a**a^ ... a***. If 
in this term all the indices Oi, a„ ..., a„ are different, we obtain by 
operating on it with the n! substitutions of the symmetnc group 
{aia, ... a„} of the variables nl different terms which are connected 
by no linear relations with constant coefficients. In this ca«e, then, 

a*' a**... rt** has no substitutional properties, and all the substitu- 
tional properties of P, are a consequence of the operator 

Suppose next that a^ = a, = ... = a^ = a, and that a, a^^i, 0^4.2, ..., a^ 
are all different. The substitutional properties of the term 



a a a a , a-^- 

a a ... a a '^, a '^ * ... a 



r r+1 r+2 



consist solely of the fa<?t that this t«rm belongs to the gix)up 
{aja, ... a^}. For there result, by operating on it with the n\ substi- 
tutions of the group {a^a, ... a^}, - .* different terms between which 

no linear relations with constant coefficients can exist. The. substi- 
tutional properties of this term are then identical with those of 

{a,a,...a,}a%^...a^", 

where all the indices of the as in «**«"* ... a„'* are different. Hence 
all the substitutional properties of P, are, in this case, a consequence 
of the operator when we write, as may be done, 

p. = ^^ [(A + ^,», + ^*. + ■••) {aaa,...M] «>;...«>:';,'<:;'. ..«^ 

where 

i-(J^+^,ir,+^,^,+ ...){aia,...a,}=(/^,-hP,5,-hPa«s+...). 
r! 

the -B's being constants. In exactly the same way, whatever be the 
equalities amongst the indices in the term a*^a"* ... a*'*, a substitu- 
tional operator (B^-^B^s^-^B^s^-^ ..,) may be obtained, such that 

P, = (i?, + P,*,H-B,.,+ ...) <'a*\.. «'", 
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all the sabstitutional properties of Pi being a conseqaence of the 
operator alone. 

Now, owing to the way in which the sets have been chosen, no 
sabstitntiou can change a term of one set into a term of a different 
set ; and there can exist no substitutional relation between different 
sets. Hence, if P satisfy any substitutional equation 

(\ + A,*,+ X,«,+ ...)P = 0, 

where Ai,X„... are constants, each set must independently satisfy this 
equation. And hence each set possesses all the substitutional pro- 
perties of P. 

Theorem. — Every rational integral algebraic function P of n 

imm 

variables may be wiitten in the form P = 2 P<, where P, possesses 

all the substitutionO'l properties of P, and possibly others as well. 
And P, may be expressed in the form 

P,= (4"+<\ + vli\ + ...)F., 

where A^ ^ A^\ ... are positive or negative numencal coefficients^ 
^r ^8« *** ^^ substitutions belonging to the symmetric group of the 
n variables, and jP| is a rational integral algebraic fmnction of the 
variables. Further, the substitutional operator 

is such that all the substitutional properties of Pi are a diiect con- 
sequence of it. 

For example, take the form 

then P, = ia^-^a^ = i {a,a,}'a, = J {a,a,}' { aja,} a, 
= i [l-(a«a5) + (aiaj)-(aia,a,)] «„ 
P, = Sajoj— ^^a,— 3aja,4-|aja"^ 

= [3~i(aia,a^)-3(a,a,) + i(aiO]«iOji 
P = P^'^Pr 
Here P, P,, P, all satisfy the equation 

{a,a,}P = 0; 
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also P| satisfies the equation 

{a,a,a,}'P, = 0. 

Again, if the substitational properties of P are completely summed 
up by saying that P belongs to the group O of order p, it is sufficient 
and more convenient to write 

P = — GP, 
P 

this being, as it is easy to verify, the necessary and sufficient condi- 
tion that P may belong to the group O of order p. 

Corollary, — Every rational integral algebraic solution P of a 

single equation /x .x ,x , x t> n 

(Xj-f Vi+ Vs+ .-) -P = 0, 

where X„ Xj, ... are constants, and s^, «„ ... substitutions belonging 
to the symmetric gix>up of the variables, of which P is supposed to 
be a function, or of a simultaneous system of such equations, may be 
obtained in the form 

where A^*\ A^*\ ... are constants, and P, is a rational integral algebraic 
function of the variables, the substitutional operator of each term 
being such that 

(\+Vs+V5+...)(^;'V^;%+<^^3+...)=o, 

in virtue of the multiplication table of the group. 
For P may be written in the form 

where P. = (il' ^-h^;'^«,+ ...) P., 

all the substitutional properties of P, being consequences of the 
operator, and, further, where P^ possesses all the substitutional 
properties of P, and hence is a solution of the equation, or system of 
equations, of which we are supposing P to be a solution. But, since 
every substitutional property of Pj is a consequence of the operator 
(A^*^-k-A^^8i-\-..,), it follows that 

2. The applications of our theory at present required are entirely 
to functions rational integral algebraic in the vanables. Consequently, 
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we may restrict ourselves to the discnssion of such fanctions, and will 
throughout this paper tacitly assume that the functions considered 
are of this nature. Nevertheless, should the theorem of the preceding 
article be true for any kind of function — as seems to me probable — 
no restrictions as to the nature of the functions considered would be 
necessary. 

In consequence of the corollary just proved, it follows that in oi'dei- 
to obtain the solutions of a system of equations of the form 

it is only necessary to discover the substitutional expressions 
which are such that 

in virtue of the multiplication table of the group. The solution is 
then a matter of relations between substitutional operators only. We 
may then proceed thus : Take the sum of all the substitutions of the 
group concerned with arbitrary coefficients ; for brevity we write 
this 8. Then expand the various expressions 

(Ai + A,«,-h...)/S 

obtained by substituting S for P in the various equations of the 
simultaneous system, and in the i*esults equate the coefficient of each 
substitution to zero. A system of simultaneous linear equations is 
thus obtained for the arbitrary constants in S. As a rule, all the 
arbitrary constants cannot be definitely determined ; but the result of 
solving these linear equations and substituting their values in S^ will 
be expressible in the fonn 

jmm 

S CjSj, 

where Oj is an arbitrary constant and 8j is a substitutional expression 
containing no arbitrary constant, which is such that the result of 
substituting Sj for P in each of the substitutional equations is zero, in 
virtue of the multiplication table of the group. Every solution may 
then be written in the form 

P = 2 [SC,-., Sj-] P, = ^Sj [2Q,, P.] = ^Sj^j, 

* J J i j 

where Oj^ i is a definite constant 

*,= 2Q,,P„ 
and Fi and P are functions of the nature under discussion. 
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An expression in terms of which every solution can be expressed, 
such as SfiSi ^y, we call the complete solution of the system of equa- 
tions. It will be seen later on that this is not always unique. 

It is well to remark that it is not necessary to take S equal to the 
sam of all the substitutions of the symmetric group of the variables 
with arbitrary coefficients. It is sufficient that S should contain all 
the substitutions of the smallest group O which contains all those 
substitutions which actually occur in the expressions of our equations. 
For, if (? = 1 + «,+ ... 4-«^, it is well known that it is possible to obtain 
a table . 

•■•» 's» *8j •••» */»i 



such that every substitution of the symmetric group is contained once, 
and only once, in the table ; and, further, that the result of multi- 
plying on the left-hand side any substitution in this table by one of 
the substitutions in O changes it to another substitution in the same 
horizontal line. Hence, if 8 be the sum of all the substitutions of the 
symmetric group with arbitrary coefficients, the substitutional equa- 
tions only give relations between the constants in the same horizontal 
line, and the relations for the various lines are the same. 
As an example, consider the equation 

{(abcd)}P = 

/S = ^, +^, (abed) -H A^ (ac) (bd) + A^ (adcb). 

Equating the coefficients in {(abed)} S to zero, we obtain 

Hence 

S = — ^j-^,- J4+ila (abcd)-f -^8 (abcd)'^-/!^ (abed)' 

= [l-(abcd)][-ils-^,{l + (abcd)}-J,{l + (abcd)-f(abcd)^}]. 
And the complete solution is 

[l-(abcd)]F. 

3. Consider now a single equation, or a system of equations, of the 
foi-m [Ai + A,j?, + A,«^-f ...] P = 11, 

where, as before, Xj, X„ ... are constants, «„ «„ .., substitutions, and 22 
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is a g^ven rational integral algebraic function of the variables. It is, 
in the first place, to be noticed that the above equation in genei^al 
implies a restriction on R, viz., that B can be written in the form 
[A, -h A,»j-f ...] -F, and, as a consequence, satisfies certain substitutional 
equations. Thus, if Xi-fA,ff,+ ... := G the sum of the substitutions of 
a group, B must belong to the group. O. Let Pj be any solution of the 
equations ; then, if P, be another solution, 

[x,+v,+ ...](P.-P,) = o. 

Hence, as in linear differential equations, the work of solution may be 
divided into two parts. First, any particular solution P, is found ; 
and then — what corresponds to the complementary function — the 
complete solution Q of the system 

The complete solution — that is, the solution in terms of which ever}' 
other can be expressed — is then 

P = P,+<2. 

It will be seen later on, in the applications made to the quadratic and 
quartic invariants, that, in general, B is subject to more conditions 
than that implied by 

E = [Xi-hVi+...]^ 

when a simultaneous system of such equations is under discussion. 

4. It may happen that the only solution of an equation 

[\,+V,+..-]P=o (I.) 

is P = 0. Let G be the group of the substitutions which appear in this 
equation ; then, if s be any substitution of G, 

Operating, then, on (I.) with each of the p substitutions of G, where 
p is the order of G, we obtain p linear equations with constant co- 
' efi&cients between the p quantities 

regai*ded as independent variables. The necessary and sufficient con- 
dition that there may be a solution other than zero is then expressed 
by the vanishing of a deteimiuant of p columns and rows. 



1900.] Quantitative 8 uhatitvtional Analysis, 107 

the Bum of the sabstitntionH of a group G of order p, the complete 
aolntioii of (I.) is of the form 

where G (il, + ^,«, + . . . + ^^«^) = 0. 

Thia gives A^-^-A^-k- ...-\-A^ = 0. 

Hence 

Now, let o-,, a-}, ..., <i^im he any Buhstitutioiis of G which are not all 
contained in one of its 8ub-gix)ap8, and hence are sufficient to 
generate Qm Then every substitution s oi G can he expressed in the 
form 

where ri,r„ ..., r* ai-e some of the numbers 1, 2, ..., m, not necessarily 
all different. But 

where k = o-n^ ... <r**, 

and hence 

where jSj, iS'„ ..., S„, are substitutional expressions, some of which 
may he zero, or merely numerical. 

Hence 

^i + J,*j+...+^,*,= (<r,-l)T, + (cr,-l)T,+ ... + (<r^-l)r.„ 

where Tj, T„ ..., T„, are substitutional expressions containing the 
arbitrary constants A^^ -A,, ..., A^. 

Moreover G^ (o- — 1) = ; 

hence the complete solution of the equation 

GP-0 
may be written 

P=(<r,-l)i'H(cr,-l)i'V. + K.-l)F., 
Fjf JFi, ..., F„ being arbitrary functions. 
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Similarly, the complete solution of the equation 
R necessaiily belonging to the group G, is 



for 



GB = 11, 



R 



and consequently ^*' is a particular solution. 
P 



If, for instance, 



G= {a,a,...a«}. 



any one of the three following expressions may be taken as the 
complete solution : — 

{a,a3KF, + {a,a,}'F, + ... + {aia4'^„ 

{a,a,}'-P,+ {a,a,}'F,+ ...+{a,.,a4'^„, 

{aia,}'F, + [l-(aia,a3...aJ]i^,: 

an illusti'ation of the remark already made, that it would be found 
that the complete solution was not always unique. 
It follows from the febove that the solution of 



may be written 
where 



P = Pi + P„ 
(?iP, =0 and (?,P, = 0. 



For we may choose substitutions tr^^ tr^, ..., ^^a which generate (?„ and 
substitutions ^a+i» ^a+2» •••» ^«» which genei-ate (?,; these substitutions 
will then together generate {6r„ G^}, The solution of 

{G„ (?,} P = 
may then be written 

F = (a,-l) f,+ ... + (»»-!) F^+ (.r»„-l) F,^,+ ... + K-1) F„ 

whei-e J',=:(<r,-l)f,+ ... + (a»-l)F» 

and P, = (<'».,-l)F*„ + ... + (<r«-l)i^„, 

and consequently (3,P, =0 and G,P, = 0. 
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then 



5. When all the substitutions are powers of a single substitution 
the equations are easy to solve. Consider a single equation, the most 
general of its kind, 

#(*)P=(i4o+^i«+^»^-+-...+^H-,»'-')-P = 0, 

where « is a substitution of order n. 

We require to find the most general expression 

which is such that ^ («) \f; (s) = 0. 

Now (x) ^ (oj) only vanishes when ^ (aj) = 0, or when if/ (a?) = 0. 
Neither of these cases need be discussed here ; then the product 
♦ (*) ^ (*) must vanish solely in consequence of the equation 

s^ = 1. 

Hence (x) \p (a-) = (^c** — 1) x (^)- 

To find ^, we then obtain the H.C.F. of a;"—! and ^ (j), say v>i {^) ; 

V'l (.0 • 

Now, if a is not a root of a^" — 1 = 0, 
any function Q may be written in the form 

L s — a J L s — u J 

for q = *"-«;;q = (,"-'+a^'.-iH....4.«»-i)/lr:^r^). 

1 — a \ 1 — a / 

Hence, if ^ {x) = </>, (<•)(«— aj (a;— a^) ... (u;-o,.), 

any solution P of the equation may be written 

= p::ziiir i - i^ 



fw=" 



where it is to be understood that the expression 



is equivalent 



to 



«"-»-|-<w»-^-f ...+a' 



111 ^ when a" is not equal to unity. 
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It has been tacitly assumed that («) has no squared factor which 
is also a factor of »" — 1 ; if such should occur, we may remove it by 
adding to ^ («) a multiple of «"— 1, which is in actual value zero, 
and then proceed as before. If (s) has no common factor with 
i?--l, thenP = 0. 

To find a pai'ticular solution of 

The restriction imposed on .B by this equation is 

Hence R = <f^i (s) B\ 

If there is no difficulty in finding R' from this, the particular solution 

may be taken. 

If the form of J8' is not at once obvious, the particular solution 
may be found thus : — 

01 W 01 (0 = 01 W 01 W + ^ («' -1) = 01 (*•) n (*)i 
where «**— 1 and ^2 (s) have no common factor. Then 

^, (0 (8) P = 9. (^) ^ = 01 (s) [^^ 0, (.)] P, 

U (0 0j W-i 
is a solution* 

The extension to any set of simultaneous equations involving only 
powers of s is obvious. 

Also it may be seen, in the same way, that the solution of any set 
of Abelian equations is a matter only of algebra. 

Single equations which are not merely formed by the sum of the 
substitutions of a group, and in which the substitutions are not all 
contained in an Abelian group, may frequently be solved with the 
help of the solutions in these two cases. Thus, the solution of the 

equation {ab} [1 + (abed) -h (abed)'] P = B 

— which occurs in the reduction of the quartic invariant types — is 

P = -I [1-2 (abed) + (abcd)*+ (abcd)»] [^ + {ab}' FJ , 
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and B must satisfy the equation 

{ahyB=0. 

6. Consider now two simultaneous equations 
{*}P = 0, {<r}P=0. 
Then, if no- = r,, crs = r„ 

■ • ■ •-! 

OT, = r^a. r, = sr. <r. 



r,<r, rj = i 



Hence, if m be the order of Ti, 

rJJ* = orrJ"<r~^ = 1, 
and the orders of r^ and r, must be identical. 

Also the expression (1— <r) {r,} = («— 1) {''j} o"- 
Hence P = (l-<r) {r,}i^ 

is a solution of the equations. 

Unfortunately this is not always the complete solution, for suppose 
that s 1 J 1 

then the complete solution may be written 

P=a-,){l-<r)F; 

but the expression (1— o-){''i} vanishes identically, for {r^} is here 
equal to {«,o-}. 

Again, whenever the substitutions «, <r are peimutable, the solution 

P = (l-<r) {r,} F, 

in addition to satisfying the two equations 

{s}P=zO, {<r}P = 0, 

belongs to the group {rj}, which is not in general the case with the 

complete solution _^ ., . ,, . ^ 

^ P= (1 — <r)(l— «)^. 

However, whenever ^ =: 1 = a^^ 

the complete solution may be written 

P=(l-cr){T,}i^, 

for {«, <r} = {<r, r,} = {<r} {rj}, 

since r,<r = « = prf ^ 
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Hence we may write »S = 2 (1 -\- A^tr) B^t*. 
and find *S\ so that {/»}N = and {a} S = 0. 
The second equation gives A^ = — 1. 
Hence .S' = (l-cr)(/^„-f//, r,-f ... + /•.,<'-') 

The equation {>} N = 

then gives 7^^, = /i, = ... = J?^.,. 

Hence the complete solution is as stated. 
A solution of any number of equations 

may then be seen io be 

P= (1-8,) {/?,*„ /?,.«„ ..., s,s,}F. 

If each of the substitutions «„ i?,, ...,«„ is of oitier 2, this is the C(mi- 
plete solution. For it can be written in the foi-m 

where E is a rational integral algebraic function of the variables, 
since ( \ n n 

and by what we have seen above E must belong to the group {^a^,}, if 

Hence ^ must belong to the smallest group containing ffj*,,*,*,, ...,.«?„>,. 

7. It fretjuently happens that a function is given as belonging to a 
certain gi-oup. besides satisfying certain substitutional equations. 
Thus, the invaiiant type degree 5 of a quartic belongs to the gi*ou]» 
{(abode), (ae)(bd)}, and satisfies the equation 

{abc}75 = ^, 

the other equations which it satisfies being consequences of these 
facts. Further, in the case of in-educible invariants, we really only 
require to find the number of 'invariants of the form T^ in tei-ms of 
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which the rest can be linearly expressed. In respect to this, we shall 
prove that : 

If 3f he the number of arbitrary constants in the most general snh- 
stitntional expression 8^, which may contain all the n ! substitutions 
of the symmetric group of the n variables under consideration, which 
satisfies the equations 

O,8, = 0, 0,8, = r,8,, 

Oi and G, being groups of orders r^ and r, respectively, and if ^ be 
the number of arbitrary constants in the most general substitutional 
expression 8^ which satisfies the equations 

then M-N=^n\\ — ^—]. 

■ C r, r, ) 

Consider S^„ and suppose that at first all the coefficients are arbitrary. 
Let Ag be the coefficient of s ; then the equation 

0,8^ = 

n! 
gives — - equations of the form 

2^ = 0, (I.) 

and in no two of these equations does the same coefficient occur. 
Now, if <r be any substitution of G„ it follows that, since 8^ has (?, for 
a factor, 

A„, = A,. 

n! . 
Owing to this, there are only — different coefficients ; and, if this be 

taken into account, the equations (I.) are not all independent. Let 
T = be any relation between these equations written out in full ; 
then this is an identity solely on account of the equations A^, = Ag, 
Hence, if substitutions applied to T be supposed to operate on the 
suffixes of the ^'s, we have the equation 

G,T = 0. 
And, further, from the fonn of equations (I.), 

for r= is a relation between different equations (I.). If, then, T 
VOL. XXXIIL — NO. 745. I 
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be what T becomes when for each A, we write s, T will satisfy the 

, n! 

equations for S^, Hence, for every relation between the equations 

^1 
f 

to determine the — - nnknown constants in S,, there is an ex- 

pression of exactly the same form which satisfies the equations for S^. 
Conversely, every solution of the equations for S^ will give such a 
relation between the equations for the nnknown constants in S^. 
Hence the number of independent relations between the equations 
(I.) is N) consequently, the number of arbitrary constants left in Si 
when all the equations are satisfied is 



and 



r^ \ri I 

therefore M-N=in\(—-—), 



Further, the nnmber of those functions obtained from P by per- 
muting the n variables, in terms of which the n ! possible functions 
thps obtained from P may be linearly expressed when P belongs to 
the group 6?, and satisfies 

is equal to if, the number of arbitrary constants in the most general 
substitutional expression 8^ for which 

Oi8, = 0, 0,8, = r,S,, 

For, if P, be the function obtained from P by operating on it with the 
substitution «, exactly the same linear equations exist between the 
functions P, as between the coefficients A, in 8^ Hence the number 
of linearly independent functions P, is the same as the number of 
arbitrary coefficients in 8,, 

8. If a function P satisfy each of the equations 

{aia,}P = 0, {aia,}P = 0, ..., {aia^}P = 0, 

it is merely changed in sign when operated upon by any transposition 
of the letters a,, a,, ..., a„. The complete solution of these equations 
is then 

P={a,a,...a,}'J'. 
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The fuDction P is an alternating function, and may be written, as is 

well known, 

P = v/^{a,as...a4JF', 

where A is the product of the squares of the differences of the letters 
a,, a,, ..., a„. 

Hence, if P is of degree less than w— 1 in any one letter, it must be 
zero. Hence also, if Q be any rational integral function of degree 
<n — 1 in each of its variables a^, Oj, ..., a,„ it satisfies the equation 

{a,aj...aH}'Q = 0. 

In this connection should be mentioned the following propositions 
already given for the quartic in my paper '' On the Invariant Syzygies 
of Lowest Degree for any Number of Binary Quartics," viz.. 

If P be a rational integral function homogeneous and linear in the 
coefficients of m binary n-ics, 

(X", ^i" ^L"][x„ a-.)" ... (4r, AT', ..., X"'5x., x,Y, 

m being greater than n+l, then 

{A^'>A(^\..A^»^^^}'P = 0, (i.) 

{A<*^A^*^ ... A^"*»^}'P = I A'^'^A^''^ ... ^^"^^^ I P„ (ii.) 

{ A^^^A^^^ ... A^"^}'P = I A^'^A''^ ... ^("^Q I , (iii.) 

where a substitution (A^*^ A^^^ operating on P is regarded as inter- 
changing (a) and {P) in all the indices in P ; in fact it interchanges 
the positions held by the coefficients of the two quantics 

{At\ AT, ..., 4L"'2.r„ x,y, {aT, ^1", ..., A',-5_^, »,)- 

in P ; or else it may be regarded as an abbreviation for 

(Ai-^Ai^^)(Al-^Ar).-.(Ai-^AL''^^ 

And \ A^^'^A^^K,, A^"*^^ \ is the determinant of n+1 rows and 
columns formed by the coefficients of the w -h 1 quantics concerned ; 
I -4^'U<'^.. ^^»JQ I is thesame determinant with functions Qo.Qn •••> ft. 
of the coefficients of the quantics repi-esented by A'**'^\ -4^"*'^ ..., ^^"^ 
of the same character as P, substituted for the coefficients A^^ , 
A^*^\ ..., ^I;**); and P, is a function, having the same character as 

1 2 
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P, of the coefficients of the quantics represented by A"**^ ... A'''\ To 
prove (i.) we observe that 7' may be written in the fonp 

i«rhere each of the suffixes r^, r„ ..., r„^2 is one of the n + 1 numbers 
0, 1, 2, ..., n; hence in any case two suffixes must be equal, and 
consequently {A"'A« ... A<-'}'P = 0. 

For (ii.) we write P = 2yl'"4" ... Al'^'^F, 

and here it is possible for the suffixes to be all different ; if this is so, 

{A^'^A^'^ ... A^"*»>}'^i;u;?' ... 4"*'^ 

= ±{A^'^A^'K.. A^-^'^yjo^Af' 

= ± I A^'U^^K., A^''^ I ; 
and therefore 

{A^'^Af^^ ... A^-*')}'P = I A^'U^^^ ... ^("^^^ I Pj 
As regards (iii.) we write 






p = 5«...^;;;:p, 

and distinguish the following cases : — first, terms B' in which two of 
the suffixes are equal; then terms E^^ in which the suffixes rj, r„ ..., r„ 
are the numbers 1, 2, ..., n in some order; then terms Bi in which 
the suffixes are the numbers 0, 2, 3, ..., n in some order, and so on; 
finally, terms B^ in which the suffixes are 0, 1, 2, ..., n— 1 in some 
order. Now operate with { A^^^A^*) ... A^"^}' ; then 



{A^'^A«=''...A^'»^}'J.:' = 0, 



{A'^A'-^'...A("^}'Eo = 



<'< ... a: 



4'^<... ^; 



(2) 



(*) A (») 



4"'^;' 



j(») 



Qo. 



The other terms are found in the same way ; so that, taking the sum, 

{A'^'A"' ... AW}'P= I ^'"^w ... 4WQ I . 
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9. As an example, consider the invariants of any number of binary 
quadratics . .. 

Tbe possible invariant forms are 

(ah)\ (ah)(hc)(ca), (ab)(bc)(cdXda), ... ; 

then {be} (ah) (he) (cd) = (ah) (he) (cd) - (ac) (he) (hd) = - (6c)* (ad) ; 

0O that, if 6, c be any pair of consecutive letters in an invariant J, 
{be} lis reducible. 

Again, 

{hdY(ah)(hc)(cd)(de) = (ah)(hc)(ed)(de)-(ad)(de)(eh)(he) 

= (hc)(cd)(dh)(ae). 

Similarly, any other interchange of letters may be dealt with. The 
number of irreducible invariants I of any degree n is equal to the 
number of linearly independent functions obtained from the function 
P by permuting the letters Avhich it contains, when P satisfies the 
equations 

{ab}P = 0, {bc}P = 0, ..., {ac}'P = 0, ..., 

and, in fact, all the equations which I satisfies, with the right-hand 
side of each replaced by zero [I being supposed = (ah) (he) (cd),.. (ha)']. 
If n, the degree of I, be greater than 3, then by the last article 

{abcd}'I = 0. 

Since {ab} P = 0, {be} P = 0, ..., {ha} P = 0, 

P= {abc...h}'P=~{abc...h}'P = 0, 

and I is reducible when n > 3. If the actual solution of the equations 
for I be carried out, it will be found that in general the expressions 
on the right-hand side have to satisfy relations ; these relations will 
be the syzygies degree n for the quadratic invariant types. In regard 
to these equations, it should be noticed that in each separate equation 
for quadratic types, of the form 

where 22 is a given reducible expression, it is obviously true that It 
possesses the substitutional properties involved in the operator on the 
left. The syzygies arise from the fact that I satisfies more than 
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le equation of this kind. Hence li is subject, owing to the system 
: equations, to more conditions than those implied by the operator 
1 the left-hand side. Exactly the same remark applies to the 
luations for quartic invariant types of degree greater than 6. 
he equations in their complete form for degree 7 are given in my 
iper, " On the Invariant Syzygies of Lowest Degree for any 
umber of Binary Quartics," already quoted. 

As has been pointed out at the commencement of this paper, the 
ivariants of any number of quartics give another illustration of sub- 
itntional equations. Thus, the invariant type (abcde), degree 5, 
.tisfies the equation 

{abc} (abcde) = R, 

id is of group {(abode), (be)(cd)}. It has been shown that there 
■e only six independent irreducible forms (ahcde). If, now, the 
leorem of § 7 be applied, we find that, if Mhe the number of the 
notions obtained from [abcde] by interchanging the variables in 
rms of which all the functions obtained by every possible inter- 
lange can be linearly expressed, where l_ahcde'} is defined as being 
group {abc} and as satisfying the equation 

{(abode), (be)(cd)} [ahcde] = 

len Jlf-6=5!(i-3^j) = 8 

id 3f = 14. 



10. In what follows repeated use will be made of the symmetric 
X)up ; it is convenient, then, to note that the sum of its substitutions 
ay be factorized in a variety of ways. For instance, 

{a,a,...a4 = {(aia, ... a„)} {aiB, ... a«.i} 

= [l + (aia„) + (a,aO + ...+(a„-ia„)] {aja, ... a„.,} 

here O^ is the alternating group of the n letters. 
Now, any purely formal relation between functions of substitutions 
ill still hold good if the sign of every transposition be changed, 
^ence the negative symmetric group may be factorized in the same 
ay, thus 

{aja, ... a„}' = [l— (aia„)-(a5a„) — ... — (a„.iaj] {a,an ... a«.,}'. 



1000.] Quantitative Substitutional Analysis. 119 

Again, the product of a group by itself is the group multiplied by a 
oonstaot factor equal to its order. The product of a group by a sub- 
gpx>up is equal to the whole group multiplied by the order of the sub- 
group ; for, if G be the whole group, and S a substitution belonging 
to the sub-group (?„ then 

Again, if {aia,a^ ... a„} be any positive symmetric group, and 
{a,a,bs ... b.,}' a negative symmetric group, 

{aia,a,...a«}{aia,b,...b„}' 

= {aia,a, ... a,} (aja,) [-(a^a,) {a^ajb, ... b^}'] 

= — {aiajEj ... a,.} {a,a,b, ... b„}' = 0. 

Let Sf [a,b,b) ... bm] be any substitutional expression afEecting the 
letters a„ 6„ fej, ..., h^^ and only these; then 

{a,a,...a„} /S[aibib, ... b«] = fif[a,b,b, ...b«J {a^a, ... a..}. 
Hence {a,aj ... a„} 8 [aib,b, ... bj {aia, ... a„} 

= [l + (a,a,)-f(a,aj)-i-...-i-(aia,.)] {a,a, ... a,.} iSf [aib,b, ... b.4 

x{a,a, ...a„} 
= (n-l)![l + (aia,) + (aia,)+...-i-(aia„)]S[a,b,b,... b^]{a,a,...a4 
= (n-1)! [fif [ajb^b, ... b,J + S [a,bib, ... b«] + ... + S [a^fe^ ... b^]] 

x{a,a,... a«} ; 
or, as may be proved in the same way, 

= (n-1)! {a,a, ... a,} [S [a^ ... b«] + S[a,b, ... b^]-h ... 

... + S[a^b,...b^]]. 

11. As certain results, due in the first place to Capelli, are to be 
obtained in this paper by means of substitutional analysis, some 
account of the remarkable paper, " Sur les Operations dans la Theorie 
des Formes Algebriques," * in which they occur, is given here. In 
this paper Capelli considers functions rational, integral, algebraic, 
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there being m variables in each set, and homogeneous in the variables 
of each set. Such a function is written 

f{x, y, ..., u). 
He regai*ds the polar operation 

OXj OX^ OX^ 

as fundamental, and pi^oceeds in the first section to develop a theoiy 
of operations which can be expressed a-? rational integral functions 
with constant coefficients of operations of this kind, and proves that, 
if by A be understood some operation which can be thus expressed, 
every function /(a*, y, ...,«) of the above sets of variables which is 
homogeneous and of degree a, in the variables whose index is a*, for 
all values of t from 1 up to m, can be obtained in the form 

/(ip, y, ...,«*) = A^»2C-<r» 

there being the same number of sets expressed in the term on which 
A operates as there are variables in each set, A depending on the 
form of /. 

His second section is devoted to the discussion of an operation H 
defined as follows : — 

dx Oy ou 
if m>n, H=zl.\x^^y^^..,u^^ ' 

is mKn^ JTs 0, 



If m = n, H =i \ xy .., u \ 



^i, ^% 






where | a^ ... m | is the determinant formed by the variables, and 

If) f) f) \ 
—-—... ^ , which is the determinant formed by the first 
ox dy ou I 

differential operators with respect to the variables, is Cayley's 

operator O. 

It is shown that H may be expressed in terms of the operators 
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D^, and the form of this expression is found ; further, it is proved 
that H is commutative with all rational integral functions of the 
operators D^. It is then proved that, if a function f(xyy,z,,,., t, u) 
of the kind considered, of n sets of variables, there being n variables 
in each set, is annihilated by each of D^, D^., ..., Dtu^ it is equal .to a 
power of I xyz.,,tu \ multiplied by a function of the same nature of 
the sets y, «, ..., ^ t*, which is annihilated by D^,, ..., D^. 

In the third section it is proved that, if two functions of the same 
number of sets of variables, rational, integral, and homogeneous in 
the variables of each set, are obtainable from each other by means of 
a permutation of the sets, they are also obtainable from each other by 
means of the operators Djf^. In other words, an operator which is a 
rational, integral function of the operators Djry may be always found 
which will have the same effect on/(aj, y, ..., w) as any given sub- 
stitution operating on this function. In view of the importance of 
this theorem in connection with the present subject, I quote Capelli's 
illustration. Let f(x, y, z) be any rational, integral function of the 
variables 









homogeneous and of degrees X, ft, v respectively in the variables of 
the three sets. Let 

^i> %i •••» ^-.» 

M» ^J» •••» ^m 

be three new sets of variables, independent of each other and of the 
original sets ; then 

/«, >», = ^,-J,~, lf,,IK,V„f{x, y, z), 

and /(y, z, x) = - 1-, lf„ir,,Dlf{t V, i) ; 

tence f{y, z, x) = [-^^^' lfi,V:,iyUB^,ir^If^f{x, y, z). 

By means of the methods laid down in the first section of Capelli's 
paper, it is possible to reduce this to the form A/ (as, y, z), where the 
operators of which A is a function only affect the sets x, y, z. 
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In this section it is also proved that the condition that / should be 
expressible as a sum of terms each of which is derivable by operations 
of the kind considered from functions of a smaller number of sets of 
variables than that contained in / is 

n,f = 0. 

In § 4 the following important theorem is proved : 

If /(«, y, ..., u) is a rational, integral function of 7i sets of vaiiables, 

there being n variables in each set, which is homogeneous in the 

variables of each set, then 

^/CaJ, y, ...,«)= 5 I xy,..u \ - . A, . «/>. (y, 2?, ..., u\ 
where f^iiy.z, .„,u) = D"^' lfj^...ljh^,vtf', 
the 2 extending to all positive integral solutions of 

where p is the degree of /in «, and where Aj is a rational integral 
function with constant coefficients of operators of the fonn D^, the 
form of which depends only on the degrees in which the variables 
occur in /; and, further, the coefficients of different powers of 
I sty,,.u I are unique. The last section is devoted to an extension of 
certain of the results to any analytic function. . 

12. In what follows substitutions are taken as the fundamental 
operators, instead of Capelli's operators D^. Functions / (a, fe, ..., k) 
•re oOBsidered which are rational, integral, homogeneous, and linear 
ni eeoh of n sets of variables 

a,, a,, ..., a^, 

6i, 6„ ..., fe^, 



^., APj, 



K 




m vnritibles in each set. The letters a, 6, ..., k are 

tli« mpplieations considered are mainly to concomitant 

^ fliMt)^- ^)iO restriction that / is to be linear in the 

m ^dk'^ei does not in reality restrict the generality of the 

jP(a, 6, ..., Ar) be a function rational, integral, 
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homogeneoas, and of degrees a, )3, ..., ic in the variables of the 
different sets, we may obtain a function /, such that 

/ (a^\ a^\ ..., a'-\ h^\ ..., h''\ ..., ¥'^) 

and consider, instead of F, the function 
1 



For, if we write 



y {a^'^a^*^ ... a^-^} {b^^ ... b^^^} ... {k^») ... k^«)}/, 



= a^-^)= ... = a, fc^»=... =6, 



ifc^'^ = ... = k, 



this becomes F once more. There is a fairly close connexion be- 
tween the theory of substitutional and of polar operators. Thus 
any function /(«, 6, ..., A;) of n sets of variables, there being 
w variables in each set, which is homogeneous and linear in the 
variables of each set, and homogeneous and of degree a, in the 
variables whose index is i, for all values of t from 1 up to m, may be 
expressed in the fonn 

/ (a, 6, ..., k) = «a[') ... aW b';' ... 6;- ... k':"\ 

where /Si is a substitutional operator with constant coefficients. This 
follows at once from § 1 ; for there is only one kind of term which 
can occur here. 

The operator H may be expressed as a substitutional operator 
thus : — We firat suppose that H is to operate on a function homo- 
geneous and linear in the variables of each of n sets, there being 
n vanables in each set ; then 



H= \ab.,.k 

But in this case 

I ah ... k I 



a e a_ 

da db Sk 



11 
da ob 



dk 



/={ab...k}7. 



For, if Aa^^ fe^ . . . A;^^ be any term of /, the effect of both operators is 
zei-o, unless all the indices are different, and, if this is so, both 
operators give A \ ab .,. k \ as the result, the rule for determining 
the sign being the same in each case. 
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= I %hi,'"Jii^ I 



If / is still linear in the variables of each set, but the number of 
variables in a set is m, greater than the number n of sets, then H is 
still equivalent to {ab...k}', for, if Aa.hj ... k^^ be any term of/, then 

daii ^b^^ ok^^^ ' ^ 
= 5 I a, 6. ... kj I - — - — ... - — lAa. ...k.^i 

for all terms of the 2, except the one first quoted, give zeix) when 
operating on the term chosen. 

If m<ny H = 0, and {ab ... k}'/= 0; for every term of / must 
contain at least two variables with the same indices. 

Now consider any functicm F homogeneous but no longer linear in 
the variables of each set, having n sets and m variables in each set. 
Then we fonn from F a function /, as show^n above, such that we 
may consider, instead of F, 

P = -^J — : {a^^a^^ ... a^-)} {b^»> ... b^'')} ... 
a! p! ... #c! 

Then, if H^cD^d, jj,i) be what H becomes when we write in it the sets 
a^^\ h'^\ ..., /:•'' instead of the sets a, fc, ..., k, HF hecomea 



ai=a Pi — P 

2 2 



thiH last expresBion being = HF when we write 

n!''=a'*' = ... =«'•> = «., 
6("=6«' = ... = fcW=6, 



fc(" = &'« = ... = A:'-) = k. 
ttH we hnvo already seen ; hence in this case 

«»i Pit •••>«♦ 

is the equivalent of H, 
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Now, in the sabs tit utional equivalent of ^it is ashamed that there 
is a substitutional operator 

{af^>aW... aW}{b^») ... b^^} ... {k^^ ... k^}, 

of definite form applied to the operand. The same operator may 
then be attached to this equivalent of H, without affecting the result 
except as regards a constant. Hence we may write 



H = 



aipi ... kI 



S {a*'^b^'*^ ... k'"*'K {a^») ... a(-^}{b^») ...h^^} ... {k^») ...k^'^} 



o!/3!...if!(a-l)!(^-l)!... (ic-1)! 

X {a^^) ... Bf'^{h^'^ ... b^^^} ... {¥'^ ... k^-^} 

X {a^^^b^'^ ... ¥'^Y{a.^' ... aW} {b^^ ... b^^^} ... {k^^^ ... k^-^}. 

For {a<»i ... aW} {a^^) b^^^ ... k^*)}' {a^^> ... a^} 

= [ 1 + (a<'^ a^'O + (a^'^ a^'O + • • • + (a^'^ a^'O ] 

X {a^^ ... a^-)} {a.^'^¥'^ ... k^^^}' {a^^^ ... a<->} 
= (a-1) ! [1 + (a^^^a^O + ... + (a^'^a^-^] W^^^'^ ... k^'^j'fa^^^ ... a^->} 

= (a-1) iT {a^-*^b^^^ ... W'^} {a^'^ ... a^*^}. 

Capelli has shown in the general case how a substitution may be 
expressed in terms of polar operators ; in the case of functions homo- 
geneous and linear in the variables of each set, the effect of a trans- 
position may be obtained thus, 

Dt„D„,f{a, fe, c, ...) = D^/(5, h, c, ...) = {ab}/(a, 6, c, ...); 

hence (ab)/(a, 6, c, ...) = (Di^Dah—l)f(ay 6, c, ...). 

Any other substitution operating on/ may be expressed as a product 
of transpositions, and so as a function of polar operators. The con- 
verse theorem is also true ; for let D„t be a polar operator, operating 
on a function J^ of degree a in the variables of the set a, and P in 
those of the set h ; then we consider instead of F the function P 
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defined as above. The effect of the operator D„i, on F is the same 
as that of 



(H 



ij^{b<')b«) ...b"-»} [D „„..„+D„,.,<..,) + ...+D„(,M...)] 



on P. For each of the sets a^^\ a^^\ ..., a'*^ in P is in reality equi- 
valent to a, and each of the sets U^\¥^\ ... equivalent to h. Since P 
does not contain h^*^\ 

the right-hand side being no longer a function of a^^K 

Now, P is symmetric in the sets a^'^\ ..., a"*^ ; hence the function 
(aWb^^^O-'^ist^esame as (a<'^b^^*'0 ^» except that a^'Und a^'^ are 
interchanged ; hence the function D^iP is equivalent to 

(P + 1)! 
which does not contain the set a^^K In this the new set U^*^^ may be 
replaced by the old set a^*^ by operating with (a-*'b^^*^0' ^^^ ^^^ 
result becomes 

where now a^*^ is to be regarded as equivalent to &. 

13. If T,o= 6Ma,bJ'{a,b,}' ... {a.b.}' {b^b, ... b..} 5 
and/J>0, T^,= ^{aibj'{a,b,}'... {aA}'{a«-/,*i •• a«b, ... h^]S, 
where 8 = {a,a, ... a,,} {bibj ... b„,}, 

!f m ^[ n; but, if w<n, the series must stop with ^„,,„-,„T^,„-„4, and 
tUe ooefficientd .-l ai^ given by 

I _ /''+/?\ m!(m-4-l + )8— g) 

The tbeorem to be established is purely formal, an identity 
bttwtiKii certain s^^iibtititutional expressions. 
Wlwrn ii<A<ii~i3-hl, the expression 

•^ KKVlfttKF - {^M' ('^M{a«-^.i ... a„b,b., ... b,4,S' 

^ ^ (ft*bi) (flna^' {a,b,}' ... {a.b.}' {a„_^., ... a„b,b, ... b„.} S, 
U tbttt, if 8 be any substitution, (a^bj) s (a^bi) is 
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the same as that substitation obtained from 8 by the interchange 
of a;^ and bj ; and hence, if U be any sabstitntional expression, 

(a^b,) tr(a*bi) = i7„ 

the expression obtained from U by the interchange of a^ and h^ ; and 

^^''''^ I7(a,b,) = (a»b,)ir,. 

Now, no one of the factors {a,bj}'... {a.b.}'{a,».^^i ...a^bibg... b„,} 
contains either of the letters Oj or aj^ ; hence 

*^ (a^b,) {B^eLkV {^W ••• {a.bj' {a«_^,, ... a,.b,b, ... b^} S 

= S(aAb,){ajbJ'... {a>J'{a„_^.i ... a„bjbj ... b^}{aia4'S 
= 0; 
for {a,a4'{aia, ... a^} = 0; 

and therefore 

^^ {a,bj' {a,b,}' ... {a>J' (a,bO {a„.^,, ... a„b,b, ... b^} ^ = 0. 
Hence 
2\,, = S {a,b,}' {a,b,}' ... {a.b.}' {ii,,.,,, ... a„b,b, ... b,,} 8 

= fif{aibi}'...{aA}'[l + (a„.^,ia„.^,2) + (a«.^^,a,..^,3)+... 

+ (a,._^.,a,.) + (a,._^^,b,)+... + (a,._^.,b«.)] 
x{a„-;j+2...a,bib, ... h^} 8 

= iS{aib,}'...{aAr[/3+(a,..,.ib.,0 + ... + (a„-^.ib.)] 
x{a„.«^2-..a„b,bi ...b„} 8 

= ,S{a,b,}'... {a.bj'[-(m-a){a,..^,,b.,,}'+(m + i3-a)] 
x{a„.^^2 ... a,.b,b, ...h„} 8 



therefore T^ « = 



1 



•"" m + jS-a+I 



^.,^*i + 



m — a 



m + ^— a + 1 



7' 



By repeated application of this formula, we obtain 

-1 rp , "^ m 

— r"i *^o, 1 ~1 TT ■'■ 1,0 



— -^0,* ^o.t + '^i, i_i ri^,-.i+ ... +-4,-,o ^i 



SOJ 
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except when t> w, in which case the series ends with A^^i_^T^^i.^ ; 
* b«ing supposed to be not greater than n, and the ^'s being nnmerical 
coetllci«»ntti. 

To Hud these coefficients a I'ecurrence formula is obtained by pix)- 
v.>HHling fivm the last line written down a step further. The co- 
etKci^ut of Tj^i.j^x in this will be 

A « tn— 7 + 1 J . 1 . 

' w + t— 2; + t5 m + i— 2; + l 

?w + p— a + 2 m+p— -a 

It MImwm from this that, if 

A — /a-|-/3\ m! (m-fl -J-Z^—g) 

wh^ u<Ut, Mud also when a = o, so long as /3</i„ it is true when 
<4 -^ Hi *ud ii = i3|. Hence, on this hypothesis it is true whenever 
A v«*i ^ V Ihit thiM form of A^0 is correct, as it is easy to verify, 
%ll^ a = Oi and alMo when /3 = and a<n + l. Hence it is true 
.U^M^K wh^tt «< n + 1. And the theorem is proved. 

l^ Vi Wi Uh>u jH)iuteil out, the theorem just proved is merely a 
>^i3^Utuuv>iMU KUutity. If the two sides of the identity be made to 
'i^itfliM sH* ^^^ tiMUio function, the results must be equal. This 
•|H^jjlilft^ tiJM^ b^ t akt^u to be any function of m + n variables 

<»ii <h» ..., ««, ^, ftj, ..., h^; 

■H^T^ioi^^ hiMC^WM of w + ti sets of variables 

«i,u «!,«* fli.a* ...» «i.|i. 

%1* "ipH » "j,i»» 

**^,i» **ii,ii ♦ » *'»»,/»» 

nging two sets, just as in §§ 10 and 11 

lions there discussed interchanged two 

seen in § 11, when the operand F is 
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linear and homogeneous in the variables of each set, the expression 
{a|bi}' is equivalent to fl^,,*,, where 

(1) Let ns take for operand 
where the factors of F are binary symbolical factors, thus 

K = ^.1^1 + ^,2 2/2. 

Then To,o^={a,a,...a„}{b,b,...b4{bi...b«}{ai...a4{bi...b^}i'' 

= (n!)«(w!)'F. 

Denote by D and A polar operators, such that, ^ being homogeneous 
and of order n in o^, a*,, and homogeneous and of order m in yi, y„ 

D^ = Jl. ^a; — +ar ^^ 



also let 



o, = i-( 



av 



a«^ 



^w ^a^ciay, 3i 



b,3y/ ' 



these being the operators used by Clebsch {Binaren Formerly pp. 13, 
14, et seq.). 

Then D'"F = a,^o,^ . . . a„, b^^ 6,^ . . . b,„^, 

and the effect of operating with A*" on this function is to change it 
to the sum of all possible terms obtained from D^'F by writing y for 
X in m of its factors, divided by their number. But this is the 
same as 

1 



Hence 



(m -h w) ! 



{aiaj...a«bib,...b,„} ai^o,, ... a,.^ ^i, ^j^ • • . &*.,. 



!ro,,.F={ai...a,.}{bi...b4{a^...a„bi...b«.}{ai...a,.}{bi...b«}i^ 
= (n!)«(m!)«{ai...a«b,...b„.}i?' 
= (n!)« (miy (m + n)! A-'D'-J'. 

VOL. XXXIII. — NO. 746. K 
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Again, 

1 imH j»m 

mn <-i i-i " y » y 

and IT'^CIF = — 2 S (0^6,) a^, ... a..i, a,>u a«,&i, ... ^i-ix^i^-ir ••• ^-x- 
mn i j 

And A'"'*D'""^OFiB eqnal to the sum of all possible terms obtained 
by substituting y for x in m— 1 of the factors of each term of 
!>"•"* CIF divided by their number 

'=^^r«~9Vi — 2 (a.&){a,...a,.,a,.i...a„bi...b,.,b,>i...b^} 
{Tfi-rn — ^)l fnn i,j 

= (^4,^2)1 ;;^iK«^-M{bA...b^}(a,60{a,...a„b,...b4 

xa, ...a„^62^...6,„^. 
Hence 

T,,..,F=S{a,bJ'{a....a,b,...6..}8F 

= n! m!iS{aib,}'{a,...a„bi...b„.}a,,...a„^6,j^...5«y 

= n! m!iS{aibi}'[ma,^fe,Ja,...a^bj...b„}a,^...a^,6j^...6«^ 

+ (n-l)ai 6,,{a,...a,bj...b„}a^...a(„.i)_^a„j^6^...6«J 

= n! m! mS (oife,) (aiy) {a,...a„b,...b«} aj^...a„^5, ...6«j, 

= («y) (»0' (^0' (m4-n-2) ! mA"- ^D"' " ^ OF. 

, Proceeding in the same way, 

m! n! 
= ^^!i=^ni^=^- 2 (0,6,) (a.fc.) ... («»6*) «»M, • «-. ^»*.»- ^-.,' 

Hi! tl! 



A*-*D— *0*JR 



{aia,...a„}{b,...b„}(ai6i)(a,&,)...(aA6A) 



(m+ii-2fc)! m!n!' 

x{aA^i...a„bA+i...b„»}aA+i,...a„,6A+iy...6« 
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And hence 
'A,«-A2^=^{a,bJ'{a,bJ'...{a,b4'{a,,,...a,.b^...b,4^F 

= n!m!^{aibJ\..{a,b4'[^^J^-^yja,^...a,^6,^...fe^^ 

x{a;,.,...a,.b;^,,...b„.}aA.,,...a„,6A^,^...6,„^+Pl, 

where P contains the product «,,6,jp for some value of i between 1 and 
h inclusive, and hence is annihilated by the product {aibi}'... [a^b^}'; 
therefore 

r».„.»f=(a^)*«!m!— ^'~ S(o.6,)...(a»W{a».,...a,.b».,...b4 



{in — K) 



X a J, ^ , ... a,. 5a ^ 1 ... h,„ 



and hence ^a.«-a T^^h-kF 



ln\ im\ 

= (n!)-(m!)» \h/\h/ (^^.y)* a'""'^ !)•"-" O'^P. 



h)l 



Hence we obtain Gordan's series 

I h ) 



hmnt 

F= 2 



(a;i/)*A"-*i)"*-*0*F, 



if n ^ 7>i ; if n<m, the summation must be taken from /t = to 
^ = w. 

(2) Let F as before = aj^Oj^^... «,i,feiy&jy...&i.«y, where the factors of 
F are now ternary symbolical factors, thus 

Then T^oF={n\y{mlfF, 

and To,„P = (n!)«(m!)«(m+n)! A'-D-F, 

K 2 
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juBt as when the factors of F were binary ; the definition of A and D 
being that, if ^ is a function homogeneous and of order n in a^, x^, x^y 
and homogeneous and of order m in ^„ y„ y„ then 



Kj. 1 / 3<^ ^ 3<^ . 3*\ 



Let Up «2, ti, be three quantities defined by 

^t = ^$yi-^iyv 

then a^by—a^h, = (afcw) ; 

and, just as in the former case, 

r^.-»J' = «!m!S{a.b,}'...{a»b4'^^j^a,,...a,,6,,...6,^ 

X {a»„. .. a, b»»i. ..!)«} OA,,^...a,^6»,,^... b„^ 

= nlml- — — , S(a,6,M)...(a»6»«)(m + n-2A)! A-»2r-» 

(til — ^) i . 

Lei UB now suppose that F = a^&]|', and that we may write 
ai:=a^ = ...=za^ = a, 6, = 6, = ... = 6^ = 6, 
rfJT wH the substitutional operations have been perfomied on F; tlien 

1 in tlw ease of Gordan'a series, we'obtain 




tbe summation must be'taken from ^ = to ^ = n. 

m^ be ©stablLshed in exactly the same way if a,, h^ 

faetoi-e, provided we write instead of (abu) the 
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(3) The series furnishes information C5onceming those functions F 
which satisfy the substitutional equations 

{a.b,b....b.}F=0, 
{a,b,b,...b»]F = 0, 



(a.b,b,...b.}l^ = 0. 
For in this case r^^F= 0, provided /3>0. 



Hence 



m + l—n, 



«!(m!)«{a,a,...a.}{b.b,...b„}f =To..F = ^-=^r..o2!' or = 
'' ^ ^ m + 1 

according as m + 1 is or is not greater than n. When n is greater 

than m, ^ -% r-, -, •, ^ -w, ^ 

(a,a,...a^,i}{bjb,...b«}2^'=0. 

15. Let the letters a,, a,, ..., a,, be arranged in any manner in 
horizontal rows, so that each row has its first letter in the same 
vertical column, its second letter in a second vertical column, and so 
on, and so that no row contains more letters than any row above it ; 
then form the substitutional expression 

such that rj is the negative symmetric group of the letters of the 
first row, r^ that of the letters of the second row, and so on, F^ being 
that of the letters of the last row ; and that 6?, is the positive 
symmetric group of the letters of the first column, (?, that of the 
lettei*s of the second column, and so on, Gk being that of the letters 
of the last column (it being understood, in case a I'ow or column con- 
tains only one letter, that the positive or negative symmetric group 
of a single letter is unity). Then, if !/ai, oa, ..., a^^ b© the sum of all 
expressions S formed as above from all possible tabular arrangements 
of the letters, so that there are a, letters in the first row, o, in the 
second, and so on, the as satisfying 



and 



ai < a« < flf- < «A» 



it is possible to uniquely determine numerical coefficients Aa^, o^ . 
so that 1 — 5 J T 

^ — -^-^aii «* ..., a;^ -^«ii o«i ...i «A» 
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where the 2 extends to all possible positive integral values of 
a I, a,, ..., a/k which satisfy the two conditions just laid down, the 
number h of a*s not being fixed. 

Let us suppose the terms T to be arranged in order, so that 
Taj, 02, .... a;^ will come before Tp^, p^ ..., Pj,., if ai</3i, or if ai = /3i, but 
a8</3„ or if Qj = /3i, a, = j8„ ..., a,., = /3,.i, but a,<^.. 

Consider one of the expressions S of which Tai, a^ ..., a^ is the sum, 
and the table of letters from which 8 is formed. Let N be the pro- 
duct of the negative symmetric groups of S, and P the product of 
its positive symmetric groups, so that 

8:=NP, 

The degrees of the groups in N are aj, a„ ..., a^ ; the degrees of 
the groups in P depend solely on these numbers, as may be seen from 
the table, for these groups are formed by the vertical columns in the 
table. Thus there are only h rows, so that there cannot be more 
than h elements in any column ; in the first a,^ columns there are 
exactly h elements, since the number of letters an in the last row is 
not greater than that in any row above. Next, there are a^^.i — a^ 
columns containing exactly h—1 elements, and so on. Hence in P 
there are first a^ groups of degree h, then a^.i— oj^ groups of degree 
^—1, and so on, there being n^ groups altogether. 

Let r' be any negative symmetric group which contains a pair of 
letters out of some one column in the table for S ; then PT' = 0, for 
P contains this pair of letters in a positive symmetric group ; and 
always, as has been seen in § 10, 

{abcd...}{abc'd'...} =0. 

Again, if F be of degree greater than a,, then it must contain a pair 
of letters out of some one column in the table for 8, for there are 
only a, different columns. Hence, if the degree of V is greater 
than a,, PF' = 0. 

• Now, let Si be one of the expressions of which Tp^^p^, „„p^. is the 
sum, where Tp^, /s,, ..., pf^, is a term which comes after the term 
Ta^, a^ ...,a^ whcu these terms are arranged in order ; and let 

where iV, is the product of the negative symmetric groups of iSj, and 
Pj that of the positive symmetric groups. Then 

- PN, = 0. 
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For, if /5i > Qj, ^1 contains a negative symmetric group V of degree 
greater than a^ ; and hence, as we have seen, 

PV = 0, 

and therefore PNi = 0. 

Now, since 2^,, p^ ..., p^, comes after Ta,, a* .... a;^, then A > aj ; or P^ = a, 
and A>a3 ; or ft = a„ ft = Oj, ..., ft.i = a,.i, but ft>ai. 

the degi*ees of the different groups being equal to their suffixes. 
Suppose that ft = Cj, and that F^^ contains no pair of letters which 
occur in any one column of the table for S (otherwise PN^ = 0) , and 
thatft>a2. Then r^^ contains one letter belonging to each of the 
columns, that is, one letter belonging to each of the /Sj = aj groups 
of P. We will for the moment suppress all these letters belonging to 
r^ . When this is done, let P become P', A\ become N[ ; then P' and 
N{ are related in exactly the same way as P and ^j are. Thus there 
are only a^ groups in P\ and a, columns in the table which gives P*, for 
one letter from each group or column has been suppressed, and thus 
Oj— a, groups have gone altogether. But all the ft letters of 1'^^ occur 
in the table for P' ; and, since ft >a2, some one of the a, columns of P' 
must contain more than one of the letters of T'^ ; hence 

But P is obtained from P by adding cij new letters to it>s groups ; and 
hence, if one of the groups of P' has a pair of letters in common with 
r^^, the same is true for P ; and therefore 

pr;, = 0, 

and PN^ = 0. 

The argument is exactly the same in the general case 

ft = a„ ft = aj, ..., ft,, = a,_i, ft>a.. 

The letters of each of the groups F^', F^, ..., T^. are suppressed, it 
being supposed that 

PF-F' ...F' 

Pi Pa Pi-l 

does not vanish. Then, if P and N^ become P and N{, these products 
are related to each other in the same way as P and ^i, and the 
necessary consequence of fii>ai becomes 

PNi = 0, 
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for there is a group in ^i which contains moi*e letters than there are 
difEerent columns in the table for P', and hence it must contain a pair 
of letters from the same column. Then P and N are obtained from 
P' and ^i by adding new letters and new groups ; but the letters in 
P' and Ni are left undisturbed. Hence, if 

FNl = 0, 

then PJV, = 0. 

Hence, provided T^^, p^ ..., p^, comes after Ta^, oa, ..., a;^, when the terms 
are arranged in order, 

P^i=0; 

and hence PS^ = Pi^jPi = 0, 

and PT^„^,....^,. = P.S5, = 0; 

therefoi^ iSTP.r^.^, ...,^,, = 0, 

and T.„ ^ ..., ., Tft. p^ .... p,. = (SA^P) 2>„ ^,, .... p,. = 0. 

Let ftt„ Of, ..., a;k I'epresent the sum of all those substitutions of the 
group {aja, ... a„} which are formed of h cycles of orders a^.a^, ...,0* 
respectively. Then, from the way in which Ta,. a^ ...,a^ is formed, 
viz., as the sum of the expressions obtained when the lettei's in the 
table are permuted in any way, but so that the number of letters in 
any row or column is unchanged, it follows that Ta„ a,, ..., o;^ is a 
function of the expressions tp^^ ^,. ..., p^, only. That is, if it contains 
any one substitution s multiplied by some coustant, it contains every 
substitution similar to s multiplied by the same constant. Hence 

Tai, oj, ..., a;^ = SX/8,. p^ , . Pk'^Pit ^J, .... P^.t 

where the X's are constants. 
Consider the coefficient of the identical substitution in the product 

rp rp —- m'i 

-*a„ 04, ..., a^ • -lax, ««i .•. «A — -'^*ii «* •••. o.J^' 

To obtain it we have to multiply each term Xs of the first T by the 
term X'«~\ involving the inverse substitution, in the second factor. 
But every substitution is similar to its own inverse, and therefore, 
if 9 is a term of tp^.p^ ...,/8a'» *~* ^^ ^^^ * term of this expression. It 
follows from the form just found for Ta^. a,, ..., a;^ that the coefficients 
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of 8 and 8'^ are the same. Consequently the coefficient of the 
identical substitntion in T«j, a^ .... a^ is 

where /i is the number of difEerent substitutions in the sum 



vt 



Now, every term of SftX^,,^,, ...,/8;^, is essentially positive, for no 
unreal quantities can occur in the formation of T; this coefficient 
cannot then be zero. Consequently T.^, a^ ..., a^ does not vanish 
identically. 

We can now prove that no relation exists between the Ts ; for, 
suppose that one such exists, of which the first term when the T's 
are arranged according to their proper order is XTa„ «^ ..., a^. Multiply 
this equation by T«„ oj, .... a;^ ; then every term but the first vanishes : 
for r^T = if T' comes after T. Hence 

\rp^ — O . 

and therefore, by what we have just proved, X = 0. Hence Ta^^ «,, ...,«* 
cannot be the first term, and the relation is impossible. 

The expression <»„ o^ .. , a» has been defined as the sum of all the 
substitutions of the group {aja^.-.a^} which are formed of cycles 
whose orders are a„ o„ . . . , a;^ respectively ; if cycles order 1 are taken 
into consideration, the condition 

may be introduced. Further, the order of the a's in the suffixes of 
^a„ oj, .... af^ is immaterial, so that they may be supposed to be in 
descending order of magnitude. Then ^aj, o,, ,.., a^ thus defined depends 
on exactly the same numbers as Taj, a,, ..., a^ ; hence there are the same 
number of expressions t as expressions T. Moreover, every T can be 
expressed in terms of the fs, and no relation can exist between the 
T's alone ; so that we have the same number of independent linear 
equations as unknown quantities ^a„ a,, ...,a;^. It is then possible to 
solve ; hence in general 

^«i. ^ «A = S/l^„ p^ ..., fi^. . Tfij, p^ ..., pf^, , 

where ft is numerical ; and therefore in particular 

1 = U, 1, 1, ..., 1 = 2-4ai, Ofc ..., a;^ . 2a,, a^ ..., a^' 
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16. For n = 2, 3, 4, the work of finding the coefficients of the 
series by direct calculation is not too laborious : the result* are 

n = 2, l=i{a,a,}-fi{a,a,}'; 

»» = 3, 1 = - {a,a,a,} + — 2 {aiaj'{a,a,} -f ^ {a,a,a,}' ; 

^* = 4, l = ^{aia,a,a4}+-22{aia,}'{a,a,a,} 

+ ^g 2 {a, a,}' {ajaj' {a^a,} {a,aj 

+ 32 2{aia,a,}'{ajaJ+;^{aia^aJ'. 

It is worthy of remark too that, if N be the product of the 
negative and P that of the positive symmetric gi^oups of one of the 
expressions of which T is the sum, then 

T = 2JVP = 2PJV. 

For T='S.NP = X^PNP = 2 PN, 

since PNP is equal to a numerical multiple of 

(^N) P, 

where 2^ is the sum of the different expressions obtained from N by 
operating on N with all the substitutions of P ; for it was shown in 
§ 10 that, if S [aibjb, ... b„] is any substitutional expression affecting 
the letters aj, b^^ 6j, ..., 6^, 

{aia,...a„} S [ajbi ... b„] {ai ... a,.} 

= (n-.l)![2.S[a„b,,...b„.]]{ai...a4, 

the result stated here being an extension of this. In the same way, 
PNP is the same multiple of 

P(2^). 

It is easy now to show that, if T and T* be any two different terms 
of the sum of § 15, then 

T.r = 0. 

For, let r=2i^P, r = 2A^T'; 

then, if T comes before T* in the series, it has been shown already 
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Suppose, then, that T coi»es after T* ; then 

T.r=[2JVP][2iVT'] 

but in this case 

NF = 0; 

hence TT = 0, 

whenever T and T' are different. 

Multiply now the series of § 15 by 

we then obtain r«,, a,. ..., a^ = ^«„ a,, ..., a^ . Tl^, «,, ... a^^- 

17. The theorem of § 15, like that of § 13, is purely a substitutional 
identity ; algebraic theorems may be deduced from it by suitably 
choosing the operand. 

(1) CapelWs Theorem. — Let the operand be the function 
^(ttj, a J, ..., a„) of the n sets of variables 

homogeneous and linear in the m variables of each set, such as was 
under discussion in § 12. 

Let {aja^ ... a„} be the positive symmetric group of a of the sets; 

{aiaj... a.}/(ai, a,, ..., a„) 

may be obtained by means of polar operations only from the function 

/(oj, aj, ..., a„ a,,„ a.^j, ..., a„). 

For, if \ai^r,(h.r^ -•• aa.raa..i,r.+i ... ^H.r^ be any term of ^, then 

{a,aj ... a,} \ai^r,(h,r, ... «-,r. ... «»,r„ 
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where D^ is Capelli's operator 

Hence {a^a, ... a.}/= 2)„,,.D.^,. ... 2)a.«.D..,. !>«.,. ... D«.a./. 

And in the same way, if P be the product of /5 positive symmetric 
groups no two of which contain the same letter, and which between 
them contain all the letters OiyOjj ..., a„, groups of degree unity being 
taken into account, then Pf is a function which may be obtained by 
means of polar operations only from a function /j which contains 
only /3 variables, and /, is obtainable by means of polar operations 
only from /. 

Again, it was shown in § 12 that 

{aia,...a.}7 = H„,„,...aJ. 
Hence T^,, a, a J = Sff«, Ho, ... H., A/ 

where, if T= S2^P, 

fl., is that H which affects the letters contained in the negative 
symmetric gi'oup degree a, of N, H^ that which affects the letters 
of the group degree a,, and so on, and where A is the polar opera- 
tion con*esponding to P the form of which we have shown how to 
find. 

If it is required to expand a function F (x, y, ..., u) of m sets of 
variables, there being m variables in each set, which is homogeneous 
but not linear in the variables of the different sets, we may obtain 
from this a function 

/(ai, a,, ..., a„) 

homogeneous and linear in the variables of each of n sets, there being 
m variables in each set, such that, when we put 

a, = a, = ... =a^, = aj, a^^^j = ... = a^ = y, , a„ = 77, 

/becomes F; this was shown in §12. Now, / may be expanded as 
we have just seen ; in the result, the variables of F may be sub- 
stituted for those of/, and the expansion becomes that for F. This 
expansion is the same as that obtained by Capelli, and quot<}d in § 10. 
For, if a,< m, the function Ta^ aj, ..., a^f may be obtained from f^ by 
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means of polar operators only, where fi is a, function of a^ sets of 
variables, obtained from / by means of polar operators only. If 
«i>m, then 

And, if a, = a, = ... =: Oi^^m, aui<m, then Taj, a^ ..., a^^ / gives rise 
to a term { xy ... u\* tp, where 9 is a function obtained from a func- 
tion of not more than m— 1 variables by means of polar operations 
only, -which is itself to be obtained by means of polar and O opera- 
tions only from either/ or F. For, in the expression P, where 

= SP.flai-Haj... Sa^fy 

there are only a,^i gi*oups which affect the letters of 

where by O. is understood the O operator which affects the letters 
contained in H^. 

The expansion might otherwise be obtained, viz., by considering 
the function 

where the factx)rs of / are m-ary symbolical factors, and then pro- 
ceeding in a similar manner to that in which Gordan's series was 
obtained in § 14. 

(2) Feaiw's Theorem* — Starting from Capelli's theorem, Peano has 
proved the following : — " The complete system of concomitants for 
any number of binary w-ics may be obtained from that for n n-ics by 
polanzation alone ; with the one possible exception of that invariant 
which is the deteiminant of 7t-f 1 rows formed by the coefficients 
of w-hl n-ics." He then deduced that the number of concomitant 
types of a binary n-ic is finite ; and proceeded to find the types for a 
binary cubic, showing that they all give irreducible forms for two 
cubics because the invariant detei-minant type referred to above is 
reducible for the cubic. I have quoted his results for the cubic in 
my paper, already referred to, on " The Irreducible Concomitants of 
any Number of Binary Quartics." Peano's theorem may be deduced 

♦ Atti di Torim, t. xvn., p. 580. 
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directly from that of § 15 : — Let F he a. type of a binary m-ic of 
degree n, linear in the coefficients of each of n m-ics ; then 

^ ~ ^-^«lf «««>...»*• -^«lf ojt .... «A -^• 

If ai>m+l, Ta,,ai....,a„F=^0; if fl4 = m-+-l, Ta,, «,,.... a;, -P' is the 
sum of terms each one of which has for a factor the determinant of 
m+1 rows formed from the coefficients of w-hl of the ?>i-ics, and is 
in consequence reducible. If ai<m-|-l, then 

where P is the product of a, positive symmetric gix)ups, no two of 
which contain a common element, and which between them contain 
all the letters a„ Oj, ..., a„; it being possible that one or more of 
these groups is of degree unity. In this case PNF is a function 
obtained by polaiization from a function F^ of only a, sets of 
variables, where F^ is a function obtained by polarization from F, as 
has been proved already. Hence ^'a,, oj, ...,af^F is reducible, unless F 
gives an irreducible concomitant for a^ m-ics ; for concomitants 
obtained by polai'ization from reducible concomitants are themselves 
reducible. Hence, if JP is a type of a binary m-ic, which gives no 
in'educible concomitant for m m-ics, it is reducible, unless F is the 
determinant of m+1 rows formed by the coefficients of ?M-f 1 of the 
m-ics. Now, if a, = m, then 

^a„ a.2, .... af,F= [iV'^^Sj,'] F, 

where T^^ is the negative symmetnc group degree a, in each of the 
expressions Tl^Si of which T is the sum. But it has been shown, 
§8, that, if <& be a concomitant type of a binary m-ic, and if 
{oi, a,, ..., a^}' be the negative symmetric group of the letters 
a,, a,, ..., a„, each letter referring to a different quantic, then 

{aia8...a«}'4>= | a^a^ ... a^Q \ , 

where Q refers to the coefficients of a concomitant type of order m, 
viz., (Qo» Qv •••> OmJiPn ^i)''' Hence, as F^, is a negative symmetric 
group degree a^ = m, in this case 

r«„a„....a,i^=2Ka,...a.„Q| . 

And it follows that every rational integral concomitant of any 
number of mr-ics can be expressed as a sum of terms each of which 
is a product of concomitants of types which give irreducible forms 
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for m— 1 m-ics, and of types of the form 

where (Qq, Qi, ..., Q«,][aj„ x^*^ is a covariant type order w. If 
I tti, a„ ..., a^+i I is reducible as in the case of the cabic, it follows 
at once that \ a^a^... a^Q\ is reducible; and hence that all types 
which give no iiTeducible form for m— 1 m-ics are reducible. 

Similar results follow for ternary forms, and, in fact, for forms 
with any number of variables. Thus, for types of the ternary m-ic, 
we suppose, as before, that each letter refers to one 7)i-ic, and that 
the coefficients of the m-ic a^ are 

Thus we are dealing in reality with functions of n sets of variables, 
there being J (m-f l)(m-h2) variables in each set. Every type 
which gives no irreducible concomitant for ^ (m + l)(m + 2) — 1 
»i-ics is reducible, with the single exception of the determinant of 
^ (m-|-l)(m-|-2) rows formed by the coefficients of this number 
of m-ics. 

Moreover, the proof has nothing to do with the fact that the func- 
tions are invariant ; except that none of the operations employed 
destroy the property of in variance. Similar results might be deduced 
for other kinds of algebraic functions. 

Again, if -F = be a syzygy between types of a binary m-ic, then 
every term of VF vanishes when V is a negative symmetric group 
of degree greater than m-f 1. Hence, expanding F by the theorem of 
§ 15, it follows that every syzygy between types must give at least 
one syzygy, when not more than m-fl m-ics are under discussion, 
which does not reduce to a mere identity ; with the exception of 
syzygies which are wholly due to the fact that 

where F' is a negative symmetric group degree greater than m + 1, 

and Q is any product of m-ic types. For, suppose that -F = is a 

syzygy which always reduces to an identity when less than m-f 2 

binary m-ics are under discussion; then, if a, < m-f 2, each of the 

terms 

■'oil «a ...i* ^ 

is identically zero. Further, if Oi>m-f 1, each of the terms 

T F 

is zero, being the sum of terms such as V'Q, mentioned above. Hence 
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F, which is = 2-4a„...,^. T«„...,ah^» is the sam of such terms, and 
F = is a Byzjgj of that nature. As an example of a syzygy of this 
nature we have that between quadratic invariant types 

viz., {bdfh}' lah][cd][ef][gh-] = 0. 

(3) To find the system of concomitants for r binary m-ics. Let F 
be any type, then, if F^^i be any negative symmetric group degree 
r+1, of the letters (1^, Oj^ ..., a«, 

for there ai^e not more than r different qu antics represented by the 
letters, so that amongst r-f 1 letters at least two must refer to some 
one quantic. This is necessary ; it is also sufficient, for 

^' = 2il«i, .... «^ . Ta, a^ F, 

and, if ci,>r„ T.„ .... .^ F = ; 

but, if a J is equal to or less than r, the term is obtainable by 
polarization from a concomitant of not more than r wi-ics. Hence 
in this case we take the ordinary relations for the type F, coupled 
with all possible equations of the form 

r;.iF=o. 

(4) The complete solution of the simultaneous system of equations 

where F^^i is any negative symmetric group of degree r+1, of the 
letters a,, n^, ..., a„, and there is one equation for every combination 
of these lettei's r-|-l at a time, is 

F=:'iQ,O^...GJ-\-E\ i'<r-hl, 

where (?„ (?„ ..., G^ are positive symmetric gix)ups no two of which 
have a common letter, but which between them contain all the 
n letters, and J?' is a function obtained trom the jB's by means of 
substitutions alone. This is evidently a solution, for, provided that 
B' is chosen so that 

Tr^i^ = By 

it satisfies each of the equations. Moreover 

F = 2.rtai, oj, ..., OA • -^a,, a^, . , a^ -'' i 
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and Tai, a,, ..., a^ -^ = -Rij if Oi > ^» where R^ is obtained in a definite 
manner from the given functions R, since Ta^, a,, ..., o/^ = 2P.^, where 
^ contains as a factor a negative symmetric group degree a^. And 
further, if o, ^ r„ m _ 'c pj^ 

■*■ oj, oj, ..., o^ — ^ir±y ^ 

where P = G^O^...G,, 

V being <r-f 1, and the groups (?i, Gj, ..., 0^ having the character 

laid down above. The solution is then the complete one, and we see 

further that, in each term of the sum 2(7i (r, ... G,f,f is such that it 

may be obtained from F by means of the operation of the product N 

of certain definite negative symmetric groups. 

Convei*sely, the complete solution of all possible equations of the 

fonn ^ ^ ^ „ ,. 

G,G,.,.G^F^R, v<r+l, 

where the groups 6ri, G^, ..., G„ are positive symmetric groups, no 
two of which contain a common letter, and which between them con- 
tain all the letters a„ a,, ..., a^, is 

F = ^K,J-\-R\ 

where IV ♦! is a negative symmetric group degree r+1, and R^ a 
function obtained from the R^s by means of substitutions alone ; and, 
further, the / for each term may be obtained from F by means of 
substitutions alone. 

(5) In exactly the same way it may be shown that, if Gr^i is a 
positive symmetric group degree r-fl, the solution of all possible 
equations of the form "" 

Gr,,F = R 

is F = 2r;n...r:/H-iiJ', v<rH-i. 

(6) Suppose that Gr is the alternating group of certain r letters, 
that Gr is the positive symmetric group of the same letters, aud 
that Gr^ is the negative symmetric group. Then, if 

GrF=0, 

it follows that Gr^F=0 and G^r^F=0. 

For, if a and h are any two letters affected by Gr, then 

G';'=[l-^(fih)]Gr 

and Gf=[l-(ah)]Gr. 
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Consider, then, the simultaneous system of equations 

where the r letters affected by 0^. are chosen in any manner from the 
letters aj, a„ ..., a^, there being one equation for each combination 
of these letters r at a time ; then 

and all terms of this expansion vanish in which T possesses either 
positive or negative symmetric gix)ups of degree ^ r. Hence, if 

is not zero, n^<r and li<r\ for a^ is the degree of the greatest 
negative symmetric group, and h that of the greatest positive 
symmetric group contained in T. Now 

and hence n = ai + a,+ ...+a;k :^ ^, ; 

and therefore, in order that both h and a^ may be < r, we must have 

n> (r-1). 
If therefore n> (r — 1)', every term 

^«l, oa, .... ajk -^ 

is zero, and F itself is zero. 



On Oroup'Cliaracteristics. By W. Burnbide. 
Received and communicated November 8th, 1900. 

In a series of memoirs published in the Berliner Sitzungsberichte 
("tJber Gruppencharaktere," 1896, pp. 985-1021 ; " tJber die Prim - 
factoren der Gruppendeterminante," 1896, pp. 1343-1382 ; and 
others) Herr Frobenius has developed a theory of group-character- 
istics which must have a far-reaching importance in connexion with 
groups of finite order. For Abelian groups, an admirable account 
of the theory will be found in the second volume of HeiT Webei's 
Lehrhuch der Algebra. The extension of the theory to non- 
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Abelian groups, is, however, quite a new departure. The present 
paper has been written with the intention of introducing this new 
development in the theory of groups of finite order to English readers. 
It is not original, as the results arnved at are, with one or two slight 
exceptions, due to Herr Frobenius. The modes of proof, however, are, 
in genei^l, quite distinct from those used by Herr Frobenius. It will 
facilitate the reading of the paper to state what a group-characteristic, 
or, rather, a set of group-characteristics, actually is ; though this state- 
ment is not, in fact, taken as the starting-point of the theory. 

A group of finite order g is said to be reprehented as an irreducible 
group of linear substitutions on m variables when g is simply or 
multiply isomorphic with the group of linear substitutions, and when it 
is impossible to choose m ( < wi) linear functions of the variables which 
are transformed among themselves by every operation of the group. 
Any two conjugate operations of the group when brought to canonical 
form have the same multipliers. The sum of these multipliers is 
called the characteristic of the set of conjugate operations, or of any one 
of them, for the mode of representing the group in question ; and the 
characteristics of the different sets of conjugate operations for one and 
the same mode of representation are called a set of chai*acteristics. If 
g is multiply isomorphic with the group of linear substitutions, every 
operation of the self -conjugate sub-group of g which corresponds to 
the identical operation of the group of linear substitutions has m 
(the number of variables) for its characteristic. In particular every 
gi\>up is multiply isomorphic with the group 



constituted by the identical operation only; so that among the 
.sets of characteristics of any group there is always one set in which 
each characteristic is unity. 

1. Let ^i(=l), «„...,«, 

be the operations of a group g of finite order n. Also let r be the 
number of distinct conjugate sets of operations contained in the 
gix)up, and yii(= 1), h^, ..., h^ the number of operations in each set, 

The first set consists of the identical operation only. Represent by 
Ci the totality of the operations of the i-th conjugate set, each opera- 
tion taken once. The product 

CiCj 

L 2 
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cousists of hihj operations of gr, which are not in genei*al all distinct. 

whatever operation *S' may be of </, the Jijij opei'ations of C.C, can be 
divided into a number of conjugate sets. Hence we may wiit^ 

C',C,= 2%.0., (1) 

where each coefficient r^,, is a positive integer or zeix). 
If Rj is any operation of Cjj then 

or i\Fj = UjCi. 

Hence C^.C = Cjd 

and Cij, = Cji,. 

Again, the product CiCjCk is shewn in a similar manner to be 
independent of the sequence of its factoids. But 

fl $,t 

Hence, for each t, the symbol 2 c^j,Cm 

fl 

is- independent of permutations of a, j, and A*. If (\Rj contains y 
operations of the «-th set, so also does C, Z?j, where J?,' is any other 
operation of the^-th set. Hence the number of opei'ations of the 6-th 
set in CiCj is a multiple of hj and also of /«,. This number, however, 
is c^f,h, ; so that c^j,h, is equal to or is a multiple of the L.C.M. of h, 
and hj. The equation j^^j^^ ^ ^ ^.^,^^ 

« 

expresses that the number of operations on either side of equation (1) 
is the same. If R,, It,, ..., U,^ 

are tlie opei-ations of the i-th set, then 

constitute a conjugate set. This is called the inverse set of the 
previous one. These two sets may be identical, in which case the 
i-th set is called a self-inverse set. In any case the index of the iu- 
vei'se set of the i-th. set will be represented by i'; so that the i-th and 
iT-th sets are inveree, while * and i" are the same for a self -in verse set. 
The number of opei-ations in two inverse sets is obviously the same ; 
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With this notation, it follows at once from the definition of c^, that 

and Cy,A, = Ci^fhj, 

A group of even order necessarily has self-inverse conjugate sets, 
in addition to that constituted by the identical operation alone, since 
an operation of order 2 is the same as its inverse. 

2. Let X = ^XtSt, X = SajJ/S„ x" = ^x'/St, 

where Xt, a^, x'/ are variables, and the symbols St are subject only to 
the multiplication table of the gi*oup g. The product xx is another 
definite expression of the same form as a; or x\ If this is x'\ then 

Xt = ^XjXij 

where the summation is extended to all suffixes such that 

St = SjSi. 

Hence, if the suffixes of the x*h combine accoi'ding to the same laws 
as the operations of g, so that 

Vpg = y.i 

when SpSg = S„ 

then x*t' = ^x^.-iXi (^ = 1, 2, ..., n) 

are the conditions that x" should equal x'x. These are the finite 
equations of the continuous group Q, considered in § 2 of my second 
paper " On the Continuous Group defined by any given Group of 
Finite Order" (Proc, Land. Math, Soc.Yol. xxix., ipp, 6^6 et seq.). 
It is there shewn that the sub-group If, constituted of the self- 
conjugate operations of (?, anses by making 

Xp = Xq, 

if Sp and Sg are conjugate operations of g ; and that, if 

^p = f « 

when Sp belongs to the 5-th conjugate set of gr, then the characteristic 
determinant of H is of the form 

where the r expressions 

€i4-a,2€,-h...-fa.ve^ (i = 1, 2, ...,r) 

or, in other words, the r multipliers of H, are linearly independent. 
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The parameter group of H will be the linear homogeneous group in r 
variables which i^esults by making 



*f -.'/ 



it^ — it jj Vp — *^qy *^p "~~ •*^g J 

when Sp and *Si, are conjugate opei^ations of g. With this limitation, 
a*, x\ x' become e, f ', c", whei'e 

e = 2€,C„ €'=2e;C„ e"=2€rC, 

and e" =: e'c = ce', 

if 



if 



W = 2 c;e,c^, (/S = 1, 2, ..., r). 



The linear homogeneous group in r vanables given by these equations 
has therefore the r linearly independent invaiiants 

Ci + Ofle, f ...+rt.^e^ (i= 1, 2, ..., r). 

I introduce now the notation used by Hen* Frobenius, and write* 

M. = x!. «.. = -?' = 

Xi 

so that the invanants of the gi-oup of the c's ai^e 

^KX\^. (1 = 1,2, ...,r). 

The r quantities xli X2» •••' x\ 

are called by HeiT Frobenius a set of group-characteristics (Gruppen- 
charaktere), and there are r such sets corresponding to the r values of 
the upper index. 

The infinitesimal operators of the group of the e*8 are 

^y=So^.€,|. 0'=1,2, ...,r); 
and, if J is any invariant of the group, then 

EjI=KjI, 

where kj is a constant. 

Dropping now for a moment the upper suffix and i-epresenting by 

Xi» Xn •••» X*- 
any set of group-charactei-istics, 2A,x«^'« ^^ ^^ invariant of the gi^oup. 



• The » in xl is not an index, but is usel to avoid a double suffix. 
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But 






and, therefore, comparing the coeflBcients of Cj, 

« 

Now, from its definition, Cu, is zero, unless « =y, and Cy^ is unity. Hence 

fiXi = ^jXr» 

so that hjXj 2 ^,X««« = Xi 2 c^,Kx,^i ; 

• »»• 

and, therefore, equating coefficients of c*, 

is true for all values of j, k, and i. These equations are homogeneous 
in the x% and the coefficients are integers depending on the multi- 
plication table of the group. Moreover, if for a moment we write 






= A., 



the form of the equations is 

X^ Ajk = 2, Cjk, A, , 

which is identical with that of equations (i) of § 1 giving the product 
of the conjugate sets. It is then an immediate consequence of what 
has been pit)ved that, if in equations (i) of § 1 the G's be regarded as 
symbols of quantity, the equations admit exactly r sets of solutions,* 
and that these solutions are linearly independent. Consider now the in- 
finitesimal opecHtion S X/ ^y W® have 

_ 2 £b2:*?vV«.A 



].*.• h. 



Xf'k 



= %h^,^ 



k,» 



de. 



ae. 



Xi * • Oe, 

This operator, therefore, either annihilates a linear function of the 
€*s, or changes it into a multiple of 2 A^xl^** 



* In fact, if there were more than r solutiona, H would have more than r 
invariants. 
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Hence, if j is different from t, 



or 2/t.v^.Y!. = U (i^j). (ii) 

Since the r invariants are linearly independent, the determinant 

Xr I 



Xi» X'i' 



Xp Xi» •••» Xr 



Xi» X-i' •••» Xr 

of the X 8 is not zero. Hence, from the equations (ii), it follows that 
the r quantities ;,^^^ (, = 1, 2, ..., r) 

are proportional to the minors of the r terms 

X: (« = 1,2, ...,r) 
in the z-th line of the determinant. If the I'atio is y„ so that 

where X^ is the minor of \\ in X, the determinant of the x's, then 

x = yiXlx!+VsXiXj+-+r.xIx^ 
= yixlxl+-v,x'x^+--- + rrXiXa' 



= >',xlXr+y,XiX'+-+nxX- 

Another similar set of equations is obtained by considering the char- 
actei-istic determinant of O. In the undeveloped form (loc. off., p. 556) 
each term in the leading diagonal is X+^i ; so that when expanded in 
descending powers of X it has the form 

X**+n€i\""^-h terms in X**"', &c. 
On the other hand, the characteristic determinant is 

l\Y» / •, I 



Hence 



»=x;x;+x;x;+-+xX' 
o=x;x;+x;x:+-+x:x;. 



o=x;xj+xix;+...+x;x:- 
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Comparing these equations with the preceding set, it follows that 

X 



and that the minor of x| in X is 



^Xx'. 



The determinant whose elements are the firet minora of X is X**"*; 
and therefore r 

X'=(-l)*^, 

UK 

1 

where k is the number of pairs of inverse sets. 

Since - Xx). is the minor of x[ in the determinant of the x's* ^^^ 

following systems of relations hold among the group -characteristics, 
viz.. 



1-1 fiji 



Sxixl =0 (l^¥). 



(iii) 
(iv) 

(v) 
(yi) 



These relations are capable of being presented in a slightly different 
form. Among the invariants of the group of the c*s the function 
2^,xi'*« must occur. In fact, 

" X, 

^1 

Hence there must be a set of characteristics 
xj» xi» •••» X,v*^ Xt^ 
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which are proportional, term for term, to 

Xi» Xr' ""> X^* ""> Xyy 
and, since » = 2\>c(x]( = S^xlxi' 

the two sets must be equal term for term. If 

x! = xi. 

for each «, the two sets are the same. Such a set is called a self- 
ifiverse set. If, however, the relation 

does not hold for all suffixes s, the two sets of characteristics are 
distinct. They are called inverse sets, and will always be represented 
by upper suffixes i and T; so that 



and 



x'. = x'^ 



x:.=x:' 



With this notation, equations (iii) — (vi) may be written in the 
alternative forms : — 



Jk-1 
ft-r 



5\)(;xi=o o-:jfco, 



kml 



^.^^ -AT' 



i-r 

• -1 



2xlx!' =0 (J^fc). 



(iv)' 
(vi)' 



3. Returning now to the continuous group G, it is shown (loc. clt., 
p. 560) that its characteristic determinant!) is expressible in the form 

i-r . 



where P.- is an irreducible homogeneous function of A.-f t/i, y^, ..., y,, 
of degree x* ; sJ^d that to each irreducible factor P, of D there corre- 
sponds an irreducible component of G in xj variables of which P| is 
the characteristic determinant. Moreover, the n opei*ations of this 
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irreducible component of G, given by 

yi = yi = ••• = y-\ = y-i = ••• = y« = o» y$—'^ 

(«=1,2, ...,n), 

constitute an irreducible group y of finite order in the x variables, 
with which g is simply or multiply isomorphic. The leading term 

in Pi written in descending powers of X-hyi is (A.-|-y,)'^i, and we may 
write 

The characteristic equation of the operation of y which corresponds to 

Vi = ... = y-i = y,+i = ... = y« = 0, y, = 1 

is therefore = \^i-+-6,\^i" + ..., 

and hence h, is the sum of the multipliers of this operation. Now 
two conjugate operations have necessarily the same multipliers. 
Hence, if S^ and 8^ are conjugate operations of g, then 

6^ = 6,. 

If, now, in P„ y^ is replaced by c, when Sp belongs to the ^-th con- 
jugate set in g^ then (loc, eit., p. 501) P, becomes 

(x+i,;2/,x:e.)< 

On the other hand, Pj may then be written 

tmt 

where ht is the common value of the 6's which occur in connexion 
with these y's that correspond to operations of the ^th conjugate set. 
Comparing these two expressions for Pj, it follows that xj is the sum 
of the multipliei*8 of any one of the «-th set of conjugate operations of 
g, when represented as an irreducible group in xj variables of the form 
under consideration. Hence, if m is the order of 'the operations of the 
8-th. set, then xj is the sum of xj w-th roots of unity. 

Moreover, the r sets of characteristics give the sums of the multi- 
pliers of the operations of g for the r distinct irreducible groups 
that correspond to the r distinct irreducible factors of D ; and (loc. 
cit., p. 565), conversely, the sums of the multipliers of any irreducible 
representation of g are given by one of the sets of characteristics. 
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To the factor ^ + yi + y^ + • • • + 2/^ 

of D there corresponds the set of characteristics each of which is 
unity. This will be taken as 

Xu X'-'» ••*' X*** 

If w, to\ w", ... are the multipliers of S in any representation of the 
group, then w~\ w'~\ w""\ ... are the multipliers of S'\ Hence x' 
and xi* are either real and equal, or they are conjugate imaginaries. 
Each of the members of a self-invei-se set of characteristics is there- 
fore real, while corresponding members of two inverse sets are either 
real and equal or are conjugate imaginaries. 

Every group-chai^acteristic, being a sum of roots of unity, is an 
algebraic integei*, wliile the Xi^ ^^® ^'^^1 positive integei*s. Now 
equation (i) of § 2 becomes in a particular ca,se 

^Jxixi. = x;2c^./.x; 
= x;sc^,4\x: 

<>r ^ix;xi' = x;Sc^,,x;; 

and, summing each side with respect to k, 



n = Y 2 c 



X,^^c^kkK' 



Hence . is an algebmic integer, and, being a rational number, it 

Xi 
must be a real integer. If, then, a group of order v can be represented 
as an irreducible group of linear substitutions in 7n variables, in must 
be a factor of n. 

From equation (i) of § 2 an equation may be derived whose ix)ots 
are the r values of (x*)*- Thus 

^\xX = xl2c^,A,x; 

gives ^x;-\xU«' = K ^ ^i^-^xix^^, 

= (x;)'s^..f^^x;, 
^(x;)\s^«.^-,x;- 

Therefore, summing with respect to q, 

/vx> = (x;)*.5f^.c.,,x:. 
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There are r distinct equations of this form, corresponding to the 
r values of p, whatever i may be. Hence, on eliminating the ratios 
of x|» X*- •••» Xr' ^^ equation of the r-th degree for (x*)' results. 

4. The characteristics of a gi-oup may often be classified in sets 
more extensive than those given by pairing inverse sets. Each of the 
r characteristics of a set being a sum of roots of unity, thei'e must 
exist, unless the characteristics are all rational, and therefore in- 
tegral, some algebraic integer a satisfying an irreducible equation with 
rational coefficients, in terms of which each of the characteristics of a 
set can be rationally expressed. If P is the irreducible factor of the 
determinant D, which corresponds to the set of chai^acteristics, some at 
least of the coefficients in P ai'e rational functions of a. Xow the 
coefficients in D are I'ational integers. Hence, if P becomes P' when 
a is replaced by any other ix)ot a of the irreducible equation which it 
satisfies, F' must be a factor of D. This is equivalent to the statement 
that, if 

Xu Xit •••» Xr 

become Xi'» X2> •••» Xn 

when a is replaced by a', then this latter set of quantities is a set of 
group-characteristics. The number of sets of chaiticteristics in such a 
system is clearly equal to, or is a factor of, the degree of the equation 
satisfied by a.* 

The considerations thus applied to a set of characteristics may also 
be used in connexion with the coefficients of the individual sub- 
stitutions of any group of linear substitutions of finite order. In the 
most general case these can be expressed as rational functions of some 
algebraic integer a, satisfying an irreducible equation with rational 
coefficients, and of a finite number of arbitrary constants.f If -4, 5, C 
are any three substitutions of the group, such that 

and, if A\ B\ and C" are the three substitutions that arise on replacing 



* In fact, a is a cyclotomic function, and therefore the order of the g^roup of the 
equation it KatiHfiea is equal to its degree. 

t That puch constants may occur will be evident from a simple instance. Thus 
the group generated by 

x' « ux, if = «V» ^ = «^^» and 3f « ay^ y' = jSs, a* -= - x, 

where «^ = I is a group^of order 21. 
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a by a', any other ixjot of the equation for a, then, becanse the equa- 
tion is irreducible, 

A'B' = 0'. 

Hence, the original g^'oup and the new group that arises on replacing 
a by a' in all the coefiBcients ai*e*simply isomorphic in such a way that 
A and A' are corresponding operations. 

Suppose, in particular, that the gi-oup is an irreducible group ex- 
pressed in such a form that one of its substitutions of S of order m is 
in canonical form. If ui is a primitive m-th i^oot of unity, the co- 
efficients in S are powers of w. Hence, if w is replaced by any other 
primitive in-th. root w' in all the substitutions, the gix)up is re- 
presented as simply isomorphic with itself. If in the original form 



are the multipliers of S, then, in the new form 

are its multipliei*s. Unless the 7?i-th i-oots contained in these two series 
are the same, the second form of the group cannot be the result of 
transforming the first form ; so that the cliaiuctenstic 

belongs to a distinct set of chaitictenstics fn)m 

X = (.i''4-«*-f ... 

though in pai'ticular cases x and x' niay be equal to each other. For 
instance, if S is a substitution of order 9, and if, ut being a primitive 
ninth root of unity, the group has a set of characteristics for which 
Xi i» 3 and the characteristic of iS is 

X ^ w + ui*-f a;' = 0, 

then the group must have a second set of characteristics in which 
xJ is 3 and the charactenstic of i> is 

X' = w'-fw^ + w' = 0. 

If S is an operation of order m, and if S and S'" are conjugate 
opeititions, then in every i*epresentation of the group the character- 
istics of iS and jS" are the same. Hence, if «u is a primitive ?>i-th root 
of unity, and x is any characteristic of >S, x must be unaltered when 
w" is written for w in each of the i-oots of unity whose sum is x- 

Conversely, if each of the characteristics of an opei*ation S is un- 
altered when in it w^ is written for w, m being the oi*der of S and to 
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being a primitive m-th root of unity, then 8 and S* must be conjugate 
operations. For suppose, if possible, that they were not so ; then in 
each set of characteristics those of S and S'* are the same, and 
therefore those of iS and S~'* are either equal or they are conjugate 
imaginaries. Moreover, since 8 and S" do not belong to the same 
conjugate set, no more do S~^ and 8'"; so that 8 and 8'" do not belong 
to inverse sets. If they belong to the k-ih and Z-th sets, then, since 

But, since x* a,nd x) ^t^ conjugate imaginaries, this is impossible. 
The supposition that 8 and 8'* are not conjugate leads therefore to a 
contradiction. In particular, for a group of odd order, all the 
chai-acteristics ^i ^2 r 

of the same conjugate set of operations cannot be real. For, if they 
were, S and 8'^ would be conjugate operations, 8 being any opera- 
tion of. the set. 

5. I consider now the relations between the characteristics of a 
group g and those of a group g', with which g is multiply isomorphic. 
If g is simple, every in*educible representation of g, except that given 
by the first set of characteristics, is simply isomorphic with g. If g 
has a self -con jugate sub-gi'oup h, and if the factor-group g/h is simply 
isomorphic with g'y I have shewn (Inc. cit., pp. 563, 564) how to con- 
struct, coiTesponding to any iri^educible factor P' of the determinant 
of g\ an irreducible factor F of the same degree of the determinant 
of g. If T'i is any operation of g\ and 

the corresponding operations of ^, the process consists in replacing 
in P' the y that corresponds to T,' by the sum of the y's which cor- 
respond to T„ Ti8i, ..., Ti8^. In the set of characteristics of g which 
correspond to this iiTcducible factor P each operation of h has the 
same characteristic as the identical operation ; and any two opera- 
tions 8 and /S' of g which are such that 88''^ belongs to h have the 
same characteristic. 

If </' is Abelian, the irreducible factors of its determinant are all 
linear, and so also are the corresponding iixeducible factors of the 
determinant of g. Conversely, if the determinant of g has a linear 
factor other than the first, g is multiply isomorphic with a cyclical 
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group. Hence the necessary and sufficient condition that r/ shall 
have a set of characteristics other than thefiret, for which x' is unity, 
is that q has a self -con jugate sub-group /z, for which g'h is 
Abelian, or, in otlier words, that q shall not be a perfect group. 
Moi'eover, the number of such sets, including the firat, is the ratio of 
the order of ^ to the oi*der of its derived group ; for this is the order 
of the greatest Abelian gix)up with which g is multiply isormorphic. 

6. Let oc', = 2«.t«{r^, 

(^^ = 1,2, ...,x;), 

(m=l,2, ...,n), 
be an irreducible repi-esentation of the group g with characteristics 

Xi» Xj» •••> Xr > 
and 2/; = 2/3^,,,?/,, 

(^,^ = 1,2, ...,x,), 

(m = 1, 2, ..., ?0i 

another in^educible representation of the group with characteristics 

Xi» Xj' •••> Xr* 

Then the xlxf products ar,t/, are transformed linearly amcmg them- 
selves by every opei*ation of the gi-oup. In the representation of g 
thus an-ived at, the sum of the multipliei's of any operation of the 
A;-th conjugate set is x*Xa- ^^^^ is seen at once by supposing the 
group of the x& and the group of the y's so transformed that 
the opei*ation in question appears in canonical form. Let the xjXi 
(=m) products be represented by ^j, 2fj, ..., x?^; so that the s's are 
transformed by a group 

(8,^ = 1,2, ...,/i), 

(m = 1, 2, ..., w). 

The determinant A = | Sy,r«t*„, | 

m 

of this group must (Joe, dt., p. 564) be the product of irreducible 
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factors of the original group determinant oi g; so that we may write 

«-l * 
w^here each index cJ^, is either zero or a positive integer. Hence, 
equating coefficients of «7 ^h on either side of this equation, 



X*X*= ^.^oA*' 



(i) 



(fc = l,2, ...,r). 

This system of equations among the group -characteristics is 
analogous to that given by equation (i) of § 2, where, however, 
the sign of summation applies to the lower index. If either side of 
equation (i) is multiplied by ^^X** ^^^ *^*^ s*^^ taken for all con- 
jugate sets, it follows that, since 

2^.xixl = o o^to. 



and 



^^v.=f^*xixix:: 



Hence d^f, = dji, = di^y = d.^ 

It is clear, from the definition of dy, , that 

dm = 1, 

and ^iv=0 (j^i)y 

the first set of characteristics being that in which each characteristic 
is unity. Hence j _ i 

and ^01 = (j^O- 

If the group has a set of characteristics, say the A;-th, other than the 
first, for which ;(* is unity, then of the integers dt^s (« = 1, 2, ..., r) 
one must be unity and the rest zero In fact, 

^ik.X'i < xi 

so that d.jt, is zero, unless xj = xj • Hence, if 

Xp X2» •••» Xr 
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is any set of characteristics, and 

Xl» X2» •••» Xr 

a set for which x{ is unity, then 

is a set of characteristics. 

Returning to the iiTeducible representation of the group in the 
form / ^^ ^ 

*^® hx* (x*, + 1) homogeneous products of the second degree of the it's 
are transformed linearly among themselves by every operation of the 
group ; and, for this representation, the sum of the multipliers of 
any operation is equal to the sum of the homogeneous products two 
together of the multipliers in the above ii'i*educible fonn. Hence, by 
similar reasoning to that employed above, there must be positive 
integers e,„ such that 

'Ai = 2e..xi; (/.S t = 1, 2, ..., r), (ii) 

a 

where \^j is the sum of the homogeneous pi*oducts two together of 
the multipliei'S whose sum is x'^- lu this way it may be shown that, 
if any symmetric function be formed of x' symbols, a system of 
equations of the form (ii), in which the e's are positive integers, 
must hold when ij/'^ is the symmetric function formed from the multi- 
pliers whose sum is x[- lu particular, the pmducts of the multipliers 
for each set of conjugate operations in any representation of the 
group constitutes a set of characteristics for which Xi is unity. 



On some Properties of Groups of Odd Order. By W. Burnside, 
Received and communicated November 8th, 1900. 

This paper consists mainly of applications of the theory of group- 
characteristics given in the preceding paper to groups of odd order. 
It is shewn in the first section that a gi*oup of odd order has no self- 
inverse set of characteristics. From this it follows at once that such 
€k group when represented as an irreducible group of linear sub- 
stitutions must contain substitutions whose coefficients are not all 
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real. In other words, a group of linear substitutions of odd order 
the coefficients in which are all real is necessarily reducible. Another 
consequence is that the order of such a group and the number of sets 
of conjugate opei'ations which it contains are congruent to each other 
(mod. 16). 

The chief result of the second section is that a group of prime 
degree which is not doubly transitive must be metacyclical. It 
follows that there are no simple groups of odd composite order and 
prime degree. 

In the third section I have extended from degrees not exceeding 50 
to degrees not exceeding 100 the I'esult obtained by Dr. Miller,* viz., 
that corresponding to such degrees there are no simple groups of 
odd composite order. The method used is such that in only four cases, 
namely, for degrees 57, 81, 91, and 99, is any detailed discussion 
necessary ; and I have no doubt that by it the lower limit for the 
degree of possible simple groups of odd composite order might, with- 
out much labour, be carried considerably beyond 100. 

The results obtained in this paper, partial as they necessarily are, 
appear to me to indicate that an answer to the interesting question as 
to the existence or non-existence of simple groups of odd composite 
order may be an'ived at by a f uHher study of the theory of group- 
characteristics. 

I. 

1. A doubly transitive permutation group has obviously only two 
quadratic invariants, viz., the sum of the squares of its symbols and 
the sum of their products two together. 

Let he a, simply transitive group in the symbols 

a?i, a'j, ..., a?«, 

and let 0, be the sub-group of O which leaves x, unchanged. G, will 
interchange the I'emaining n — 1 symbols in m(^2) transitive sets. 
For each suffix 8 these sets will be denoted by 

•''•in, 1 > •*'«M«, • • • > •^••n, *,H ♦ 

where one or more of the A;'s may be unity. 
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Suppose that S and S" are any two substitutions each of whicli 
changes a*, into .r„ so that 

S-'G,S=S'-'G,S'=Cr.. 

The set of symbols .^n. i, '^11.21 •? •'''ii. *, 

which are interchanged transitively by G^ must be changed by S into 
a set, equal in number, which are interchanged transitively by 6^^. 
Hence it may be assumed that 

Suppose, if possible, that 

>S''(a:n,i, a;,i,2, ••., ^11,*,) = (yn 2/j» •••» 2/*,)' 

whei'e the y*s constitute some other set which are interchanged 
transitively by G,, Then S'^S' changes the set 



into the set 



2/p Vv 






But S'^S\ leaving x, unchanged, belongs to G^; and the former set 
are interchanged transitively among themselves by G,. Hence 

^'(^i,in i*ii,2) ...» ^11,0 = (i<'.i,i» ^41,2* -.-I ^',\,k,)' 

It follows that a coiTCspondence may be established among the 
transitive sets in which the different sub-groups G, interchange the 
symbols such that for all values of the suflfixes s and t every 
operation of G which changes x, into Xt also changes the set 



•*'«p,l» •*'«p,2> "M ^tpykp 



into the set 



■* ^p, 1 > ''•tp, 2 » 



«*/'.*p 



(2>=1, 2, ...,m). 
Consider now the quadratic function 

/= 2 Jr.(af.,,i+ir.,.2-f ...-fa-.,,*,). 

It is clearly invariant for every opemtion of G ; and, apart from a 
possible numerical factor, it is the smallest quadratic invariant of G 
which contains x^x,^^ 1. No one of the n brackets contains a repeated 
symbol, and every one of the n symbols must enter in the brackets 
the same niunber of times, viz., k^. Hence, gathering together thosfr 
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products which have the same second symbol, 

and every operation of G, must interchange among themselves the 
symbols in the bra<;ket multiplying x,. These symbols must, there- 
fore, constitute one or more complete transitive sets for G, ; and, since, 
from the first form of /, there are substitutions in G which change 
any one product a^,ir,i,i of/ into any other, the y's must constitute a 
single transitive set of G,. Suppose, first, that 

Then every product of two symbols must occur twice in /, and there- 
fore nk^ must be even. If (7 is a group of odd order, this is im- 
possible, and tl\2 two sets must be distinct. Hence, for a group of 
odd order the fe's are equal in pairs and m is even. Further, m is 
clearly congruent to or 2 (mod. 4), according as n is congruent to 1 
or 3 (mod. 4) ; and the number of independent quadratic invariants is 

1 4- -r-. For a group of even order 

{y.u y,2, .-., y.k) = (a-,!.!, a*,,,.,, ..., a;,,,0» 

if the group contains a substitution of order 2 which transposes x, and 
a;,!,,. In this case no statement can be made as i^egards the parity of 
m, and the number of independent quadratic invariants is gi'eater than 

2. The result thus obtained for gi'oups of odd order will now be 
applied to a paHicular case. Let g he a, group of odd order w, repre- 
sented as a regular pennutation group in /* symbols ; and let g' be the 
simply isomorphic permutation group* in the n symbols, each of 
whose substitutions is permutable with every substitution of g. The 
group {gf, gr'}, whose order is n^/n\ where n' is the number of self- 
conjugate operations of g, is such that its sub-groups which leave one 
symbol unchanged interchange the i-emaining n — 1 in r — 1 sets (Joe. 
cit.), where r is the number of conjugate sets in g. Since n is odd, 
r is odd, and the number of independent quadi*atic invariants of 
{l7,^'}i8i(r-M).^ 

The group {</, /}, being a permutation gix)up, is reducible, and it is 



• Theory of Oroups, p. 146. 



166 Prof. W. Burnside on [Nov. 8, 

shown in my paper " On the Continuous Group defined hj any given 
Gi-oup of Finite Order" (Proc. Land. Math. Soc, Vol. xxix., pp. 558, 
559) that the r sets of lineai' functions of the original variables, 
there denoted by 

f.i, ii2, ..-, f.-», (* = h 2, ...,r), 

are each transfonned among themselves by the opei'ations of {//, g'}. 
The total number of these linear functions is ;/ ; they are shown 
(Joe. cit.) to be linearly independent. Since the original form of 
{gr, g'} is real, it follows that, if 

Vil> Ci"i» •••» Vi*w,- 

ai-e ti'ansformed among themselves, so also are 

where f and f are conjugate imaginaries. 

Moreover, these 2wi, functions either must be linearly independent 
or each of one set must be linearly expressible in t^rms of the other 
set. In fact, if m' ( < ?«,) linear functions of the second set were 
expi^essible in temis of the fii'st set, these m functions would be 
ti'ansformed among themselves by all the operations of {g, gr'}, and 
therefore also by all operations of the continuous gi*onp {6r, G'\ ; and 
this is shown (loc. cit,, p. 558) not to be the case. 

Now, for every group of linear substitutions of finite order in 
m variables, at least one Hermit ian form, 

exists which is invariant for the group.* Let such a Hennitian 
form be constinicted for each of the r sets of variables in which {g, g'} 
has been expressed. If 

$ili frt? •••» fiwi, 

and frt, ii2, ..., f,«. 

are linearly independent, the Hennitian forms for these two sets are 
identical, and the two sets so give rise to a single real quadratic 
invariant for {g, g'}. If, on the other hand, 

%il» %i2» •••» iimf 

are expressible in terms of 

• This theorem was g-iven indepeDdently by Prof. A. Loewy {Comptes Reiidus, 
Vol. cxxm., pp. 168-171). and by Prof .* E. H. Moore [Math. Ann., Vol. l., 
pp. 213-219). 
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then this single set gives rise to a real quadratic invariant for {g, g'}. 
Since, in any case, 

iily (i2 9 •••} (imii Cib •••? Vim^ 

are linearly independent of the variables 

belonging to any other distinct set, the quadratic invariant of {g, g'} 
which arises from this latter set is essentially distinct from that whicH 
arises from d t t. 

Now, when i is unity w^ is unity, and the corresponding ^^ is real, 
viz., the sum of the original variables. This set by itself gives rise 
to one quadratic invariant, and therefore, unless the remaining r— 1 
sets occur in pairs, such as 

Vtl > V£2 > • • • » Cii»»i 
^^^ Cil» Cia» •••> iim^i 

so that each pair gives rise to a single real quadratic invariant, the 
number of independent quadratic invariants would exceed ^(r-+-l). 
But^(r + 1) has been shown to be the number of such invariants. 
Hence for each value of i except unity 

Vil» Vi2» •••! Cimp 
sTil » %ri2» •••> vTiJH,' 

are linearly independent ; and therefore, with the same limitation, 
-VsAv*e and -i^SAv'e, 

1 * Al 

the multipliers of these two sets of functions in fl", are distinct. 

In other words, a group of odd order has no self-inverse set of 
group-characteristics except the first ; and therefore in each such 
set some at least of the characteristics must be imaginary. 

This involves that when a group of odd order is represented as an 
irreducible group of linear substitutions some of the coefficients must 
be imaginaiy ; or, that a group of odd order cannot be expressed in a 
form which is at once real and irreducible. 

3. This result appears to me of such importance for the theory of 
groups of odd order that I give a second independent proof of it. 
Suppose, if possible, that every characteristic of a set, other than the 
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first, is real ; and let the characteristic of an operation S of order m be 

where w is a primitive m-throot of unity, and Oq, a„ a,, ... are positive 
integers or zeroes. Then Xi is also the characteristic of >S'"\ which belongs 
to the inverse set to that containing S. Moi'eover, if S' (,v pHnie 
relatively to m) does not belong to the same set as either iS or S'^, no 
more does S'' ; and, if the set containing S' has Xi f<^r i^^ 
characteristic, so also has the set containing iS"'. Hence, of the 
conjugate sets containing powers of S whose indices are relatively 
prime to m, an even number 2/i must have Xi for characteHstic. 
Suppose, now, that when w is replaced by each primitive m-ih root in 
turn Xi takes the s distinct values 

Xi> Xj> •••»X<' 
Then for each of these as characteristic there are 2/a conjugate sets 
ix)ntaining powers of S whose indices are relatively prime to m ; and 
the conjugate sets which contain such powers of N are thus exhausted. 
Moreover, the number of operations in each such set is the same. 
Hence IS hx for these sets is an even multiple of 

Xi+X:j+---+X.. 

and this latter quantity is a rational positive or negative integer (or 
zero). Hence, for this system of conjugate sets 2 h^ is even. Xow all 
the sets e.xcept the first maybe ari*anged in such systems, and therefore 
2//X for all conjugate sets except the fii-st is even. Since the group is 
of odd order, the charaxjteristic of the identical operation is necessarily 
odd ; and the equation 

*2 h,xk = 0* 

would involve that the sum of an even and an odd number is zero. 
This contradiction shows therefore that the supposition that all the 
characteristics of the set were real was incorrect ; and hence that 
a gi*oup of odd order can have no self-inverse set of characteristics 
except the first. 

From this result a relation between u, the order of the group, and 
r, the number of sets of conjugate operations, maybe at once deduced. 



* ThiR relation is the particular casu of the relation 
«riuch results from taking J = I. 
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In fact, for two inverse sets 

;^| = ;^|' = 2^-+l, an odd number. 
Hence (xi)'+ (xD' = 2 (2/^+1)' = 2, mod. 16 ; 

and therefore, since ;(J = 1, 

n = 2 (xi)' = r, mod. 16. 

Similarly, it may be shown that, if every factor of n is of the fonn 
2A;m+l, where m is an assigned odd integer, then 

n ^ r, mod. l(ym* 
4. The relation SxixJ = 0, l^ K 

i 

becomes for a group of odd order, by taking A; for Z, 

s(xi)' = o. 

and, combining this with ^xix*' = T"' 

-2(xi-x:.)' = 5(xl+xt)'=|- 

As an application of these formulae, I consider a group whose 
order is divisible by 3, and I suppose the order of the operations of 
the k'th set to be 3. Then 

where <o is a primitive cube root of unity and o^, aj, a* are positive 
integers or zeroes, 

2n 
and therefore 35 (a\ — a^y = -- = 2mt, 



• For the Bmaller values of r the determination of all groups of odd order with 
a given number of conjugate sets presents no difficulty. Thus for values of r less 
than 16 the only groups of odd order which have no self- con jugfate operations are 
the following :— For r = 6, m = 7 . 3 ; r = 7, >< = 11 . 6, 13 . 3 ; r = 9, « = 19 . 3 ; 
r = 11, n = 52.3, 31 ./i, 29.7, 19 . 9 ; r = 13. « = 31 . 3, 41 . 5, 43.7, 37.9, 
23 . 1 1 , 3^ . 13 ; r = 15, fi = 37 . 3, 3^ 13. These groups are all raetacyclical with 
the exception of those of orders 6* .3, 3' . 13, and 3^* . 13. This list is in marked 
contrast to the corresponding one for groups of even order. Agfain, omitting 
groups with self- conjugate operations, the latter is : — for >*=a3, w = 3.2; »*=4, 
n = 5.2, 22.3; r- 5, w= 7. 2, 6.22, 2^3, 2».3.6: r « 6, >i = 3=. 2, two 
types, 32 . 2^, 2^ . 3 . 7. In this list two simple groups appear, though the number 
of conjugate sets does not exceed 6. 



170 Prof. W. Burnside on [Nov. 8, 

where ?»* is the order of the gi'eatest sub-group which contains one 
of the opei-ations of the A-th set self-conjugately. Hence, unless ^/i* 
is a multiple of 27, there must be at least one pair of inrei'se sets of 
eh ai'acteri sties for which a\ — a^ is not a multiple of 3. The product 
of the multipliers for such a set would be w''i~"a, that is w or «* ; and 
the gi'oup therefore would have a self-conjugate sub-group of index 3, 
formed by those operations for which the product of the multipliers 
is unity. In particular a gi'oup of order 3f?i or 3*7»i, where m is odd 
and prime relatively to 3, has a self-conjugate sub-group of order m. 
Suppose now that 5 is a factor of the oixier, and that the A:-th set is 
of order 5. Then 

whei*e e is a primitive fifth root of unity and 

X»-Xi. = (a|-a;)(c-€*) + («-«;)(«»-«•). 
If this is not zero, there must be a second set for which 

x^-xi. = («;-«;)(€^-^)+«-4)(^ -0. 

aiid (x:-xir+(xi-xi^)' = -5 ((a;-a;)»-h(a;-a')n. 

Hence 52 { (a|-a;)^+ (^J-^i)'} = 2m*, 

where the summation is extended to all paira of sets such as the i-th 
and y-th. If wi* is not divisible by 5', there must be at least one 
set for which 

(a;-a;)«+(ai-a;)'i^O, mod. 5 ; 

and therefore ai — aj + 2 (a^— a^) ^ 0, mod. 5. 

For such a set the product of the multipliers of an opei'ation of the 
k'i\i set is a primitive fifth root of unity. Moreover, if 5 is an un- 
repeated factor of the order, m* cannot be divisible by 25. Hence, a 
group of order %>in, whei'e vi is odd and piime relatively to 5, has a 
self -con jugate sub-group of order vi. 

II. 

5. In his memoir " Cher die Darstellung der endlichen Gruppen 
durch lineare Substitutionen " (Berliner Sitzimgsberichte, 1897, 
pp. 994-1015) Herr Fi'obenius has proved the theorem that, if two 
groups of linear substitutions in the same number of variables are 
simply isomorphic, and if the sums of the multipliei*s of correspond- 
ing operations in the two groups ai-e the same, then the one group is 
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the result of ti^ansforming the other by some substitution of non- 
vanishing determinant. This theorem is clearly of fundamental im- 
portance in dealing with groups of finite order. In any representation of 
a group as a group of linear substitutions the sum of the multipliers for 
every operation of the A;-th conjugate set is of the form Sa^x*' where 
Gi is a positive integer (or zero) which is the same for all the sets, 
and Sa-Xi ^^ the number of variables (Proc. Land. Math. Sac, Vol. xxix., 
pp. 564, 565). Hence, by taking a, sets of xt variables for each suflfix i, 
and forming in each set the irreducible group which has the character- 
istics Xp Xa* -^Xr' ^ Ri^^P of linear substitutions is set up simply 
isomorphic with the given group, and having the same total number 
of variaoles and the same sum of the multipliers for each operation 
that the given group has. The theorem therefore shows the possibility 
of transforming any group of linear substitutions of finite order in 
such a way as to represent it as the result of an isomorphism 
established among a number of irreducible groups in independent sets 
of variables. These irreducible groups will here be spoken of as the 
irreducible components of the given gi'oup of linear substitutions. 
Apai't from transformations of the irreducible components themselves, 
this reduction will be a unique process if no one of the irreducible 
components is repeated, but not otherwise. 

A permutation group is never in*educible. In fact, the sum of the 
variables is unaltered by every operation of the group. If 

a?!, afj, ..., aj„ 
are the variables of a permutation group ^, and if 

M» Vjj •••» Vim 

are a set of linear functions of the aj's which are transfonned among 
themselves by an irreducible component of g of which 

Xl» Xs* "") Xr 

are the characteristics, then 

%!> Cj» •••> %!#» 

must be linearly ti'ansformed among themselves by an irreducible 
component whose chai'actenstics are 

Xi» Xj> •••> X»* 

For a group of even order this may be the same component as the 
previous one, but for a gi'oup of odd order it is necessarily distinct. 
For a transitive group of odd order the number of irreducible com- 



172 Prof. W. Burnside on [Nov. 8, 

ponents is therefore odd and congruent (mod. 4) to the degi^ee of the 
group. Moi'eover, since the coefficients of a permutation group are all 
rational, it follows that, if it has an irreducible component for which 
the characteristics are 

Xn Xj» •••' X" 
it must have irreducible components whose charactenstics, 

Xi> X^t ""> Xn 
are derived from the pi^evious set by replacing any irrationality that 
occui's in them by one of its conjugate values. 

6. Let gf be a transitive permutation gix)up in the n symbols 
^i» ^«i •••' ^»i* 
When the reduction of g is completely effected, let 

fel» V12> • • • > M«»a ♦ 

Vftb ikii •••) vnniit 

be the sets of symbols which are transformed, each among themselves, 
by irreducible components of ^ ; so that the ^'s form a set of n inde- 
pendent linear functions of the ^s. Every operation of the continuous 
Abe Han group Jf, ^' z=:. a ^ 

(* = 1, 2, ..., m,), 

(^=1, 2, ..., k), 

is permu table with every operation of g. This continuous group 7/ 
is not, however, necessarily the most extensive group every one of 
whose opemtions is permutable with every operation of g. In fact, 
if two (or more) sets of the f 's, such as 

fib fii» •••1 iiuii 

and £i, ^, ..., ijmj> 

contain the same number of symbols (so that nii = ???^), and if these 
two sets undergo identical transformations corresponding to the same 
substitution of g^ then 

f« = fw {sz^i.j), 

6; = yf.+a6. 



I (i = 1, 2, ... m.) 
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is a linear substitution not contained in fl", and permutable with every 
operation of g. No such linear substitution, however, is permutable 
with every operation of H; and therefore, if such substitutions 
exist, the most general continuous group O each of whose operations 
is permutable with every operation of g is not Abelian. 

Conversely, if the most general continuous group G whose 
operations are peinnutable with every operation of g is Abelian, it 
must be the group H ; and each set of functions which occur in con- 
nexion with the same multiplier in H are transformed among them- 
selves by an irreducible component of g. 

The form of G, in terms of the a;'s, may be obtained as follows. Let 

Xr = x^ (r = 1, 2, ..., w) 
be any operation of g. The linear substitution 

x/,= l ii„x, (r = 1, 2, ..., n) 
••1 

will be permutable with this operation if 

and Xr= ^ a^^x, j 

• -1 

are the same substitution ; that is, if 

a„ = a,v (r, «= 1, 2, ..., n), 

av and Xg^ being the symbols in which x^ and x, are changed by the^ 
operation of g considered. Hence the necessary and sufficient con- 
dition that *-M 

X, = S a^,x, (r = 1, 2, ..., n) 
*-i 

should be permutable with every operation of gr is that the coefficients 
itr, should be equal in sets ; any two a^, and a^, being equal if g con- 
tains a substitution which changes x^ and x, into Xp and Xg re- 
spectively. 

Since g is transitive, o^, = a^j = ... = a„„, 

and no one of these symbols is equal to a„, if r and s are different. 
If a is doubly transitive, 

where r, 8 andjp, q are any two pairs of distinct symbols ; and the, 
general operation of G takes the form 

n 

a;^= (a— 6)ar^ + 6 2ir, (r = 1, 2, ..., w). 
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If g is not doubly transitive, the general operation of G, with the 
notation of p. 168, will be 

tmm 

(« = 1, '_>, .... «)• 

The oi-der of G is, therefore, 7/1 + 1, where 7>i is the number of 
transitive sets in which a 8ub-gix)up of g that leaves one 8}Tnbol un- 
changed int«i*changes the remaining w — 1, and the number of irre- 
ducible components of g is equal to or is less than 1 -i-m, according as 
G is or is not Abelian. It may be noticed that the necessary and 
sufficient condition that G should contain a permutation is that at 
least one of the numbers k^. A*,, ..., k„, should be unity; i.e., that a 
fiub-gi'oup of g which leaves one symbol unchanged leaves more than 
one. If G is not Abeliau, g must have at least three irreducible com- 
ponents ; and, if G is Abelian, the number of irreducible com- 
ponents of g is equal to the order of G, Hence, g must have more than 
two iri'educible components, unless it is doubly transitive ; and, if g 
is doubly transitive, it has just two irreducible components. One of 
these is the component of order unity cori'es ponding to the sum of the 
variables, and the other may be represented as a gix)up of linear 
substitutions in the n — 1 differences 

It is not difficult to show that, if g is primitive, then G must bo 
Abelian. 

7. Let gr be a simply transitive substitution group of prime degree 
p containing the operation P or 

(^iTQajj ... jr^_i^, 

and let g be i*esolved into its irreducible components in such a way tliat 
in each of them P appeara in canonical form. In the first component 
corresponding to the sum of the variables the multiplier of P is unity. 
Hence, in any other component the multiplier of P must be distinct 
primitive 2>-th ixjots of unity. Let 

iit= ^itiit (/ = 1, 2, ..., m.) 

be the operation corresponding to Pin the (A+l)-th irreducible com- 
ponent (t = 1, 2, ..., .v). There is only one linear function of the 
variables which P replaces by w,, times itself, viz., 
•I , -2 , , -p*i 
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This therefore must be (u, and thej^—l^'s of this form, coiTespond- 
ing to the p—l primitive j!?-th roots of unity, are transformed linearly 
among themselves in 8 distinct sets by the irreducible components, 
other than the fii-st. The coefficients in these linear substitutions 
are rational functions of any assigned p-th root of unity <•>. If w is 
replaced by any other primitive root «', the sets of linear substitutions 
giving g in its reduced form is unaltered as a whole, but individual 
components may be interchanged. 

Consider now the characteristic of P (i.e., the sum of its multi- 
pliers) in one of the components, viz.. 

When w' is writt-en for ut this is either unchanged or it becomes 
another characteristic of P. Hence, since P has no repeated multi- 
pliers, this expression must be a " period " in the cyclotomic sense ; 
and Wj must have the same value r for each of the irreducible com- 
ponents, where 

rs = 2> — 1. 

Also, if g is a primitive root of the congruence 

(f ^1 (mod p), 

and if f » = *o + <^'^ + ^'^'^j + . . . + w^"'*^ *Xp^i , 

the form which any operation of g takes when expressed in terms of 
the i's is 

(i= 1,2, ...,«).* 

Since the f 's are linear functions of the x's with powers of w as co- 
efficients, the coefficients d. in this substitution are rational functions 
of w. Moreover, since by writing «' for w, 

become f,, f,,, ..., i^^^_,, 

c^ij must be the same function of <i>' as cj, is of w. 



* The tmcyia not an index, but merely an affix. 
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Consider now any operation of g whose order, q^ is different from 
and necessarily prime to p. Its characteristic in the ^-th component, 

is the sum of r q-t\i roots of unity. But this sum is also a rational 
function of w. Hence it must be a I'ational number, and therefore 
independent of t. Moreover, this sum, being a chai'acteristic, is an 
algebraical integer ; and therefore, being a rational number, it is 
a rational integer. Represent it by x- Then l + *x ^^ the sum of the 
multipliers (i.e., the number of unchanged symbols) of the operation 
in g. If this were zeix), x could not be integral ; if it is unity, \ is 
zero ; and, if it is greater than unity, x is a positive integer. Hence, 
the only operations of g which displace all the symbols are the 
operations of order p, and every other operation of g leaves l-f«x 
83rmbols unchanged, where x is zero or a positive integer. In each of 
the 8 in*educible components, other than the first, that arise from the 
reduction of g the characteristic of any conjugate set whose order is 
pHme to p i& then the same positive integer ; and the charactenstics 
of a conjugate set whose oi-der is p are the j? values of 

w + w' + . . . H- w' " , 

when for w each p-th. root is put in turn. Let x be the number of 
conjugate sets whose characteHstic in any one irreducible com- 
ponent is -._, 

and V the number of operations in each set. Also, let i', be the 
number of operations of g which leave just t symbols unchanged, so 
that vt is zero, unless t is of the form l + ^x* Then the equation 

connecting a set of characteristics becomes 

Also the equation S^^xlx*' = ^ (* =^i)» 

becomes 

where the sum is extended to the s different values of the product. 
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To the condition i^j corresponds the condition that the " periods '* 

and w'+w'« -!-...+«'•"* 

are distinct ; and with this limitation the sum is easily shown to be 
equal to — r. Hence, eliminating xy between the two equations, 

This relation can only be satisfied by 

^\*9 = ''i+a* = ••• = ''u(r-i)* = 0; 

or, in words, the substitution group g has no operations, except 
identity, which leave more than one symbol unchanged. The order 
of such a gi-oup must be pr, where r is a factor of jp — 1, and it con- 
tains a single sub-group of order p, 

A transitive group of prime deg^e must therefore be either 
doubly transitive or metacyclical. 

In particular, a group of odd order and prime degree is metacyclical. 

8. Let g he a, group of odd order and degree p*, where /> is a prime, 
and suppose that g contains an opei^ation P of order p*. If (u is a 
p*-th root of unity, the characteristic x of P in an irreducible com- 
ponent of g, other than the first, is a sum of powei's of w, none being 
repeated. Suppose, if possible, that \ contains both w and ai''. Since ' 
ut'' is unaltered by writing w^*'* for w, ^ must also contain w^*'', 
w'^'^, ..., ul^*(p-^)^ If this does not exhaust all the p'-th roots 
entering in x, and if x contains w', then it must also contain w*^**''^, 
i^'''^'^\ ..., w'HXP-DPi^ and >. The total number of roots of unity 
entering in x would, therefore, be a multiple of jo-hl, which is im- 
possible, since this number must be odd. Hence, that characteristic 
which contains u cannot contain w**. There must, therefore, be a 
characteristic in which all the multipliers ai'ejp-th roots of unity. The 
group therefore must be composite and isomorphic with a group in 
which P is represented by an operation of oi*der p ; in other words, g 
is imprimitive, and therefore, by the foregoing result, soluble. 

A similar result may be proved for a group of odd order and degree 
pq, where p and q are primes, which contains a regular substitution S 
of order pq. Let lu and w' be primitive p-th and g-th roots of unity. 
Then, if x is the characteristic of S in one of the irreducible com- 
ponents of the group, w and w' cannot both occur in x- For, if 
they did, since w is unaltered on replacing ta' by any other primitive 
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g-th root, «', w**, ..., oi''"^ would all occur; and this is impossible, 
since the roots composing x, the inverse characteristic, must all be 
distinct from those composing X' ^^ ^ ^-^d w occur in x^ then in 
the characteristics derived from x on replacing w' by any other 
primitive q-th. root every primitive pq-th root and every pnraitive j^-th 
root occur. Hence there must then be other characteristics which 
consist solely of g-th roots. So also, if «w' and w' occur in Xi there 
must be chai-acteristics which consist solely of p-th roots. The group 
is therefore composite, and isomorphic with a gi*oup in which S is 
represented by an operation of prime order ; in other woixls, g is im- 
primitive, and therefore soluble. Hence : — 

A ti'ansitive group of odd order, and degree p' or pq where p and 
q are primes, which contains a regular substitution of order equal to 
the degree is im primitive and soluble. 

It appears highly probable that this result may be extended to any 
gixjup of odd order which contains a regular substitution of order 
equal to the degree of the group ; but I have not yet succeeded in 
proving this. 

III. 

&. In conclusion, I propose to determine all the primitive groups of 
odd order and degree not exceeding 100. Dr. Miller sent nie a paper 
four months ago for communication to the Society, in which an 
investigation, almost equivalent to this, was carried out for degrees 
not exceeding 50. The method I follow is, to a considerable extent, 
distinct from Dr. Miller's, and I have therefore allowed myself to 
I'epeat the investigation already given hy him for degrees less than .50. 
This occupies but a small space, and serves to make the nature of 
the pixxiess clear. 

In consequence of the theoi'em proved above for groups of prime 
degree, it is only necessary to consider those groups whose depfiees 
are not primes. The method of the enumeration is as follows : — It is 
assumed that corresponding to a given odd number 7i as degree a 
primitive group y exists. Then a sub-gix)up, gr^, which leaves one 
symbol unchanged must (p. 165) interehange the i^maining ?? — 1 
symbols in 27ti transitive sets, the numbera in which are equal in 
pairs. These numbers are represented by 

^*n '^a •••» '^tm- 
Moreover, 2m ^ n— 1 (mod. 4). 

Corresponding to each available value of m there will be a number 
of sets of values of the A:*8 which may be written down. No /• can be 
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unity, for the group would then be imprimitive. Now Jordan has 
shown (" Traite des Substitutions," p. 284) that every prime which 
divides the order of one of the transitive constituents of gr© must 
divide the order of each transitive constituent. On this ground, a 
large number of the sets of values of the /c's may be put aside at once 
as impossible, including all those cases in which two Ics are equal to 
different primes. Moreover, the earlier determinations increase the 
number of cases that may be so put aside in the later ones. For 
instance, it is found at once that there is no transitive group of odd 
order, and degree 9 or 15, whose order is divisible by 7 ; so that 7 
and 9, or 7 and 15, are incompatible values for two Ar's. If each k is 
the same prime, every transitive constituent of g^ is a metacyclical 
group. In this case, g^ is metacyclical and simply isomorphic with 
each of its transitive constituents. This is an immediate consequence 
of a theorem due to Dr. Miller {Froc. Land. Math, Sac, Vol. xxviii., 
p. 534, Theorem I.). When all impossible sets of values of the Ar's 
have been put aside, the orders of possible groups g corresponding to 
the remainder are of known form. These are separately discussed, 
with a view to showing that they are soluble. If n is not the power 
of a prime, a primitive group of degree n is not soluble. Hence, if it 
is shown that a group corresponding to a given possible order is 
soluble, the group is non-existent when w is not the power of a 
prime. 

The number of cases which have to be thus dealt with is not con- 
siderable, but some of the more troublesome ones may be avoided by 
the following considerations : — If in = 1, the number of irreducible 
components of the group is 3 (p. 174). Suppose, now, that the group 
contains an operation of prime order p ( ^ 1, mod. 4) which displaces 
all the symbols. If x is its characteHstic in one of the irreducible 
components (other than that corresponding to the sum of the symbols, 
for which the characteristic is unity), then x'» the conjugate of x, is 
its chai'actenstic in the other irreducible component; andx + x' + l» 
the sum of the multipliers of the operation, is zero, since the operation 
displaces all the symbols. Hence, x cannot be real. But, if x is 
imaginary, it must be at least a four-valued function of the p-th. roots 
of unity ; and the four corresponding irreducible representations of 
the group would necessarily appear among the irreducible com- 
ponents of g. This is impossible ; and, therefore, for a group which 
contains a substitution, regular in all the symbols and of prime 
order p ( ^ 1, mod. 4), m cannot be unity. / 

I now proceed to the actual enumeration. This is given in some 

N 2 
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detail for the smaller values of n ; but for the larger ones, except 
when special discussion is necessary, the results are merely stated. 

10. n = 9. There is no available value of m ; so that the group 
must be imprimitive. Its order is 3*, 3*, or 3*. 

n = 15. The only available value of m is 1, and the A;'s are 7, 7. 
The order therefore would be 16.7 or 16.7.3, containing less than 
6 prime factors. The group, therefore, would be soluble,* which is 
impossible. Hence the group must be imprimitive. The possible 
orders are 3.5, 3. 5«, 3.6«, 3*. 5, or 3*. 6. 

n = 21. Then m = 2, and the k'a are 5, 5, 5, 6 or 3, 3, 7, 7. The 
second case is impossible. In the first the order would be 2 1 . 5, and, 
for the same reason as in the previous case, such a group cannoft 
exist. The group is therefore imprimitive. 

n = 26. If m = 2, the k*a would be 5, 5, 7, 7 or 3, 3, 9, 9, each of 
which is impossible. If m = 4, the k*a are all 3, and the order is 
25.3. There is such a primitive group. All other groups of this 
degree must be imprimitive, their orders being powers of 5. 

n = 27. If VI = 1, the Fs are 13, 13. The order, then, is 27 . 18 or 
'27.13.3. Primitive groups of these orders exist, containing self- 
conjugate sub-groups of order 27. If m = 3, the Ar's are 3, 3, 3, 3, 7, 7 
or 3, 3, 5, 5, 6, 5, both of which are impossible. All other groups of 
this order, then, are imprimitive and have ppwers of 3 for theii* order. 

n = 33. If m = 2, the A;'s are 7, 7, 9, 9 ; 6, 5, 11, 11 ; or 3, 3, 13, 13, 
all of which are impossible. If m = 4, two ^'s at least are 3, which 
is, again, impossible. The group is therefore imprimitive. 

n = 35. If m = 1, the Aj's are 17,17, and the order 35.17, the 
product of 3 primes. There can be no such group. If m is 3 or 5, 
two /c's must either be 3 or 5, leading, again, to impossibilities. The 
group is therefore imprimitive. 

n = 39. If m = l, the k's are 19, 19, and the order 39.19, 
39.19.3, or 39.19.9; in each case the product of fewer than 
6 primes. There can be no such groups. The values 3 or 5 of ni 
lead to the same impossibilities as in the previous case. The group 
is, then, imprimitive. 

n = 45. n m = 2, the A;'s are 11, 11, 11, 11 ; 9, 9, 13, 13 ; 7, 7, 15, 15 ; 

• Theoiy of Groups, p. 367. 
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5, 5, 17, 17 ; or 3, 3, 19, 19. All of these are impossible except the 
first case. In that the order would be 45.11 or 45.11.5; and the 
group again therefore is non-existent. If m were 4 or 6, two k\ • 
would again be 3 or 5, leading to impossibilities. The group is im- 
primitive. 

n = 49. If m = 2, the A;'s are 11, 11, 13, 13; 9, 9, 15, 15 ; 7, 7, 17, 17 ; 

5, 5, .19, 19 ; or 3, 3, 21, 21 ; all of which are impossible. If m is 4 or 

6, two A;'s at least must be 3 or 5, leading to impossibilities. If m = 8. 
the k's are all 3. No primitive group of order 49.3 can exist ; for a 
non- cyclical group of order 49 has 8 sub-groups of order 7, two at 
least of which must be transformed into themselves by an operation 
of order 3. The group is therefore necessarily imprimitive. 

n = 51. If m = 1, the h's are 25, 25. The order of the sub-group 
that keeps one symbol fixed is of the form 3*. 5^, and the group must 
contain an operation of order 17 which displaces all the symbols. It 
has been shown (p. 179) that this is inconsistent with the condition 
m = 1. If m = 3, the A^'s are 7, 7, 7, 7, 11 , 11 ; 7, 7, 9, 9, 9, 9 ; which 
are impossible, or two ^*'s ai'e 3 or 5, leading to impossibilities. If 
7/1 = 5, the /c's are all 5, or two at least are 3, and, if m = 7, two /c's 
at least are 3. All these cases are clearly impossible. The gix)up is 
therefore imprimitive. 

n = 55. If 7/1 = 1, the k's are 27, 27, and the order of the sub- 
group that keeps one symbol fixed is of the form 3*. 13^. The group 
therefore has operations of order 5 which displace all the symbols, 
and this is inconsistent with the condition m = 1. If tji = 3, the /f's 
are 9, 9, 9, 9, 9, 9 ; 7, 7, 7, 7, 13, 13 ; 7, 7, 9, 9, 11, 11 ; or two A;'s at 
least are 3 or 5. The only possibility is the first, in which case the 
order of the group is 3". 5. 11. Such a group contains a self -con jugate 
sub-group of order 3*"* or 3•"'^ and could not be expressed as of 
degree 55. If m is 5, 7, or 9, two A:'s at least are 3 or 5, leading to 
impossibilities. Hence the group is imprimitive. 

n = 57. If m = 2, the k's are 13, 13, 15, 15; 11, 11,17, 17; 
9, 9, 19, 19 ; 7, 7, 21, 21 ; 5, 5, 23, 23 ; or 3, 3, 25, 25 ; of which 
7, 7, 21, 21 is the only set giving a possible group. The order of the 
sub-group that keeps one symbol fixed is of the form 3*. 7^, and the 
order of the group itself is 3''*^7^.19. If ^ is unity, there must be 
7.19 sub-groups of order 3**\ Any two of these must have a 
common sub-group of order 3", and this must be self -con jugate in a 
sub-group of order 3"*^7, 3**M9, or 3**^7.19. In either case the 
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group would be soluble, and it is therefore non-existent. Next 
suppose )3> 1. The sub-groups of order 7^ ai'e Abelian, and of degree 
56. The greatest sub-group, gr, common to two of them must keep 
l + 7aj symbols fixed. Each of the corresponding sub-gi'oups that 
keep one symbol fixed, and no others, has at least one sub-group of 
order 7^ which contains g. Hence, the order of the sub-gi-oup which 
contains g self - conjugately is divisible by 1 + 7^. Now the only 
number of this form which is a factor of the oi*der and not greatei* 
than the degree of the group is the degree itself ; so that g is self- 
conjugate. Hence, again, in this case the group is non-existent. 
If m is 4, each k is 7, or two A;*s at least are 3 or 5 ; if m > 4, two A;'s 
at least are 3 or 5 ; and in all these cases the group is clearly 
non-existent. Hence the group must be impnmitive, 

n = 63. If ?/i = 1, the A-'s are 31, 31, and the order of the group 
63.31, 63.31.3, 63.31.5, or 63.31.15. The last is the only one 
in which the order has 6 pi-ime factors. Now, a gi*oup of order 
3*. 5. 7.31 must contain a sub-group of order 3*. 5, and in this a sub- 
group of order 5 must be self -conjugate. The g^x)up then would con- 
t«,in 1 or 31 sub-groups of oi-der 5 and would be soluble. If m = 3, all 
sets of values of the A;'s lead to impossibilities. If m is 5, or gix?ater, 
two k*B at least must be 5 or 3. Hence the group must be im- 
primitive. 

n=65. Whatever m is, all sets of A;'s are found to lead to im- 
possibilities. The group is imprimitive. 

n = 69. If m = 2, the only possible set of values of the k'a is 
17, 17, 17, 17. The order of the con^esponding group would be 
3.17.23, containing only 3 prime factors, and therefore necessarily 
soluble. All other values of m lead to impossible sets of values of the 
/.'s. The group is, then, imprimitive. 

n = 75. If m= 1, the A^'s are 37, 37, and the order is 75.37, 
75.7.3, or 75.37.9. The last alone contains 6 prime factors. A 
group of order 3*. 5*. 37 must have a self -conjugate sub-group of order 
5 or 5', and is therefore soluble. This case, then, cannot occur. All 
other values of m lead to impossible sets of values for the k's. Tlie 
group is therefore imprimitive. 

n = 77. If m = 2, the only possible values of the A*s are 19, 19, 19, 19. 
The order is, then, 77.19, 77.19.3, or 77.19.9, in each case con- 
taining less than 6 prime factors. This case cannot occur, and all 
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other values of m lead to impossibilities. The group, then, is im- 
primitive. 

n = 81. If m = 2, the only possible values for the k's are 15, 15, 25, 25, 
and the order of the group is 3** ".5^ (/5^2). The sub-groups of 
order 5^ are Abelian and of degree 80. The greatest sub-group, g, 
common to two of them must keep 1 -f 5ar symbols fixed. Each of 
the corresponding sub-groups which keep one symbol fixed must 
contain at least one sub-group of order 6^ in which g is self -con jugate ; 
and the order of the greatest sub-group containing g self-conjugately 
is therefore divisible by l + 5aj. The only factor of the order of the 
group of this form which is not greater than 81 is 81. Hence g is 
self -con jugate, and the group non-existent. All values of m greater 
than 2 lead to impossibilities except m = 8 and all the A:*s 5. There 
is, in fact, a primitive group of order 81 . 5, degree 81, and class 80. 
All other groups of this order are imprimitive. 

n = 85. The only sets of values of the k^s which do not lead to 
impossibilities are 21, 21, 21, 21 ; 7, 7, 7, 7, 7, 7, 21, 21; and twelve 
7's. In none of these cases is the order of the group divisible 
by 5'. Hence (p. 170) the group contains a self-conjugate sub-group 
of index 5, which is intransitive. For a primitive group this is 
impossible. The group is therefore imprimitive. 

n = 87. If m = l, the /,:'s are 43, 43, and the order is 87.43; 
87.43.3; 87.43.7; or 87.43.21, in each case containing less than 
6 prime factors. All other values of m lead to impossible sets of values . 
for the /r's. The group, then, is imprimitive. 

n = 91. Ifm = l, the k*s are 45, 45. The order of a transitive 
constituent of degree 45 cannot be divisible by 13 ; and the group con- 
tains operation^ of oi*der 13 which displace all the symbols. This has 
been shown (p. 179) to be inconsistent with the condition m = 1. If 
VI = 3, the only possible values of the A;'s are 15, 15, 15, 15, 15, 15 
and 9, 9, 9, 9, 27, 27. If m is 5, the only possible values for 
the k's ai-e ten 9*6. In the two latter cases the order of the 
group is 3*. 7. 13. Two sub-groups of order 3" would have 
a common sub-group of order 3*"* at least, and this would be 
one of 1, 7, 13, 21, or 39 conjugate groups. Groups of degree 
21 and 39 have been shown to be imprimitive. Hence this 
case cannot occur. In the first case the order of the group is 
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3*.5^.7.13. The groups of order 6^ are Abelian and of degree 
90. If /3 is unity, the group may be shown, as in the previous 
case, to be non-existent. If P is greater than unity, the 
greatest sub-group, gr, common to two groups of order 5* must keep 
1 -h bz symbols fixed, and the greatest sub-group which contains g self- 
conjugately must interchange the 1 + 5ar symbols transitively. The 
only possible value of \-\-hz is 81 ; and the group can coniain no sub- 
group with a transitive constituent of degree 81. Hence this case 
cannot occur. No value of m greater than 5 gives a possibility. The 
group, then, is imprimitive. 

n = 93. The only possible values for a set of jfc's are 23, 23, 23, 23. 
The order of the group is then 93 . 23 or 93 . 23 . 1 1 ; in either case con- 
taining less than 6 primes. This case, then, is impossible, and the 
group is imprimitive. 

n = 95. If m=l, the /c's are 47, 47, and the order contains less 
than 6 prime factors. No other value of m leads to possible values 
for a set of A:'s. The group, then, is imprimitive. 

n = 99. If m = 1 , the A;'s are 49, 49, and the order of the group is 
3'**. 7^. 11, where /3 is equal to or greater than 2. If /3 wei-e 2, the 
group would contain 7 or 49 sub-groups of order 3***. 11, and would be 
soluble. If )3 > 2, let gr be a greatest sub-group of a group of oixier 7^ 
which leaves more than one symbol unchanged. Then g must leave 
1 + 7aj symbols unchanged; and the greatest sub-group, ^, in which g is 
self-conjugate must interchange the l + 7ar symbols among themselves. 
Moreover, the order of the constituent of h which affects these 1 -f 7.c 
symbols is divisible by 7, and no one of them is left unchanged by 
every operation of h. Hence, for some value of x' equal to or less 
than aj, 1-f 73/ must be a factor of the order of the group. No such 
factor exists other than 99, and this case therefoi-e is impossible. 
The only other possible values of a set of /f's are two 7*8 and four 21's ; 
eight 7's and two 2rs ; or fourteen 7's. In each case the order of the 
group is of the form 3***. 7^. 11 ; while the sub-groups of order 7^ are 
Abelian and of degree 98. If )3 = 1, the group would obviously be 
soluble ; and, if )3> 1, the method used for degrees 81 and 91 will show 
that the group cannot exist. The group is therefore imprimitive. 

To sum up, the result of this enumeration shows that : — 
Apart from metacyclical groups of pnme degree, the only primitive 
groups of odd order whose degree is less than 100 are (i.) a gi'oup of 
degree 25 and order 25.3; (ii.) two groups of degree 27 and orders 
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27.13 and 27.13.3 ; and (iii.) a group of degree 81 and order 81.5. 
All groups of odd order whose degree is less than 100 are soluble. 

[Note, January Ibth, 1901. — Since the above enumeration was 
made, I have succeeded in showing that a group of odd order and 
degree 3p, where p is an odd prime, is necessarily imprimitive. This 
result, of which I hope to give the proof in a subsequent paper, would 
materially lessen the number of cases that have to be considered.] 
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The basis of the following note is a very suggestive method given 
by the late Prof. Sophus Lie,* by which he found the expression for 
a ligid-body displacement, assuming only that the distance between 
consecutive points of the body remains constant in the displacement. 
A slight extension of the same method is applied here to find the 
conformal transformations of space ; and we are led to Liouville's 
theorem that the most general conformal transformation is due to an 
inveraion, a unifonn magnification, and a rigid-body displacement 
(combined in various ways).t 

Liouville*s theorem was extended by Lie (in 1871) to space of any 
number of dimensions and to non-Euclidian spaces ; Lie^s methods 
differ entirely from Liouville's and from what follows. J Lie has also 
given a determination of the infiuitesimal conformal transformations 
of ordinary space, by connecting points in space with circles in a 

* OeamHrie det' Bgruhrungitransfortnationen, Kap. vi., f 3, p. 206. A Bimilar 
method was used by Beltrami for finding rigfid-body displacements in a space of 
constant ouryatnre ; my authority is an abstract gfiven in Darboux*s Bulletin 
(t. XI., 1876), where it is stated that the original paper was presented to the Roman 
Academy {dei Lincei) ; but I have not been able to find it. 

t Liouville, Journal de MatheinatiqueSf t. xv., 1850, p. 103, where the theorem 
appears without proof ; which will be found in his notes to Mongers Applieations de 
r analyse a la giometrie (Paris, 1850, p. 609). Another form of the proof is given by 
J. N. Haton de GoupiUi^ {Journal de VEcole Polyteehniqtie^ t. xxy., 1867, p. 188). 
The theorem was rediscovered in 1872 by Clerk Maxwell {Froe. Land, Math, Soc.. 
Vol. IV., p. 117; Works, Vol. n., p. 297), whose method differs but Httle from 
Liouville*s. 

X Math, Annalen, Bd. v. ; and Oott, Naeh,, May, 1871. 
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plane ;• the final results are obtained from the properties of contact- 
transformations of the circles. Still another proof is given by Lie 
(loc, cit, Kap. X., § 1, p. 419), starting from the fact that lines of zero 
length (for which (ia;'+dy*-l-d;5* = 0) remain of zero length ; it then 
follows that spheres must be transformed into spheres— in particular, 
point-spheres become point-spheres. Lie refers to a note of Liouville's 
of earlier date (1847) than that quoted above ; but Liouville's remarks 
in 1850 seem to indicate that his former investigations were not quite 
satisfactory. 

Since my work was completed, I have found that (for the case n = 8) 
Mr. J. E. Campbellt has used the same analysis to solve a somewhat 
different problem ; he investigates the groups which leave unaltered 
the differential equation 
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and remarks that these must be the same as the gix)ups for which 

is invariant. The latter are, of course, the transformations in vest i- 
gfated here. Mr. Campbeirs method of deducing the inversion-result 
differs from mine, and is, perhaps, less direct. Fvot. TaitJ has also 
obtained Liouville's theorem by the aid of quaternions. 

First consider drdinary space (n = 3). Let an infinitesimal con- 
formal transformation be defined by 

^x = Xa, ly = YH, Bz = Z^>t, 

where X, Y, Z are functions of x^y^z to be determined. By definition 
of conformal transformations, the magnification is a function only of 
Xj y, z, and not of the direction of the line-element ; thus the ratio 

cd^ : da 

is independent of the ratios dx : dy : dz, 

Xow ds,^ds = dx.^djc-\-dy.^dy'\-dz.^dz 

= (dx.dX-hdy.dY-\-dz.dZ)^f, 

, ., .. dx.dX-\-dy,dY-\-dz.dZ 

and so the ratio r-i— , - , « 

dx*^dy'-\-ds? 

♦ Loc, cit.y Kap. x., J 2, p. 441. 

t Messenger of Mathematics, Vol. xxvni., ]898, p. 97. 

X Trans, Roy. Soc, Edin., Vol. xxvn., 1874, p. 105 ; FrocRoy, Soc, £din,yYol. ix., 
1877, p. 527, and Vol. xix., 1892, p. 193 ; reprinted in Papers^ Vol. i., pp. 170, 
352, Vol. n., p. 329. 
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is to be independent of do' : dy : dz. But 

dX= ^-dx-^ ^~dy-\- ~- dz, &c., 
vx Oy dz 

and 80 we find the conditions 

hv dy dz 

say, and -^^ + — - = 0, 

Oy oz 

ax . az _ ^ 

Cz Ox 
ox oy 

J. .. >j dz ax , ar 

If we wnte ^=— —-, 9=— - , ip =. — -, 

oy oz ox 

we shall have, by our conditions, the table of differential coefficients* 



! i . ^ , 1 

! 1 


z 


■ A— / j +,A 1 


-<l> j 


' Y l-^ f 


+ 1 


Z +^ 1 -<? i 


/ 


Putting down the nine conditions 




d'X d'X 


*p, 



zoy OyOx 

we find, first, the three - = ;-?=^^ = 0, (A) 

ox oy dz 

and, second, three pairs, one of which is 

af ^ a^ dl^__de .g. 

dz dy dy dz 



♦ Here the entry given by a row Y and a column x means the differential 



coefficient — ; and so on. 
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dzdx dxSy 

and 80, using (A), we find • =0. 

ozcx 

By symmetry, ^-?r- = 0, ^ ;^ - = 0. 

oyuz oxoy 

Agam,fromtB), _X = _ ^^^ = -^j . 
Comparing this with the symmetrical forms, we see that 

Hence/ is a linear function only of a*, y, z^ and so let us put 

whei'e a, /?, y, 8 are constante.* 
Then, from (A) and (B), we have 

^ = 0, - = 2y, - = -2^ ; 

Ox cy oz 

so that 6=2 (yy— /3z) +/?, 

where /> is a constant. From symmetry, 

^=2 (cLT— yaO-l-7, 
i/r = 2(i3^-ay) + r. 
Then we have dX = /cZa; -^-ilfdy — tlxiz 

= 2(aa?-|-i3t/ + y2; + ^) <Z.r 

+ [2 (t^x-ay) -hr] (iy+ [2 (yaj-a^)-^] dz, 

or X = 2aj ((u;-|-/3y-l-yi;-f ^)— q (a;' -i-y^ + z*) -\-ry^qz-\-a, 

where a is a new constant. Similarly, 

y = 22/((u; + /3y + yz + 8)-/3(a;«4-2/' + -5')+l>2?-ra; + 6, 
Z = 2z (ux-\-fiy + yz-\-h)-y (iX^-hy'-\-z')±qx-'py\-c 



* Lie*8 method for tho rigid-body displacement differs from this only in the 
point that/ may be assumed zero at first, so as to make ids « 0. 
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Thus the group of infinitesimal conformal tranflformations is a ten- 
parameter group ; which is a familiar result.* 

It is not difficult to give a geometrical interpretation of the forms 
X, y, Z. For the terms in p, q, r, a, 6, c correspond to the six- 
parameter group of rigid-body displacements. To interpret the 
others, consider the two spheres 

(«-a»)'+(y-j/.)'+(«-«.)'= «•, 

and invert with respect to these two (in this order). It is found 
that the point (x, y, z) receives a displacement Sx, iy, iz, where 

Ix = dx^+ -^ (.B-a;,) [(«-«,) dx^+ (y-y») dy^+ix-z^) dz^ + kdk] 



-^dx.^[(x-x,y+(y-y,y+(z-z,y]. 



<fec. 

It will be readily seen that (^ol/o^o) °^^y uow be taken to be the 
origin,t and then the displacements so obtained form a four-parameter 
group which is exactly equivalent to the terms unaccounted for in 
Xht, YSt, Zk. 

Passing to the case of a finite displacement, it is clear that the 
most general conformal transformation of space is made up of two 
inversions^ and rigid-body displacements ; and it also follows that 
there are no infinitesimal conformal transformations of a type 
different from these known finite ones. 

As remarked above, this result (for finite transformations) was 
found by Liouville and Maxwell ; but their proofs indicate a con- 
formal transformation by means of one inversion ; which is not, of 
course, entirely coiTect from our present standpoint. For by one 
inversion an elementary volume is changed to a volume which is 
similar, hut pervt^rted ;^ we can illustrate the point by a reference to 



« See Lie {he. eit., p. 443). 

t For the retention of the other terms is only equivalent to a rigid-body dis- 
placement. 

X If we choose to suppose the radii of the two spheres of inversion the same, it 
¥rill be necessary to aad a uniform magnification (which is the same as two in- 
versions at concentric spheres). 

f Or has its left and right sides interchanged, as by a single reflection in a 
mirror. 
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and 






the proposition in two dimensions, that the conformal representation* 
z= (aZ'^fl)/(yz-\-l) 

is equivalent to two inversions, or to one inversion and one reflection 
in a line.t 

Consider next the problem in space of m dimensions with a line- 
element ds given by 

(is* = dxl+dxl f ... -^-dxi. 

Repeating our argument for the case n = 3, we find the following 
equations ^(n— l)(n4-2) in number: — 

Sxi ox^ dx^ 

3x, 

Sx 
These are the conditions that the infinitesimal transformation J 

&r, = X,8^ (r = l, 2, ..., n) 
may be conformal. To solve them let us write 

SXr 

OX, 

and note that in general q^, =^ a,^, if s zfz r. 

Our differential equations now tell us that u^, i^ the same for all 
values of r, = ^, say ; and that 

a« + a.^ = (rz^s). 

From the definition of the a's we have 

dxp SxnSxf, dx„ 



(r, * = 1, 2, ..., w), 



♦ r = :r + iy ; a, /9, 7. 8 are complex. 

t It may be asked if oiir metnod applies to two-dimensional problems. It is 
readily seen that, H Bx = XBt^ Si/ ^ YBt give a conformal transformation, then 

hx dy * di/ dx 
or {X + 1 7) is a function of 2 ( — a: + 1». Thus 

and 80 the finite conformal transformation is 

~-' = <?>(.'), 
a fact which is well known. 

X As before, the X*a are functions of the x*b to be found by the difierontial 
equations. 
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and, in the same way, 

dxp dxr Sx, dxr 
Hence, if p z^ r z^ 8, we have 
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yaj^ 



9ir- 



3a;, dx, Sx, dxy 



where we use alternately the differential conditions and the conditions 

a*r+ar. = 0. 
3a„ 



Hence 



dXr 



= 0, 



and it follows that a,p contains only x^ and x^. Again, 

3a?^ 3a;, 3a;, 
Oa,r __ 3^ 

dx, dXr 

«r. + 0,r =0, 



and, similai'ly, 
Thns, as 
we have 



3^J 3a;; • 



This will hold for every pair of suffixes (r^s), and so 



d4 



= (r = l,2, ...,n). 



Further, a,., does not contain Xp {p:^r, p =^ s) ; so 
3^^ 3 /da 



dxpdx, dxp ^ 3a;,. ' 



Hence B is linear in the aj's, and so we may write 



It follows that 



and so 



3nr, — ^ = 2Z 

3a;^ 3a;, 

3<> — .^ — 2Z 

3.C, 3a;^ 

a,, = 2(Z,a;,.-Z,a;,) + a,, 
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where the a% are constants subject to the conditions* 

It now follows that <7X,. = !S<v,(ia', (* = 1, 2, ..., 7*) 

= {edXr-\-Xrde)-'2l,^,dx,-\''%ar,d<ir, 
or Xr = a?^^— Z^2a?J-f !Sa^,aj,+7n^. 

Thus we have a group of J (?*-!- I)(w4- 2) parameters, where the w's 
are new constants. 

Just as before, we consider now two consecutive transformations of 
the type (J) given by 

^; = Cr-\-k^ (a-,-c,)/ [2 (ic.-cj*] (r, « = 1, 2, ..., n), 

and it will be seen that the values of the X*s can be produced by two 
transformations of the type J, together with a rigid -body displace- 
ment.t It is then obvious that the most general conformal finite trans- 
formation can be made up in the same way. Transformations of the 
type J may be called generalized invei'sions ; they have the property 
that hypeiTjpheres are changed by them into other hyperspheres.J 

Another extension may be made by introducing Riemann's idea of 
a space of constant curvature (4X) for which the line-element is 
expressed by the equation§ 

If we apply to this line -element the methods already indicated, it 
will be found that the same differential equations appear again ; and 
80 our analytical results will hold good in this case also. The geo- 
metrical interpretation may be left to geometei-s. 

[Note^ May Srd, 1901. — M. Gaston Darboux has recently published 
a simple proof of Liouville's theorem; see Archiv dtr Math. n. Phys.^ 
Series 3, Bd. i., 1901, p. 34.] 



* These conditionB arise in order to give ar« + a^r =» 0. 

t If the quantity k is the same in the two (/) displacements, we must also add u 
uniform magnification. 

X It may be asked what is the reason for the distinction between the conformal 
types for » = 2 and those for fi > 2. On going back to the analysis it will be seen 
diat our proof that 6 must be linear really depends on the fact that 

and clearly such conditions can only exist if there are at least three variables. 
§ Riemann, Ueber die Hypothaen tcelehe 4er Geoinetrie zu Grunde liegeii. 
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On a Glass of Plane Curves. By J. H. Grace. Communicated 
November 8th, 1900. Eecpived November 13th, 1900. 

1. The well known chain of theorems established by Clifford in his 
" Synthetic Proof of Miquel's Theorem" has been lately obtained by 
M. Paul Serret* in an outwardly very different manner. Whereas the 
fundamental consideration in Clifford's proof is a curve of class n 
touching the line at infinity (n— 1) times, the corresponding idea in 
M. Serret's papers is a cm've of the w-th degree, having its asymptotes 
concurrent and parallel to the sides of a regular polygon. In the one 
the locus of the foci plays the same part as the locus of the point of 
concurrence of the asymptotes does in the other. In the following 
paper, by following out the ideas of M. Sennet, I have established 
an infinite series of propositions regarding lines and circles in a 
plane. After I had obtained the results hereafter explained a paper 
was published by Morleyf in which the same results are obtained by 
purely analytical and shorter methods. 

2. M. Serret considers, as a generalization of the rectangular 
hyperbola, curves whose asymptotes meet in a point and are parallel 
to the sides of a I'egular polygon. I make use of a somewhat similar, 
but less restricted, class of curves. In fact, the asymptotes are 
parallel to the sides of a regular polygon without being concurrent. 
A slight difference occurs according as the degree of the curve is odd 
or even. For example, when the degree is 3 the polygon is an 
equilateral triangle ; but when the degi'ee is 4 the polygon is a 
regular octagon, and not a square ; for we require four different 
directions for the asymptotes. Unifonnity is secured by saying that 
the curve of degi'ee n has its asymptotes pai*allel to the sides of a 
regular polygon of m sides, and, for bi-evity, such a curve will be 
alluded to as an isogonal curve. 

3. To discuss such curves we use axes of coordinates 01^ OJj where 
is an arbitrary origin and J, / are the circular points at infinity. 
The equation of n lines through the origin parallel to the sides of a 
regular polygon of m sides will be of the form 

a;" = ay**. 



* Comptes Reiidm, 1894, 1895. 

t Froc, of the Amer. Math, SoCy Vol. i. 

VOL. XXXIII. — NO. 760. 
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And hence the general equation of an isogonal curve of degi'ee n is 

/ = aaj" + 6y"+na,a;"-^ -fn(n— l)6ia;"-'y — ... 

... n (n-1) c,«y"-^4 d,y''''+ ... = 0, 

the only restrictions being that n coefficients in the general equation 
vanish. By suitably choosing the origin, i.e., so as to satisfy the 
equations 

x + Oi = or 



y-faj = or 



1^ = 0, 



the terms in .u""^ and y**'* can be made to disappear. On the analogy 
with conies we are tempted to call this new oHgin the centre of the 
curve. As a matter of fact, if we bear in mind that the centre of a 
curve coincides with the mean centre of the points of intersection of 
its asymptotes, it can be verified by a short calculation that the point 
in question is actually the centre in the standard sense introduced by 
Chasles. 

4. By using the equation written above some of the well known 
properties of rectangular hyperbolas can be extended to all isogonal 
curves. Thus, if S and S' be two such curves of the w-th degi*ee, then 
all curves of degree n through their common points are isogonal 
curves, and the centre locus is a circle. But for our purpose the 
following theorem is of more impoi'tance : — 

The first polar of any point at infinity mith respect to an isogonal curve 
of the n-th degree is an isogonal curve of the (n — V)'th degree^ and the 
locus of the centres of these curves is a circle conceritric with the original 
curve. 

In fact, taking for origin the centre of the curve, we have 

o, = eZj = 0, 

and the equation of the first polar of a point at infinity is 

Ox Cy 
or «, {aa!''-'+(«-l)(n-2)6,a!"-»i/+... + («-l)c,j;"-''+...} 

+ J/. {6y»-' + («-l)6,«-'+... + («-l)(n-2)c,a;y-»+...} =0, 
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and the centre of this isogonal curve is given by 

aariaj-h6iyi = 0, 

hiy-^<h^ = ; 
so that when «„ y^ vary the centre locus is the circle whose equation 

abxy = h^c^. 
This proves the theorem enunciated above. 

5. Consider now three lines whose equations are Pi =0, P, = 0, 
P, = 0. 

Included in Xii^ + AjP^+XsP, = 

there is a pencil of isogonal cui'ves, for, in general, (n—1) linear condi- 
tions ensure a curve of degree n being isogonal. These curves are, of 
course, the rectangular hyperbolas self -con jugate with respect to the 
triangle formed by the three lines, and their centre locus is the 
circumcircle. 

But included in A'l^J+Z^s ^+Ms^s = 

there is just one isogonal cubic, and, as all its first polars are of the 

those of the points at infinity must be the rectangular hyperbolas 
above. Hence, by the theorem of § 4, the centre of the single isogonal 
cubic is the centre of the circumscribing circle of the triangle. 

6. Next consider four lines P, = 0, Pj = 0, P, = 0, P^ = 0. 
Included in \,F\ -f A, PJ + X, P* -h X, P* = 

thei^ is a single isogonal curve, and the first polars of points at infinity 
are isogonal curves of the form 

Now, if we take the first polar of the point at infinity on P4, we see 
that fi^ = 0, and the pencil of polars includes the single isogonal 
cubic which we have seen to be included in 

The centres of all the polars lie on a circle, and, by § 5, this circle 
passes through the centres of the circumcircles of the four triangles 

2 
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formed by the four lines. Further, its centre is the centre of the 
isogonal curve included in 

We call this the centre circle of the four lines. Its defining property 
as here given is well known in elementary geometry. 

7. Next consider five lines P„ Pj, P„ P4, P5. 
There is a single isogonal curve included in 

x,p;+A,p;+A,p;+x.p;+A.pj = 0, 

and among the first polars of points at infinity is the single isogonal 
quai'tic defined by any four of the lines. Thus the centre locus is a 
circle containing the centres of the centre circles obtained from the 
lines by leaving out each one in turn, and its centre is the centre of 
the isogonal quintic. We call this the centre circle of the five lines. 

8. In just the same way, by considering the isogonal sextic in- 

dudedin X,p;+A,P:+...+\,p: = 0, 

we see that the centres of the five centre circles obtained by omitting 
the lines in turn lie on a circle whose centre is the centre of this 
sextic, and so on for seven, eight, ... lines ad inf. ; belonging to w lines 
we have a circle called the centre circle. Then, taking ^(n 4-1) lines, 
we obtain (w-|-l) of these circles by omitting each line in tui-n, and 
the centres of these (n-f 1) circles are coney clic. 

9. It is easy to see that the (h-|-1) circles also meet in a point. In 
fact, take the case of six lines : the centre circle of five lines P^, Pj, 
P„ P4, Pj is the locus of the centres of isogonal quartics included in 

XiP;+A,p;+x,p;+x,p;+x,p; = o, (a) 

and consequently, when the centre circle belonging to P^P^P^P^P^ 
meets that belonging to P^P^P^P^P^, we have a centre of a quartic 
8 included in (A), and of a quartic S' included in 

\F\^\,P\^\,P[^X,P\+\P\ = 0. 

But kS-\-kS' = 

will then be an isogonal quartic having its centre at this point for all 
values of #c and k', and, by suitably choosing k and k\ we can make 
this quartic belong to the set derived from any five of the lines, un- 
less Xg = Xg = 0. Hence, if a point lies on two of the centre circles, 
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it lies on each of them, unless it be the centre of an isogonal quartic 
included in . ^4 . , 4 v ^4 ^4 ^ 

In the case above the centre circle belongiDg to PiP,PjP4P5 meets 
that belonging to P-^F^P^F^F^ in two points : one is the centre of the 
unique isogonal quartic included in 

and the other is the common point spoken of above. 

10. The greater pari of the above reasoning can be put into the 
language of synthetic geometry without difficulty. 

In an isogonal curve the polar line of I always passes through /, 
and vice versa, while the two polars meet in the centre of the curve. 
For a pencil of isogonal cui'ves corresponding polars form two pro- 
jective pencils through I and J, and hence the centre locus is a circle. 



Applications to Dynamics of some Algebraical Results, By 
T. J. FA. BfiOMWiCH. Received November 6th, 1900. Com- 
muuicated November 8th, 1900. Received, in revised form, 
January 9th, 1901. 

The problem considered in this paper is that of the small oscilla- 
tions of a dynamical system about a state of steady motion. In § 1 
the Hamiltonian equations are used to determine the principal co- 
ordinates of an oscillation in the neighbourhood of a state of steady 
motion ; the suggestion of using the Hamiltonian function instead of 
the Lagrangian was made to me by Mr. E. T. Whittaker, and, so far 
as I know, the results obtained in this way are novel. In § 2 an 
approximate method for dealing with gyros tatic systems is given ; 
this method has been used by Thomson and Tait, but their work can 
be abbreviated by using the algebraical results quoted. 

It is proved below that the problems in §§ 1, 2 both depend on the 
algebraic reduction to a canonical shape of two bilinear forms, one 
being symmetric and the other alternate; this reduction has been 
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carried out in various papers, but these are somewhat lengthy. It 
seemed, therefore, worth while to indicate briefly a method which 
(though not exhaustive) will cover many of the cases met with ; this 
method is given in § 3. 

1. Principal Coordinates in Small Oscillations. 

When we have to consider the problem of small oscillations of a 
dynamical system about a position of equilibnum, it is well known 
that the determination of the principal (or normal) coordinates de- 
pends on the reduction of two quadi'atic forms to sums of squares ; 
these quadratic forms being the kinetic and potential enei'gies of the 
system. But, if we are dealing with small oscillations about a state 
of steady motion, the problem of finding principal coordinates is not 
so simple ; and, if we use the Lagrangian equations of motion, there 
is apparently no method of solving the problem. For (see Routh's 
Advanced Rigid Dynamics [1892], Art. Ill), if we choose the co- 
ordinates so as to vanish in the steady motion, the Lagi^angian 
function* can be reduced to the form 

where Q, Q' are quadratic functions of the velocities and coordinates 
respectively and 5 is a bilinear function of the two. We must notice 
that B must not be assumed to be a symmetrical bilinear form ; for, 
if so, B would be a perfect differential with, respect to the time, and 
would not affect the equations of motion. On the other hand, B may 
always be replaced by an alternate bilinear form ; this point will be 
considered later (in § 2). Now it is in general quite impossible to 
reduce the three forms Q, i?, Q' to canonical forms, the velocities and 
coordinates being, of course, necessanly subject to the same sub- 
stitutions ; and this is why the determination of principal coordinates 
is, at first sight, impossible. In the case of oscillations about a state 
of equilibrium, B vanishes identically, for the coefficients of B depend 
on the velocities of the steady motion and vanish with them ; hence, 
in this case, the difficulty just pointed out does not arise. 

But it will be proved that, if we use the Hamiltonian equations of 
motion, the Hamiltonian function can be reduced to a canonical form ; 
for, in this system, it is not necessary to keep the coordinates and the 
momenta distinct. That is, we can take as a new coordinate some 



* This is, of comae, the first approximation only ; we shall, throughout, make 
the customary assumption that the disturbance from the steady motion is smalL 
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function both of the coordinates and of the momenta, with a cor- 
responding change in the momenta. It is, of course, necessary that 
the transformation should be subject to certain conditions in order 
that the standard Hamiltonian form of the equations of motion may 
be retained. The conditions on the transformation can be expressed 
in the following form : — 

Let (qr„ ..., gr„), (p,, ..., p„) be the coordinates and momenta of a 
system having n degrees of freedom ; and let (^yj, ..., q„)^ (jjj, ..., p'^ 
be the transformed coordinates and momenta. Then, in order that 
the Hamiltonian equations may remain unchanged in form, we must 
have equations of the type 

where W is a function of ^i, ..., q^, pi, ...,pn- Other forms of the 
conditions may be given, say, for instance, 

Pr = -^— , Pr = ^-7 (r = l, 2, ..., n), 
Oqr Oqr 

U" being a function of 5,, ..., ^„, q{, ..., 5^; and, of course, there is a 
similar form giving 5„ ql in terms of the p's. 

We shall now prove that these conditions can be put in another 
form. Let ^, A be any two commutative symbols of variation ; then 



'"'=^{'^^-S*-) 



<Sqr Spr 

= 2 (Pr^qr-^q'Jpr), 

by our first set of conditions. Hence 

A^TF = 2(Ap,.a^,+Ag;.^p;+p,.A^5,H-5;.A^p;). 

Similarly, ^ATF= 2 (^p,.^q,-\-Eq'r.^pr-\-pr.^^qr-\-qr'^^Pr)' 

Now these two expressions must be the same, and so 

2 (^p,.^q,^^qr,^pr) = 2 (Bp',,^q'r-Bq:.^p'r). 

It is readily seen that the other conditions lead to the same result ; 
and it is easy to see the correctness of the condition when written in 
this shape. For the original Hamiltonian equations are 

^^ = ^, ^p.^__afl" (^=:i^2, ..., n). 
dt 9p^ dt Bq^ 
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= s(aKf-a,:f). 

in virtue of the condition just obtained, and so 



dt dp'r ' ^^ 



H' 



or the Hamiltonian equations remain of the same form after the 
transformation, provided that 

remains unaltered ; and it is not necessary (contrary to what might 
possibly be expected) to alter II except by the substitutions. 

We turn now to the consideration of the special problem originally 
contemplated. In a steady motion all the momenta will be constant, 
say that they are aj, ..., a^ respectively (of course some of these con- 
stants may be zero) ; some of the coordinates will be constant too, say 
that 5i, ..., 5*= ^i» •••» ^* respectively; while the other coordinates 
will vary uniformly and will not appear in the Hamiltonian function 

except through their momenta, say that y'*'\ ..., ^ are in the 
steady motion Cjfc+„ ..., c„ respectively. Then let us put 

Pr = flr-hfr (j = 1, 2, ..., t*), 

qr= hr-VXr (t = 1,2, ...,fc), 

^^ = c.+ ^^ (r==fe + l,fc + 2, ...,n), 
at at 

and H will become, on expansion, 

where H^ is a homogeneous function of degree m in the x'b and f 's, 
the coeflELcients depending on the a*s and 6's. 

Then, since the steady motion given by the equations 

ic, = 0, f, = 
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is supposed possible, we shall have &om the Hamiltonian equations 



of motion 



= 



as, 



(r= 1,2, ...,&), 



'''=^ (.r = k + l,k+2,...,n), 



= 






(r= 1,2, ...,«). 



now 



Hence E^ contains only f^^i, ..., ^„, and no oj's at all. 
that the motion is slightly disturbed from the steady state, and never 
differs much from it, all the x's and f 's will be small ; so that the 
approximate equations of motion are 

-dt"-^/ df-^-^^ (r-l,2,...,n). 

So for the problem in hand we can fix our attention on fl, only, and 
we can consider H^ as the Hamiltonian function, the x'b and ^'s 
being treated as the coordinates and momenta respectively — since 
g**i, ..., 5„ appear nowhere in H, x^^i, ...,«„ will not appear in J?,; 
this fact will not, however, affect the algebraic problem. 

The problem, then, is to reduce JET, to a canonical form by linear 
substitutions on the x's and f's, which are such that 

remains the same. But, since the substitutions are linear, the fe's 
and Sf*s are transformed by the same substitutions as the a;'s and 
^*s, and so, too, the Ax's and Af's. Hence our linear substitutions 
are to be such that 

2 (XrVr — Vrir) 

remains unaltered, where y,, ly^ are any variables which must be 
transformed by the same substitutions as aj„ (r respectively. 

The investigation is now reduced to one covered by previous 
papers,* namely, the simultaneous reduction of a symmetric and an 
alternate bilinear form. For we can replace fl, (a quadratic function 
of the x'b and f's) by a bilinear form symmetric in the x'b, ('s and 
y's, ly's ; thus, if 



• Proe. Land, Math, Soe,, Vol. xxxn., 1900, p. 321 ; Amer. Jour, of Math., Vol. 
— ., 1901. 
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where a„ = a^ h„^h„ c„ = c^ 

we consider the equivalent form 

Then we have to effect the simnltaneoos redaction (by congruent 
substitutions) of A and B, where B is the alternate form 

2 (aJrl/r— yrfr), 

and our transformations are to be adjusted so as to leave B unaltered. 
It will be observed that the detenninant 

I B I =(—1)" [where m = n(n+l)] 

= + 1; 

so that three of the six cases considered in the papers quoted do not 
occur: namely, there are no zero roots of | A^— 5 | =0 (which 
accounts for two of the six), and, further, | \A—B | ^ 0. For our 
present purpose it is preferable to write the determinantal equation 
in the form | A-fiB | = 0, f or | J5 | :^ 0, though | A \ may be 
zero. We have then the reduced parts corresponding to — 

(i.) A pair of invariant factors (n-^cy, (ft+c)* (c ijfc 0), 

(A) c (aJ|>7i + yifi) + ... +c (x,rj,-\-y,(,) 

+ (aJii7i + yif:) + ... + (a'*-i«l. + y.-iO, 

(B) (irii7i-y,^i) + ... + (x.v-y,ie)y 

where we have written (r instead of iCj,+i-r (^ = !» 2, ..., e) in the 
notation of my last paper ;* this change is, of course, to retain the 
proper form for B. 

(ii.) If c = and e be odd, we still have a pair of invariant- 
factors, and the results are as in (i.). 

(iii.) If c = 0, and e be even (= 2p), we have 

(A) (aJi»?,+t/,f,) + ... + (a;p.ii7p-hyp.,fp)+a?py;>i 

(B) (ari»/i-yif,) + .- + (aJpi7p-ypU, 

where, again, we have changed the notation, writing $r instead of 
aj^^j_^ (r = 1, 2, ..., p), in order to retain the form of B.f There are 



♦ See Proc. Lond. Math, Soc^ Vol. xxxn., p. 336; the order of the suffixes is 
itHiflr different in the paper printed in the American Journal. 
i Loe. eit,, p. 340. 
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special cases of these results, namely : — 

If e = 1 and c ^ 0, we have the typical terms 

(A) c(iP,i7i+y,fi), 
(J5) x^Vi-Viiv 

and, if c = with e = 1, we have a pair of invariant-factors /i, /i, and 
the typical terms are as in the last case with c = 0. 
If c = and e = 2, we have the terms 

(B) x^Vi-Vid, 

and this will be in general the part of the reduced forms correspond- 
ing to a coordinate which changes uniformly in the steady motion. 
Thus we have the corresponding terms in fl, : — 

(i.) Two invariant-factors (/a— c)', (ft — c)* (c ^ 0), 

and, if e = 1, we have simply 

(ii.) Two invariant-factors /i*, /i' (e odd) give the same as (i.), but 
with c = 0. 

(iii.) One invariant-factor /a^, 

and, if p = 1, we have ^. 

The invariant-factors just referred to are those of the determinant 
I A—fiB \, which is, when written out at full length. 



Oil, 


««, .. 


.» «!«> 


K—M^ 


fel„ 


..., 


6u 


a«, 


o«. 


., 02111 


fell. 


^n-H^ 


• • •> 


6». 


ttnl, 


0„2, 


J a«i., 


feni, 


fe«2» 


..., 


6..-M 


^1 + M, 


fe«, .. 


., &»b 


C,,, 


^1, 


..., 


Ci, 


fel„ 


fe« + /i, .. 


» Ki, 


C|„ 


Cm, 


..., 


C2. 



fean, ..., Kn'\-H'J C« 



C||2> 
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Here the a's, &'s, cs are the coefficients in the quadratic form H^ and 
are defined by 

It may be well to point out that, as proved by Kronecker,* the in- 
variant-factors of the type fi^*^ always occar in pairs, while those of 
the type /a*' may appear singly. Of course, if c ^ 0, we always have 
pairs (/u— c)', (ft + c)' whatever e may be. 

A simple method of reducing A and B applicable when the 
invariant-factors are linear is indicated in § 3 below. 

The Hamiltonian equations of motion 

will now take various forms corresponding to the different types of 
invariant-factors. Thus we have : — 

(i.) Invariant-factors (^— c)', (f + c)', and c^O, 



These give ar, = [j, -f^i^y '^'^^J^T^l "^ "' "'''*'] ^^^ ^'^^ 

(-l)'-f....,= [B.^,+B.^,+...+B,]exp(-cO. 

(r=l,2, ...,e). 
In particular, if e = 1, we have 

«! = -4 exp (c^i ii= B exp (—ct). 

(ii.) If c = and e is odd, we get the same results as in case (i.) 
ipith c put zero. 



• Birliner Monataberiehte, 1874, p. 441 ; Geaammelte Werke, Bd. i., p 477 ; see 
lllfitiokelberger, CreUe^ Bd. lxxxvi., 1879, p. 20, § 6, and Muth's ElemefUartheihr, 
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(iii.) If c = and e = 2p, we find 
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t=»' 



dt 



= x^, 



^-_ 



dt 



= -(v 



dt- ^•' 



dxp _ 
dt "" 



Xp-U 



dt 



Then 






r 



(-ir''&p.l.r = ^l 



(r-1)! ' "*'(r-2)! 



(r-1) 



+^ 



(r-2)! 



+ ...+J, (r=l, 2, ...,p). 



(r=p+l, p-h2, ..., 2p). 



In particular, if e = 2 or p = 1, 

a?i = ^, ^i = -(il^ + 5). 

From these results it follows that, if the coordinates are to contain 
only periodic functions of the time, all the quantities c must be pure 
imaginaries and all the indices e must be unity. Weierstrass* has 
shown that a sufficient condition for this is that fl, should be positive 
for all real (non-zero) values of the x's and ^'s ; it is easy to see, by 
taking special cases, that this condition is not necessary.t Weier- 
strass's investigation starts from the 2n differential equations 

It'di/ -dt'^d^^ (r-l,2,...,n), 

but he does not reduce the quadratic If, to a canonical form ; the sug- 
gestion of making this reduction is due, I believe, to Mr. E. T. 
Whittaker, who proposed it to me as an algebraical problem. 

It is clear, however, that, if some of the values of c are zero, the 
coordinates cannot be expressed entirely by means of periodic terms. 
This will usually be the case if the disturbance is such as to alter the 
momenta corresponding to those velocities which vary uniformly in the 



♦ Berliner Monatsberiehte, 1879, p. 430 ; ef, Taber, Proc. Land. Math, Soe.^ 
Vol xxn., 1891, p. 449, and the author, Vol. xxxn., 1900, p. 92. 
+ An example is worked out by the author {he. <rt^., p. 98). 
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steady motion. Thus, if z, ie a coordinate of this type, we know that 

dn 



OX. 



= 



(see above, p. 201), and hence 



or, if in the disturbance from the steady motion (^ be altered, that 
alteration will persist in the subsequent motion. To illustrate the 
point, let us take the simple case of a particle describing a circle of 
radius a under a central force varying as r". 

Here we have, using ordinary plane polars, for the Lagrangian 
function L, 

and so, for the Hamiltonian function, 

r = p^, 7^e = p„ 

and 2/1 =pj+ Ap2+fcr-*\ 

In the steady motion we have 

r =^ a^ Pj =r 0, p, = const. = 6, say ; 
so write, in general, 

Thus 2£r=f«+f^'^V + A;(afa;)"*\ 

\a-\-xl 

and expanding, as far as the quadratic terms, we find 

La* 2 J a a. 

That the steady motion may exist the coefficient of x must vanish, 
or 

a 

The coefficient of 17 gives — ^ for the value of 6 in the steady motion, 
which is, of course, obvious from first principles. 
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Hence, we have for IT,, the following result, after substituting 
for k in t^rms of h*, 

a a a 

a* \ (n + 3)fe/ n + S a' 
If now we write 

X= 2a?y y_. 2/>^ 

"" (n+3)fe' ^ (n + 3)fe' 
we find that 

(the accented letters being subject to the same substitutions as the 
unaccented); so that {X, Y), (^, i?) may be taken as coordinates and 
momenta respectively.* Then 

which can be reduced to the canonical form already given ; t but it 
is quite easy to solve the differential equations directly. Thus, 



dX . 

dt " ^' 


^ = -<..s,|^. 


dY^n-l V 
dt n + 3 a*' 


l'=°- 


Hence we have 





X = Xo cos pt-i ( 3— ) sii^ pt ' 

p \ dt / 

i= —pXf^ Bin pt-\- ( ) cosj9^ 



p«=(n + 3)4, 
a 



\ dt) 



^ It is easy to see that the substitutions above can be derived from 



t A substitution X^ = /A' + m|, (j - rX + m% will give Xi|(-i{|i - X^-X'^, 
provided that /m'— Tm — 1 ; and it is not difficult to choose /, w, T, m' to satisfy 
this condition and to give also 



|!+(„ + 3)|i» = «J,{,. 
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For the sake of exjunple^ let ns assume that the inttud disiarb- 
ance is such that the particle is not displaced, bat has its relocitj 
changed by the small amounts m, r radially and tangentiallj. Then 

X= 2qn, _ _ 2a-r 

r = — 2^ — _ 2qii 

(n+3)6 (n+3)6' 

Hence, we find at time / 
r = a+, = a+i+ ^^, = a+ ^-^- (l-cosp/) + J sinp.. 



a' • ^ a* (n-h3)6* 

= I — 1 H — ) t— — - (1— cos o/) -h r-- - sm pt. 

\a' n + 3 a/ (n+3)6^ ^^ (n-f 3) a j? ^ 

These results can be verified without much diflSculty directly from 
the ordinary polar equations of motion ; they show that, if the dis- 
turbance is perfectly general, the value of y contains a term which in- 
creases with the time, and that the mean value of a; is not zero. Thus, 
speaking strictly, the disturbed motion will, in the course of time, 
deviate largely from the original steady motion ; this does not, of 
course, vitiate our approximation (provided p be real), for its accuracy 

depends on the smallness of -^, not of y. But, if p be not real, 

dt 

the method of small oscillations cannot be applied at all ; and, to de- 
termine the stability or instability of the steady motion, we must 
have recourse to the exact equations of motion * 



• The fact that these cases (commonly called unHtable) may require further in- 
fvrtigation is well illustrated by Prof. Klein's results in the case of the ** sleeping** 
fm {AmerUan Jiulletin of Math.^ 1896 ; Klein and Sommerfeld's Theorie des Kreiseh^ 
K^. V.f }§ 4-8, pp. 316-374). Thus, the method of small oscillations leads to 
- ^nvtain condition for stability which may be expressed in the form A: > 0, where X- 
qdi on the constants of the top. Now Klein proves virtually that, for atnall 
tcik, the sign of k does not affect the practical stability ; so that there can be no 
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It is not difficult to see that in general, if 9 be a coordinate which 
varies with uniform velocity c in the steady motion, then in a motion 
arising from a slight disturbance of the steady motion q will contain 
terms of the type (c-hv) t, where v involves the initial change in p (p 
being the momentum corresponding to q) : this fact may also be 
illustrated by the nutations of a top about a steady precessional 
motion (Klein and Sommei-feld, pp. 276, 291). For, since (as already 
explained, p. 201, above) q does not appear explicitly in the Hamil- 
tonian function, we have the equation 

or p has the value which it receives just after the disturbance has 

been applied. Now ^„ 

^^ dq _dR 

dt 3p ' 

and, as a rule, -^— will contain a term depending on p ; so that we 

Op 
may write 

-^= c-ht;+ terms involving the disturbances of the other 
cooi'dinates and momenta, 

where c is the value of — - in the steady motion, and v is pi-oportional 
op 

to the change in p produced by the distui'bance. Thus q will contain 

a term (c + f) /, as already stated. 

2. Small Oscillations in Gyrostatic Systems, 

The solution obtained in § 1 for the problem of small oscillations 
about a state of steady motion, although quite genei*al, may yet in 
some cases be not so easy of application as the following approximate 
method, which is based on the Lagrangian equations. The method is 
suggested by a consideration of Thomson and Tait's results for pro- 
blems of " gyrostatic domination " (Natural PhUoscyphy^ §§ 344, 345) ; 
in these cases it usually happens that the angular momenta of the 
gyrostats are lai*ge in comparison with the other dynamical constants 
of the system. It appears to be easier to follow out the consequences 
of this fact by using the Lagrangian equation of motion, having 

abi'upt change from stability to iDstabiHty, a8 k changes from positive to negative. 
I have proved that the same point occurs in the screw-motion of a solid of revolu- 
tion through a liquid. (See a paper accepted by the Society at the April meeting. ) 

VOL. XXXIII. — NO. 751. P 
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** ignored " those coordinates which define the rotations of the gyro- 
stats. If Xi, ..., ar„ be the remaining coordinates, chosen so as to vanish 
in the state of steady motion from which the system is disturbed, 
then, assuming that the x^b remain small, the Lagrangian function L 
can be reduced to the form 

to the first approximation, where 

is a quadratic function of :c,, ..., ac„, 

n = lh„XrX, (6„ z^ b,r) 
is bilinear in ac„ ..., a&^ and x^ ... x,,, and 

Q' = i^C^XrX, (C„ = C,r) 

is a quadratic function of «!, ..., x„. 

The typical Lagrangian equation of motion is 
d /dTA dL 






dt \3a-/ Sxr 

or £ (2a„a&. + 26.rar.)-(26„a&.+2c,..r.) = 0, 

or 2 ar,x, + 2 ( 6„— 6„) dc.— 2 c„a;. = 0. 

Thus the coefficients of J] appear only in the fonn (h^r—K,) ; and we 

shall not affect the equations of motion by taking instead of li the 

alternate form -,i /, , n . ^r- 

2^ {K,—b,r)XrX, = 26„iP,a;., 

for we have K^-K, = ^ (h,r—b„)—^ (hr,-h,r) = h^r—K,. 

Another way of obtaining this fact is by subtracting from the 
Lagrangian function the perfect differential with respect to the time, 

I 5i (hr.+ h.r) XrX. = 2* (6„ + 6.) X^X. ; 

for it is known that the addition or subtitiction of such a perfect 

differential will not alter the equations of motion. 

It will thus be convenient to alter the notation slightly, and, for the 

future, we shall drop the accents fi'om the alternate form ^hr,XrX^ 

and write for it d k i. • ^ u l r n 

B = 2,hr,XrX, (where o„ = — h„). 

It is of importance now to see under what conditions the coefficients ' 
in B are large compared with those in Qi Q'; ^ make this clear, con- 
sider a single gyrostat with moment of inertia I and angular velocity 
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iMt. Then one term in the kinetic energy is 

where <f> gives the angular position of the gyi'ostat with respect to 
some frame in which the axis of the gyrostat is fixed and x will be 
the angular velocity of the frame about the axis of the gyrostat ; so 
that X is some linear function of the velocities, the coefficients in- 
volving the coordinates. We assume that <f> appears in no other way 
in the Lagrangian function, and then, ** ignoring " ^, we find the tenn 
for Routh's modified function 

The term (— ^/w') doos not contribute to the equations of motion 
(assuming that the disturbance fi*om the steady motion is not such as 
to alter w). Thus x ii^uijt be calculated accui^ately to terms of the 
«econd order in a;,, ..., ar„, x^^ ..., x,^; if there is no initial steady 
motion except the spins of the gyrostats, x wi^l be of the form 

^frX, -h 2 grn^ri^. (Or. ^ g,r), 

and thus the first sum (S/^ic^) will not affect the equations of motion, 
or the whole effective contribution to L fi'om this gyi-ostat will be 

which will, accoi'dingly, form part of B. Now, by our hypothesis, the 
angular momenta, such as luj^ of all the gy i*ostats are large in com- 
parison with the other dynamical constants of the system ; hence the 
<;oefficients of B are lai'ge in companson with those of Q and Q' in L. 
On the other hand, if in the steady motion any coordinates other 
than the gyrostatic ones vary uniformly, x will, in general, contain 
also terms of the type 

Thus the terms 7w(2//,,ar^) in the Lagrangian function will have to be 
balanced by other terms from the potential energy, so that its co- 
efficients SLve of the same order as /&>, and, besides this, the t/erms 
Iu)('!Stk„XrJi',) must be included in Q' ; then it does not follow that the 
coefficients of B ai'e necessarily large in comparison with those of Q'.* 

* To illustrate thin point wo may consider a top (with moments of inertia A^ C) 
spinning about a point on it8 axit) with angfular velocity w, taking for simplicity the 
case of no forces. If there is a steady motion in which the axis of the top describes 
a cone of semi -vertical angle a, the effective terms in the Lagrangian function can 
be reduced to \\A (xr + y^) + 2C«a;// - (Cxw tan of x^/A], But, if the axis of the top is 
originally in a fixed direction, we may simply put a » 0, and then the terms are 

p 2 



212 Mr. T. J. PA. Brora wich on Applications to [Nov. 8, 

In the following work we make the hypothesis that the coeflBcients 
of B are large compared with those of Q and Q' ; thus it will be only 
applicable in general if the original steady motion is confined to the 
gyrostatic spins, though there may be special* cases to which the work 
applies even when there is a further steady motion. 

Now consider, first, Q and B simultaneously ; and, second, Q' and B 
simultaneously. Each pair can be reduced to a canonical form by 
known results by considering the equivalent problems of handling 

(i.) The two bilinear foi-ms 

A = ^ar,Xry, (symmetrical), 

B = ^b,.,x,.y, (alteraate) ; 

and (ii.) the two bilinear forms 

0=2 c,.,Xr y, ( symmetrical ) , 

B = IbrtX^y, (alternate), 

the substitutions being in each case congruent. Since Q is the value 
of the kinetic energy when the gyixDstats have no spins, it follows that 
Q is essentially positive ; thus Weierstrass's theorem* can be applied 
to show that all the invariant factors of the fundamental determinant 
I XA—B I are linear and that all the roots of | X^— ^ | = are 
imaginary. It is then easy to see that we can reduce Q and B by 
real transformations to the forms f 

Q = i5(xl+4.i), 

where (X' + aJ) is a typical factor of \ XA—B \ . The form of Q' will 
not, as a rule, be reduced at all by these substitutions ; and the equa-^ 
tions of motion become 

Now, assuming that the a a are large compared with the c's, which 
will usually follow from our hypothesis regarding the coefficients of B 



* See § 1 above, p. 206 ; another (and more elementary) proof that the roots of 

L\A- B \ =0 are pure imaginaries is given by Prof. Elliott ( Qtmrt. Jour, of Math,, 
December, 1899), though the fundamental point of the proof is the same as that of 
those Quoted before. 
r See f 3 below, and the papers referred to in § 1. 
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and Q', these equations give as an approximate solution 
Xir = -4^ sin (2art + lCr)i 

Xj^^l = ArCOR (2a,t-^Kr), 

and we can proceed to further appi*oximations by substituting these 
values for the x's on the right-hand side of the equations last found. 
It follows that we can obtain a first approximation to some of the 
periods (namely, ir/a^) and the corresponding principal coordinates by 
neglecting Q and simply considering the Lagrangian function as 
Q-j-i?. In almost exactly the same way we can show that a first 
approximation to the remaining peHods and coordinates can be found 
by taking the Lagrangian function as i? + Q', rejecting Q. We find 
that, if {^^ + P*) is a typical factor of the determinant \ XC — /? |, 
then the corresponding period is nearly 47r/3. The first set of 
oscillations will be extremely rapid and the second set extremely slow. 
It is of some importance to observe that our argument proving that 
the roots of | XA—B \ = are pure imaginaines can only be applied 
to the second set of periods (i.e., those given by | XC—B \ = 0) if 
Q' be definite as well as Q ; and this point may be of importance in 
deciding the stability of the system ; it is clear from what we have 
said that the instability, if it exists, will arise from the vibrations of 
long period. A special case illustrating this is given by Thomson 
and Tait (Natural Philosophy, § 345*), taking the case represented by 

2L = x^-^f-\-N (xy-xy) + cwj" + hy\ 

and it is proved that the system is only certainly stable if ah is 
positive, which is precisely the condition that (aa;*H-6y*) should be 
always of one sign, or ihfinite. 

The condition that Q should be definite is certainly sufficient in all 
cases to ensure stability, though we have no information as to it« 
necessity ; it is, perhaps, worth remarking that the sign of Q' may be 
either positive or negative, provided that it is always the same. 
When there are no gyros tatic spins, Q' must be negative for stability. 

Finally, it may happen that \ B \ =0, which will always be the 
case if n be odd ; then there will be certain terms in the reduced form 
of Q which have no corresponding terms in the i*educed form of B. 
Suppose that the terms Qo = ^ (^i+ •• +^*) belong to Q, but that 
«i, ..., Xk no not appear in B\ we make the necessary substitutions 
(found in the reducing process) in Q\ and then put zero for .t^.j, ..., .r„; 
we obtain thus a quadi*atic Q\ in x^, ..., .i\. The terms Q^, Qq can 
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now be reduced simnltaneouslj to snms of squares ;* thns we maj 
write , , 

where these x's are not the same as the last aj's, but accents hav< 
been di'opped to save complicated symbols. Thus the complete ex 
pressions are 

where everj' term in QJ has one of the variables a?*^,, ..., x„ as j 
factor. Thus we get k equations of the type 

^r = ''d,x,-{-(gr,k*i^k.i-^"-\-gm''^n) (r = 1» 2, ...,A?) 

giving k additional periods (neither very long nor very short) of th< 
approximate values 27r(f;*. 

3. A Modified Process of Reduction. 

Let ^ be a given symmetrical form and B a given alternate form 
It is required to reduce the two forms by congnient substitutions 
If we know that all the invariant-factors of the detenninan 

I \A-\-fjiB I are linear, the method due to Kroneckert takes a simph 
form, and I venture to give a short sketch of this process, hoping 
that it may be of interest to some readers who would not study j 
purely algebraical paper, such as those which I have quoted before 
The case considered here may be regarded as the ordinary one ; for 
if two forms are chosen at random (one being symmetrical and th< 
other alternate), it will usually happen that all the roots of the de 
terminantal equation | A — /.iB \ ~ are different, which is a specia 
case of linear invariant factors. 

Suppose, then, that ^ = cis a root of | A—fiB | = ; then (A^cB 
is a form which can be expressed in tenns of (at most) (w — 1) x'b anc 
(n — l) j/'s, supposing that the general form {A —ftB) contains n .r's am 

II 7/'s. Hence, if we are restricted to substitutions which are the sam( 
for the .r\s as the t/'s, there will be at least one x (and one y) in {A — cB 
without a cowesponding y{x).t Let us denote the x by .r, and th< 



* Weieratrass, Berliner Monatsherichte, 1858, p. 207 ; Geaainmclte Werke, Bd. i. 
p. -.'33; Kronecker, ibid., 1868. p. 339; Grgammelte JTerkuf, Bd. i.. p. 163. 
i Iterhiur Mouatttherichte, 1874, p. 397 ; Gfsamwehe Werke, Bd. i., p. 423. 
I The cane when the (w— 1) x^» are j aired off, each to one of the \u — \) t/'s, cai 
occur only when ^y B are expresHible in terms of fewer than n .r*« and n y*8. 
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y^7 Vi'f *^en we assume that the coefficient of x^y^ in (A—cB) is not 
zero.* This assumption is really no more than the original one that 
the invariant-factors to base (/t*— c) of | A—fiB \ are linear; though a 
direct proof that the two assumptions are equivalent is not to be 
obtained without going to greater detail than I wish to use here. 
Thus, the factor multiplying x^ in (A—cB) is a linear function of 
y^i Vii "">yn] 80 wHte i/a for this fjictor, and we can eliminate y, in 
tei-ms of 1/2, 2/8, . ., y«. Thus, 

A—cB = Xiy2-\- terms containing a;,, a^, ..., «„ and y'^, t/,, ..., y„, ^ 

and, collecting all the terms in yi, we may write them in the form 
ajjy!, where x^ is a linear function of .Tj, a;,, ...,«„. Thus, 

A — cB = a*i'y.j-t- terms in a;,, ..., x„ and y„ ..., y„ ; 

then interchange the x'a and y's, and we get 

A-{-cB =^ Xiy[-\-tevniB of the same type. 

Hence A = ^(x[y.-\-x!iy^ -\- terms in a^„ ..., x„ and ?/„ ..., y„ ; 

cB = i(x2y[—X2y[) + terms in ar„ ..., x„ and y„ ..., y„. 

From this i^esult it is clear that | A — fiB \ has two invariant-factors 
(fx—c), (^ + r), which verifies our original assumption partially. It 
does not, of course, show that, with these invariant-factors, we can 
have no other forms. Continuing this method, we finally aiTive at 
completely reduced fonns for A, B, except for terms which arise 
when \ A \ =0 and when \ B \ =0. The complete discussion of these 
cases would occupy us too long ; but we can indicate how to deal 
with the simpler points. First take \ B \ = ; then B can be reduced 
so as not to contain at least one pair of the vaiiables which are 
present in A. Say these are .Tj, y^ ; then, by collecting all the terms 
in a?„ y, together in A, we find (provided the coefficient of a;,yi in j4 
does not vanish) t 

A = x[y{-\- terms which do not contain x^ or y^ 



* It may be well to indicate that this is an assumption by giving a case in which 
it does not hold. Say we take 

^ * (-^2^3 + -^4^1) - (^z!/2 + ^i yi) ; 

then {A — cB) contains only jti, ^3, x^ and y^, yj, ^4 ; but the term x^y^ does not 
oocnr. 

t To illustrate the possibility that this coeflScient may vanish, we may take the 

pair of forms A = j-j yj, + x^y^ + ^3^1, -^ = -^s.Va - ^3^2- 

The consideration of this case will not be continued here. (Those who are interested 
in it will find details in my paper in the Atnerican Journal of Mathematics.) 
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Thus, we may take x[, y[ as new variables in place of .t,, yi ; and these 
will not appear in B; so that | \A—B \ has an invariant-factor X. 

We can in a similar way treat the case [A \ =0, and we shall find 
(in the simplest cases) terms of the type 

B = x[y2—xiy[ + terms without these four variables, 
and either 

A = ir,'t/i'-hterms without these four variables 

or -4 = terms without x{, yj, x^ y!^. 

In the first case | A—fiB \ has an invariant-factor /ot', and in the 
second it has a pair /i, /x. 

It is, perhaps, worth while to indicate the passage from oui* results 
to those used in § 2 for the special case when the ix)ots of | A — fiB \ =0 
are pure imaginaries. In this case we change -\-c to — r by changing 
+ 1 to — t, and so (A^cB) to {A-\-cB). Hence, x'l, x', are conjugate 
imaginaries ; for we have 

A—cB = iri'y2+ terms independent of x[, y\, x^^ ya, 

A-{-cB ^ arj 2/1 + terms independent of x{, y[, x!,, yL 

Thus, if we write 

^\ = f 1 + 1^2, 2/1 = '/i + iVt^ 

a-^ = f 1 — ? ^2, 2/i = »7i — 1»7„ 

we have, if c = la, 

A = ^ji/i-t-fji/j-l-terms independent of fi, 17,, fj, 17,, 

oB = ^,1/3— fji/i-hterms independent of f„ 17,, fj, 17,, 

which are the foims used above. 

It may be remarked that, in the case of linear invariant-factors, 
Jordan's methods * can be applied correctly ; though, as shown by 
Kronecker,t they are not sufficient in some other cases. The justice 
of Kronecker s criticism was (after some controversy) admitted by 
Jordan, + wlio adds the remark that his methods are coiTect in case 
the symmetric form is equivalent to a definite quadnitic form. They 
are valid in all cases when the invariant-factors are linear, even if the 
quadratic be not definite. 

• LiwtviHe*8 Journal^ t. xix., 2me ser., 1874, p. 35 (§§ 5-8). 

t Berlinn- Motiataherichtf, 16 May, 1874, p. 223 ; Geaammelte Werle, Bd. i., p. 402. 

X Comptet Rendw, t. xai., 1881, p. 1437. 
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Thursday, December ISth, 1900. 
Dr. HOBSON, F.R.S., President, in the Chair. 

Sixteen members present. 

The following gentlemen were elected members : — Schuyler Colfax 
Davisson, Ph.D. Tubingen, Associate Professor of University of 
Indiana ; Raghunath Purushottam Paranjpye, B. A. St. John's College, 
Cambridge ; Sidney Luxton Loney, M.A. Sidney Sussex College, 
Cambridge, Professor of Mathematics at the Royal Hollo way College 
for Women; David Andrew Rothrock, A.B., A.M., Ph.D. Leipsic, 
Associate Professor of University of Indiana; Balak Ram, B.A., 
Scholar of St. John's College, Cambridge. 

Mr. Basset spoke " On the Real Points of Inflexion of a Curve." 

Miss Bar well read a paper entitled ** On the Conformal Repre- 
sentation of Polygons on- a Half Plane." 

Prof. Elliott communicated his paper " On the Syzygetic Theory of 
Orthogonal Binariants," and gave an account of a paper by Mr. A. L. 
Dixon, entitled " An Addition Theorem for Hyper-elliptic Functions." 

The following papers were communicated by reading their titles : — 
On some Properties of Groups of Odd Order (ii.) : by Prof. 

Bumside. 
On Discriminants and Envelopes of Surfaces : by Mr. R. W. H. T. 

Hudson. 
Note on the Inflexion of Curves with Double Points : by Mr. 

H. W. Richmond. 

The following presents were made to the Library : — 

" Educational Times," December, 1900. 

** Indian Engineering," Vol. xxvm.. Nob. 16-20, Oct. 20-Nov. 17, 1900. 

** Supplemento al Periodico di Matematica," Anno iv., Fasc. 1 ; Livomo, 1900. 

** BoUettino della Associazione * Mathesis/ " Anno v., Num. 2 ; Livorno, 1900-1. 

" Wiadomosci Matematyczne," Tom iv., Zeszyt 5, 6 ; Warsaw, 1900. 

Tarleton, F. A. — ** An Introduction to the Mathematical Theory of Attraction,*' 
8vo; London, 1899. 

"Williamson B. and F. A. Tarleton. — ** An Elementary Treatise on Dynamics," 
8vo; London, 1900. 

The following exchanges were received : — 
"Proceedings of the Royal Society," Vol. lxvii., No. 438 ; 1900. 
** Beibliitter zu den Annalen der Physik und Chemie," Bd.xxiv., St. 10 ; Leipzig, 
1900- 
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*• Bulletin de la Society Mathomatique de France," Tome xxvni., Fasc. 4 ; 
Paria, 1900. 

** Aimale8 de la Facolte dee Sciences de Toulouse," Serie 2, Tome n., Fasc. 1 ; 
Paris, 1900. 

'* Bulletin of the American Mathematical Society," Series 2, Vol. yu., No. 2 ; 
New York, 1900. 

''Bulletin des Sciences Mathematiquen," Serie 2, Tomexxiv., Sep. ; Paris, 1900. 

** Annali di Mutematica," Serie 3, Tomo v., Fasc. 1, Nov. : Milano, 1900. 

"Atti della Reale Accademia dei Lincei — Kendiconti," Sem. 2, Vol. ix., 
Fasc. 8, 9, 10; Roma, 1900. 

•* Berichte iiber die Verhandlungen der Eunigl. Sachs. Gesellschaft der Wissen- 
■chaften zu Leipzig," Bd. Ln., No. 5 ; 1900. 

♦* Nyt Tidsskrift for Matematik," A. Aargang* xi., Nr. 7, 8 ; Copenhagen, 1900 

**Prace Matematyczno-FizycznC;" Tomo xi. ; Warsaw, 1900. 

** Proceedings of the Royal Irish Academy," Series «, Vol. vi.. No. 1, Oct. ; 
Dublin, 1900. 



Note on the Inflexions of Curves with Double Faintx, Bij H. \\\ 
Richmond. Received November 27th, 1900. Read December 
13tli, 1900. 

Apart from curves of the third order, our knowledge of the 
properties of the system of points of inflexion of a plane curve is veiy 
small. The inflexions of a non-singular curve U of order m form the 
complete family of intersections of U with a covariant curve, 11 the 
Hessian, of order 3/?i — 6. The nature of the intei*section of JJ and H 
at an ordinary node or cusp is considered in the formation of Plticker's 
equations. At a point of higher singularity the nature of the inter- 
section has been studied by Brill,* KOtter,t and othei's, and, more 
recently, in an extended form, by Segre. J But these investigations 
must be ranked as algebra rather than geometry, and deal with the 
abnormal intersections of U and H which do not count among the 
points of inflexion of 27, not with the simple intersections which are 
the points of inflexion — except in so far as they determine the number 
of the latter. As to the reality of the points of inflexion, Klein, § 

* Mathcmatische Annaleu, Baud xili., p. 175. 

t Ibid., Band xxxiv., p. 123. 

t Jteudicouti d. M. Accad. dei Lincei y Series 5, Vol. iv. (2), 189.5. 

§ Mathetnat\8che Annalen^ Band x., p. 199. 
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extending a result concerning curves of the fourth order due to 
Zeuthen,* has proved that in a non-singular curve only one-third of 
the total number of inflexions can be real, and as many as one-third 
may be real ; he has also given a relation which throws much light 
on the matter in the case of a curve endowed with nodes and cusps. 

In curves of the fourth order our knowledge is fuller, and I have 
therefore made an attempt to bring together the known properties of 
the inflexions of quartic curves which have one or two or three double 
points. I have not considered how the theorems are modified when 
the double point is of a special kind, as a cusp or flecnode ; on the 
other band, I have added a few results which I have not seen pre- 
viously stated, have summed up the whole into two propositions, and 
established that a partial extension to curves of higher order is valid. 
The question of reality as regards inflexions of a quartic has been 
answered very completely in a dissertation recently presented to the 
faculty of Bryn Mawr College, Pa., U.S.A., by Miss R. Gentry,t 
which contains a catalogue with figures of possible shapes of all quartic 
curves, ^nd brings to a worthy conclusion the task begun by Zeuthen 
in the paper already mentioned. The inflexions of a quartic with 
0, 1, 2, 3 ordinary double points number 24, 18, 12, 6 respectively.! 

(1) Quartics with one node. — The eighteen inflexions have been 
shown by Brill § to lie on a curve of the fifth order, which cuts the 
quartic in two further points collinear with the two points where the 
nodal tangents cut the curve. These two further points are points of 
the highest importance in the geometry of the curve ; I have proved 



* Maiheinntlitcha Annalen^ Band vil., p. 410. 

t On the Forma of Fianc Qitartic CnrreSf published by Robert Drumniond, New 
York. 

X Tlie researches of Caporali should be mentioned, although they led to few 
definite resultw ; see Mtniwrte di Gcometria^ published in Naples. 1888 (also Rendiconii 
deirAccaiL deiir Sc. di NnpnH^ Vol. xxi., 1882 ; and Segre, ** Alcune idee di Ettore 
Caporali,'* Ann. di Mat., Ser. 2, Vol. xx., 1892). 

Gerbaldi [Rrndironti del Circolo Matemat'co di Pahnno^ Vol. vii., 1893, p. 178) has 
remarked a special ca.«e which he describes as " notevolissirao," when the inflexions 
fall into six sets of four, any two sets lying on a conic. A little reflection shows 
that Gerbaldi's quartic may be represented by an equation 

rt.r« + V + <*^ + 2/V'^* + 2gz^x^ + 2hxhj' = 0. 

His result is trivial, since, if (r, y, z) be an inflexion, so also are (±a:, ±y, ±z). 
Separate instances of curves of any order which possess symmetrj' of sundry kinds, 
symmetry wliich must be shared by the points of inflexion, might be multiplied ad 
injitiitum. 

§ Mathematiarhe Auualeu^ Band xni., pp. 103 and 517. The second paper con- 
tains corrections of stme unsound reasoning in the too simple proofs of the first 
paper. 
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elsewhere* that they are the intersections of the uninodal quartic 
with the conic that passes through the six contacts of the tangents 
from the node. Their importance arises chiefly from the fact that 
they form with the node the singular points of a quadric transform- 
ation by which the quartic is changed into itself. If they be pro- 
jected to the circular points at infinity, the curve is inverse to itself 
in the sense of elementary geometry, the node being the centre of in- 
version. 

(2) Quarttcs with two nodes. — The symbolic equations of the doubly 
infinite linear system of curves of the fourth order that pass through 
the twelve inflexions are obtained by Brill in the papers already 
cited. One such curve is the quartic itself, and a second passes 
through both nodes ; and, genei*ally. Brill shows that any quartic 
through the inflexions cuts out on the binodal quartic four further 
points that lie on a conic with the four points where the nodal 
tangents cut the curve. A simple method of investigating the in- 
flexions is to express the cooi^dinates of the points of the curve as 
elliptic functions of a parameter n. If a„ a, be the values of n at one 
node, l\^ p^ those at the other node, the parameters, w^, Mj, t/j, ...,m4„, 
of the Ani intersections of a curve of oixier n with the binodal quai'tic 
satisfy three conditions : 

2«, = n (a,H-ajH-/3,-f-A) (r = 1, 2, 3, ..., 4,i), 

H O-^ai-^r) ^ rcr(a,-/3,)cr(a^-/3,)-|"^ 
<r(a,— w^) L<r(a2-^,)cr(a5— /3,)J ' 

jj crffl- ti.) ^ roi(/3^aO^(/3,-«,)T' 
o-(/3,-w,) Lo- (/Jj-a,) (7 (/3,-a2)J • 

The parameters, t„ t,, i,, ..., 1,5, of the twelve inflexions are given by 
p(w— ai)-p(w-a,), p(w-/3,)-p(m— /5,) =0. 
p'(w_ai)-p'(n-a,), p'C^-p'i) -p'(w-/^s) ' 

Therefore i: (z,) = 3 (cjH-c4H-/3, + /3,) (r = 1, 2, 3, ..., 12), 

n ^0^1— ^'>) = <r 03i-ai) o-(/3i— a<) O" {'li\—a,-- a^ 



♦ Quart. Jour, of Math.^ Vol. xxvi., p. 5. Compare W. R. W. Roberts, ** On 
Uninodal Quartics,'* Proc. Loud, Math, Soc., Vol. xxv., p. 151. 
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Now the tanp^ents at the nodes cut the quartic in four points wher© 
the parameter u is equal respectively to 

We show without difficulty that (i.) the curves of ordern+S which 
pass through the twelve inflexions, (ii.) the curves of order n-fl that 
pass through the four points where the nodal tangents intersect the 
curve, cut out on the binodal quartic the same sets of 4n points.* 

(3) Quartics with three nodes. — The six inflexions and the six pointa 
in which the nodal tangents cut the curve are pi-oved by Brill f to lie 
on two conies, which intersect the curve in the same two further 
points. To prove these theorems, we may express the coordinates of 
points on the curve as rational quartic functions of a parameter X, in 
which form, if (oj, Oj) ,(/3„ )8j), (y^, yj) be the pairs of values of X at the 
three nodes, the three relations that connect the 4n parameters- 
(Xj, A„ Xg, ..., Xi„) of tke quartic and a curve of order n are the three 
relations similar to 

o^-X;- L(a,-/3,)(a,-/i.)(a,-y,)(a,-y,)J C^ - 1, A .3, ..., 4n). 
It is easy to see that the product 



-&D 



has the same value when X receives six values that correspond (i.) ta 
the inflexions, (ii.) to the intersections of the nodal tangents with the 
curve, (iii.) to the contacts of the tangents from the nodes, flence^ 
assuming Brill's theorem that the six inflexions lie on a conic, we see 
that the six intersections of the nodal tangents with the curve and 



* In order that the twelve inflexions may lie on a cubic, I notice {Quart. Jour, of 
Math.^ Vol. xxxn., p. 63) that only a single condition^ 

<!> l«i - /3i) + *? (as- iSj) ■= F («i - iSj) + <^ («J - /3i), 
has to be satisfied — not, as might be expected, three conditions. The one condition 
being fulfilled, the nodal tangents cut the curve in four oollinear points. 

t Matheinatische Anmlen^ Band xn., p. 90 ; Band xm., p. 175. Compare Franz. 
Meyer, Apoiaritdt und tatiofiale Curven, pp. 283-287, where a notable property of 
the two further points is obtained. If the equation of the trinodal quartic be, as. 
in Salmon, Higher Plane Curves, p. 254, 

ayh' + bz^x- + «:»y" + V^y^ + 2^y*-J^ + 2hz^Zj/ « 0, 

the two further points are the two points where 

afyz + bffsx + ehxy « 0. 
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tlie six contacts of tangents from the nodes also lie on conies, the three 
conies all intersecting the quartic in the same two further points. 

Having set down side by side these theorems on the inflexions of 
quartics,* we observe that they may be summed up in two pix>- 
positions. The first is Brill's theorem that the inflexions of a trinodal 
quartic lie on a conic ; the second is : — 

On a curve of the fourth order which has none but ordinary double 
points, whether one, two, or three in number, the three point-groups 
formed, (i.) of the (18, 12, or 6) points of an inflexion, (ii.) of the (2, 4, 
or 6) intersections of the nodal tangents icith the curve, are coresidual. 
Incidentally, it has been noticed that in the cases of the uninodal and 
trinodal curves the six points of contact of the tangents from the 
nodes are also coresidual with these two point-groups. f 

1 proceed to establish an extension of this result, viz. : — 

On a curve of any order which has tione but ordinary double points the 
inflexions and the points ivliere the nodal tange7its cut the curve coyistitute 
a pair of coresidual point-groups. 

The double points must not be cusps or flecnodes, but must be 
formed by the crossing of two (real or imaginaiy) bi*anches, the 
tangents at the point of crossing being distinct and having only 
noimal (two-point) contact with the branch. Also the case when one 
of the nodal tangents goes through a second node must be barred out, 
or, at least, investigated separately. 

Let U he B. cuitc of order m with (/ ordinary double points, 
Oi, Oj, 0„ ... ; let H be its Hessian of oi*der 3m— 6. The two tangents 
at any one of the double points are distinct, and each cuts U in m— 3 
points other than the double point. Through the 2r/i — 6 points on 



♦ The inflexional tangents possess the following properties : — In the non- singular 
quartic they form the complete system of common tangents of two curves of class 
four and six respectively enveloped by lines on which ^e quartic cuts out an equi- 
anharmonic or a harmonic range. The twenty lines made up of the eighteen 
inflexional tangents and the two nodal tangents of a uninodal quartic are the com- 
plete system of common tangents of two curves of class four and five respectively. 
The twelve inflexional tangents of a binodal quartic and the four nodal tangents 
touch a singly infinite linear system of curves of class four. In a trinodal quartic. 
t^e six inflexional tangents, the six nodal tangents, and the six tangents from the 
nodes all touch conies ; and the three conies touch one another at the 8ame two 
points. It does not apx)ear that these properties can be extended in any obvious 
way to curves of higher order. 

t I am indebted to the referee for notice of the curious fact, concerning which I 
had fallen into error, that the points where the curve is touched by tangents from 
the nodes and the points where the curve is cut by tangents at the nodes do not 
form coresidual point- groups in the binodal quartic, although they do so in the 
iminodal and trinodal curve. 
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the tangents at Or draw a curve Vr of order m— 3, not passing throagli 
any node or inflexion of U nor any intersection of U with another 
nodal tangent, and denote by Or the point-gi-oup composed of its 
(m — 2) (m — 3) other intersections with TJ, 

The intersections of If and H are made np of simple intersections at 
each inflexion of U and six-fold intersections of a particular kind at 
each doable point, 0„ Oj, 0.,, .... We proceed to construct a series of 
curves K^, X,, JT,, ..., of orders which increase in an aiithmetical pro- 
gression with common difference m— 5, whereof K^ has the same 
intersections with U as H. except that K^ does not pass through Oj, 
but has a simple intersection with V at each point of the point-group 
Q^ ; JTj has the same intersections with CTas ^„ save that K^ does not 
go through Oj, but has a simple intersection with U at each point of 
the point-group (r,, ... ; K^ has the same intersections with U as 
JT^.i, save that Kr does not pass through Or, but has a simple inter- 
section with CTat each point of the point-group 6/,, .... Finally, we 
shall arrive at a curve of order 

3m— 6 + 6? (m— 5), 

which has a simple intersection with TJ at each inflexion and at each 
point of all the point-groups (?„ O^^ (?j, .... Therefore the inflexions 
will have been proved residual to the aggregate of all the point-gi'oups 
6^,, (tj, (7„ ... ; and, by the construction of the last pai'agi*aph, the 
point-groups O^^ G^, G,, ... are residual to the points of intersection of 
the nodal tangents with the curve. Hence the inflexions and the 
intersections of the nodal tangents with the curve will have been 
proved to form two coresidual point-groups; that is to say, if 
any curve whatever pass through all the inflexions of U and cut U in 
a further group of points Q, a second curve can be constructed which 
cuts U in the points O and the points where the nodal tangents cut [7, 
and in no other point. It remains to investigate the method by which 
Kr-iis replaced by Kr. 

Let a? = 0, y = be the tangents (whether real or imaginary) at 
Or', 2 = a line that does not pass through Or- With x, y, z blb 
coordinates the equation of U is 

a-i/z"-* + (oa;» + 6/ + cicV + ^t/*) 2— ' + ( . . . ) is""* + &c. = 0. 

The coefficients a and b are debarred from vanishing by the condition 
that the branches through Or are not inflected at Or ; thus the points 
where the tangents a; = 0, y = cut the curve U are determined by 
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equations 

a; = 0, VC^'-'+Pi^" VH-i>«^""*y'+ ...^•.-32/'"-') = 0, 

respectively ; and the carve F„ which is drawn through the 2m— 6 
points of U other than 0,. that lie on a; = and y = 0, has an equa- 
tion of the fonn • 

^m-i being a function of x, y, z of degree m— 5. We may therefore 
write the equation of U in the form 

U = xyF^.,-\-{aa?-\-hx^) F, = 0, 

Fm-% denoting a function of «, y, z of order m — 2, the terms z"*"^ and 
z^.i being present in F^.j ai^d F^ respectively with coefficients unity, 
and a and h being different from zero. 

We suppose that a curve Kr-i of degree Z, where 

Z = 3m— 6-f (r-l)(m— 5), 

has been constmoted, which has simple intersections with TJ at each 
of the inflexions of LT, and at each point of each of the point -groups 
(?!, (tj, ..., ^,._i, and has a six-fold intersection of a special type at 
each of the d—r-\-\ double points Or, Or.u 0^+2? ••• ; ^r-i can have no 
further intei-section with U. 

Now assume for the moment that Ky.i is represented by an equation 
of the form 

K., = xy^,., + (aa;»+ 6y») ^,., = 0, 

where <^/_2, <^/.3 are functions of x, y, z of orders Z— 2 and Z — 3 re- 
spectively, headed by the terms Xsf'^ and fAz''^ respectively. The 
coefficients X and /i possibly vanish, but it will appear that they 
cannot be equal and so cannot vanish simultaneously.* If, then, we 

^^^^ xyK,^U4^,.,^K,.,Vr, 

the curve iT^ = of order Z-fm— 5 passes through all the simple in- 
tersections of U and EV_i, all the points of the point-group 0^ (which 
contains all the intersections of U and Vr which do not lie on aj = 



* If A yanishes, AV. i has a triple point at Or, but the number of intersections of 
JTr.i and 27 that coalesce at Or is not affected. 
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or 2/ = 0, and therefore lie on W^^.i =• 0), and has' a six-fold intersec- 
tion with JJ at each of the double points Or*i, Or*2» ••• • Thus K^ 
cannot cut TJ in any further points, and in particular cannot go 
through 0„ as it would do if A and /x were equal ; the possibility of X 
and ft being equal has, in fact, been excluded, in some way which we 
need not stop to consider, by our assumptions concerning the curves 
F„ F,, ..., n.i. 

We cw^itme again that in replacing J^.j by E", in the manner just 
explained we have done nothing that prevents us from afterwards ap- 
plying the same treatment to anyone of the other double points in which 
JJ and i^_i intersect. The two assumptions are not in reality different ; 
we shall justify both if we prove that K and all the curves 
-^1, ir„ Z,, ..., Z;.., introduced up to the stage at which any particular 
double point 0^ is singled out for treatment fall under the form 

«y*u2-h (aa;»+ V) */-8 = ^' 
already assumed for K,..x^ the quantity I here denoting the order of the 
curve under consideration at the moment, and ^/.j, *|.s standing for 
functions of », y, z of order Z— 2 and i— 3 respectively, headed by terms 
\!i-'' and pL;i-\ 

Now H is well known and easily proved to be of this form, the 
values of \ and ft being (m— 2) (m— 1) and — m (m— 1) respectively. 
To derive J^i we take the difference of B. multiplied by F^ and TJ 
multiplied by some other function, and can reject a quadratic factor 
which represents the pair of factors at the node 0^ ; this quadratic 
factor cannot vanish when a; = and y = on account of the con- 
ditions originally imposed. Hence iTj is of the form assumed, the 
possibility of X and fi being zero being taken into account ; since the 
order in which the several double points are treated is arbitrary, we 
might consider 0^ next ; thus the previous proof that X and ft are un- 
equal is valid, and X and ft are not both zero. The process may now 
be applied to 0,, 0„ ..., till the time for dealing with 0, arrives. 

Q.E.D. 

The inflexions of elliptic curves (^ = 1) possess certain special 
properties. On such a curve, being of order m, there are in the 
general case ^m, (m— 3) double points and 3m inflexions ; the double 
points lie on a curve of order w — 3, and constitute the complete 
system of its intersections with the elliptic curve. When the co- 
ordinates of the points of the elliptic curve are expressed as elliptic 
functions of a parameter u of the form 

VOL. XXXIII. — NO. 752. Q 
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the 3m parameters of the inflexions are the zeroes of the determinant 
whose constitaents are the three coordinates and their first and second 
differential coeflScients with respect to u ; the sum of the parameters 
of the 3»i inflexions therefore vanishes, and a curve of order m other 
than the given elliptic curve will pass through all the double points 
and the 3m inflexions. Thus, when j? = 1, it is possible to replace the 
Hessian by a curve of order m which, like the Hessian, has a simple 
intersection with the given curve at each inflexion ; but, whereas the 
Hessian has a double point at each double point of the given curve, 
counting as a six-fold intersection, the new curve only passes through 
the double point 



The Syzygetic Theory of Orthogonal Blnariants. By E. B. Elliott. 
Bead and received December 13th, 1900. 

1. Attention has been redirected to systems of orthogonal in- 
variants and covariants of binary forms by Major MacMahon in a 
paper rend at the 1900 meeting of the British Association. His 
method is symbolical. The following pages are, it is believed, quite 
independent of his work. Their aim is to show that a complete 
syzygetic theory of the concomitants in question can be based on very 
elementary and simple considerations. 

In a binary p-ic, in fact, the complete irreducible system of non- 
absolute orthogonal concomitants consists of a pair x^ty of lineai* 
universal covariants andp+l linear invariants; and for a system of 
ajJi-ic, ap,-ic, Ac., it consists of a;db«y andj?i4-l,i>j4-l» &c., linear in- 
variants of the Pi'ic, the |?j-ic, &c., separately. The theory of the com- 
plete irreducible system of absolute orthogonal concomitants for a given 
p-ic or system is, in effect, the theory of irreducible products, obeying 
a certain law of isobarism, of the appropriate linear system. 

In the relation expressive of the invaiiancy for all linear trans- 
formations of a concomitant of a quantic or quantics, the factor is well 
known to be always a power of the modulus. All proofs of this depend 
for their validity on the iiTeducibility of the general modulus. No 
such fact holds as to concomitants which have the pi*operty of in- 
variancy only for a restncted class of linear transformations, in case 
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the moduliLs for that class he resoluhle into factoids. For instance, 
in expressions of invariancy for the class of transformations 
« = ZX— mY, y ^ mX+lY, 

the factor may he a product of different powers of Z+«m and l—im. 
In particular, for the direct orthogonal transformation 

a; = Xcosd— Ysin d, y = Xsin d+ Fcos d, 
the factor in an expression of invariancy will be a positive zero or 
negative power of e'*. 

Orthogonal invariants, &c., which are non-absolute for direct turn- 
ing are left out of sight in chap. xv. of my Algebra of Qaantics. 
They are not left out of sight iu Andoyer s Theorie des Formes ; but 
M. Andoyer 8 direction to find them (p. 143) by firat investigating all 
absolute concomitants, and then combining x-^-iy with the system 
found, reverses the order which will be seen to be the one readily 
applicable to the construction of syzygetic theory. 

2. From a; = Zcosd— Ysin^, y = X sin d+Tcos d, (1) 

it at once follows that 

X+.Y=.-(. + cy)| ^^^ 

X'-iY - e'^ {x-iy) J 

Thus x-\-iy and «—«!/, which calif and ly, are fundamental — universal 
— concomitants, of f Betel's e"**, e** respectively, f "*!/** is one of factor 
^_t(m-n)tf ^j^y rational integi*al function of a: and y, with numerical 
coefficients, may be given the foi-m 

by putting \ (f +»?) and — (f- ?;) for x and y. It will be a universal 

concomitant if and only if for each term, when it is thus written, 
m—n is the same. 

Moreover, ^ +* ^ and « - are fundamental invariant opera- 
da; oy Cx cy 

tors, of factors e~'*, e'* respectively. If, in fact, 
be any equivalence, we have 



vax ay/ \sx ?y} ^ ' 



<Sx ay/ \Bx ar 

-')o(l.^, 

dy/ ^dx Oy 



--"-•(e^-^)'(|-s)><->- <« 



Q 2 
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For sbortnesB, write F„ ai^<i ^~'^^~'^^fr, for the two sides here. A 
consequence is that 

This affords ns the means of writing down all rational integral 
differential equations which are unaltered in form by any trans- 
formation such as (1) applied to the independent vanables, and of 
deciding whether a given equation has the property. Replace, in an 
equation 

%A:^r^^S-.' ^ ' ... =0, 

^^y^yh {(«+*y) + (^-'y)}» ^t {(^ + *2/) — («— *y)} respectively, and 

-- , -— by the like linear functions of^+i— , 1, thus 

ox oy Ox Oy ox cy 

giving it the form 

SB(. + .y)-(x-.y)'.''(|-+.|-)"(i^.-..^.)% 
^ox oy^ ^cx oy^ 



ox dy' ^9aj 3y' 






from which the ti-ansformation (1) produces the like form in X, Y 
with each B replaced by the corresponding jge*^*'""^'**-^''-^^*. The 
necessary and sufficient condition for permanence of form is then 
that for all terms 

a'— /3'-|-2r— 2^ = const. 

The property common to equations with this permanence is that 
their general solutions are unaltered in functional form when in 
them a:+ty is multiplied, and x-^ty divided, by any the same con- 
stant e**. 

3. Take now the infinitesimal transformation 

included in (1). To express propei*ties of invariancy for the one- 
parameter group (1) it, we know, suffices to express the facts for (4). 
For a form K associated with 

u = (o^, ttj, a,, ..., a;){x, yY (5) 

to have the property of invariancy for (1) it is necessary and sufficea 
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that its infinitesimal increment, when X, Y from (4) are snbstitated 
in it for x, y, and the consequential substitutions for %, «i, Oj, ..., dp 
are made, be a multiple of O'K. Accordingly the condition is that, 
for some value of A, 

Jn_o_y|. +^|.J K = \K, (6) 



whei'e 



a 



dyl 



fi = «o 5— +2aT _ + ... +pap.i .r- , 
oaj da, Cttp 



= i?ai^ +(p-l)a5^--f .. 



+ «/, 



3a-. 



(7) 
(8) 



We have ah'eady found the two solutions aj±iy, of equations such 
as (6), which are linear in the variables and free from the coefficients. 
Let us now consider solutions linear in the coefficients in (5) and free 
from the variables, t.e., linear oi-thogonal invariants of u. 

For A'oao-f Afiaj-l-A-jaj-f ...H-fc^a^, (9) 

to be such an invanant the equations to be satisfied by A and the 

3A-,- (jp- 1) /. 1 = AA-, 

pky—'Ikp.i = AAp., 

— A?p-i =AA;p 

and there is consequently one set of values of ratios of the ^'s corre- 
sponding to every value of A which satisfies the equation 

I A -1 =0. (11) 

p A -2 

p-l A -3 



3 A -(i>-l) 

2 A -|> 

I 1 X 

The direct algebraical solution of this equation presents difficulties. 
But it will be seen indirectly that the equation must, in fact, be 

(X'+l')(^'+3')...(V+i>')=0 
or X (\' + 2') (\' + 4') . . . (V +y) = 0, 
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according as ^ is odd or even. In &ct, 

Ox Oy 
annihilates u = (a^, a^, «,,..., a„)(x, y)^ (5) 

to which apply the transformation x:=^((+Yf), ^=5- (f — 1) of § 2, 
and write it 

u=K,a;,a.;...,a;)«,17)^ (11) 

Now, from the term l^] (w('*"'ti'' in this, — y -^ +^"^^ produces 
^*'/ oa? oy 

Consequently O— must produce from it 

-'(i'-2r)(^)«;^-V- 

In other words, (O— 0) o^ = — t (p— 2r) a'r (r = 0, 1, 2, ..., !>)• 

(12) 
There are then jp+1 distinct values of A which make the equations 
(10) consistent, namely, the values —ip, — t (p— 2), ..., « (p— 2), *j>; 
and p-f 1 distinct corresponding linear orthogonal invariants (9), 
namely,. the coefficients aj, aj, o.^, ..., a^ in (11). 

These p + 1 linear orthogonal invariants are linearly independent. 
For, were the coefficients in (11) linearly connected, so would be the 
p + 1 linear functions of them 0^ (1^ a^y ..., a^; but these are general. 



4. To find the expressions for these linear invariants, we notice 
from (11) that ^ 

and we also observe that 

3f""'\3aj '3y/' drf 



ft =^! Or 



Thus 



^3aj dyf drf ^dx 3y' 

1/3 3 X""*" /3 . 3 x*- 
''=^!"2-^(3;"*3.v) kx'-'dyr 



(13) 



P' *^ \0x Oyf 

(r = 0,l,2, ...,p). (14) 

Let us now change the notation, and write Ip^tr foi* ^^<^'n thus 
taking for our p + 1 independent linear invariants 

if I? is odd, and I^, J.,, I^.j, J.^^j, ..., J„ I.j, Zq 
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if j? is even, where, for every s from to the greatest integer in Jp, 

p^'^cx dy' va** a^'/ 

Now, to adoj)t a notation* in which all the " symbolic " theory of 
forms can be advantageously expressed without the use of any 
symbol which has not actual meaning either as a quantity or as a 
differential opei^ator, 

t* ='(a^ Oi, a,, ..., a,)(a-, yY 
= (x-^ydya^ (16) 

where rf = «, -- +a,— + ... +a^ ^- — . (17) 

Hence (15) gives 

= (l=F.d)''-"(l+<P)'a. 

= (iTid)"-" {a„ 0,, a«, .... «^)(1, 1)' 

= {(«o. «s. •". «i.)(l, 1)', .(«!, «., •••, au*i)0; I)'. • •■ 

..., («,-^. a,-^.., ..., «>)(!, 1)'} (1, TO' ^ (18) 

a pail' of expressions of conjugate imaginary form. When p is even 
the single I^ given by « = ^ j? is of real form, namely, 

(s, <h, ««, -, s)(i. i)"- (19) 

The factor in the expression of invariancy of any of these linear 

* Called attention to by Mr. Kempe, Proe. Loud. Math, Soe.,YoL xxiv., p. 102. 

[The kindness of Major MacMahon supplies me with a note on the convenience 
of the pure German symbolism, which he has adopted and extended in his own 
work on orthog^onal systems. 

Let the quantic be (a, ar, + «j*j)' = «J, where Oi, a, are umbrae. Invariant umbral 
expressions are a, — to^ = ai and Oi-^ ia^ = a^; and a:, + la?, = |i, Xi—ix^ = |j are in- 
variant. Now 2a, = aili •»- osls = a^ . Also all products of integral powers of ai 

and os are invariants in symbolic form for some value of Pf so that in • — a^ all the 

coefficients are linear invariants, and the variables are oovariants. The form 
— o^, i.e. (22a), is canonical. 

In place of my /notation he would recommend one of double suffixes. Thus, in 
the case of the j»-ic «^, he would regard J^o, /p-ii» -^p-2 j» ..., -^oj^ as the most ex- 
pressive notation for aj, aj'^oj, t^faj, ..., «J, or for the linear invariants (14).] 
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invariants J^ is the power of e'* whose index is the snffix m. For, in 

(15), 5"^^^- are by § 2 invariant operators of respective factors 
ux Oy 

e**^ The doctrine of the infinitesimal substitution of § 3 gives tlie 

same information. 

Every product J,„ J., „ of a conjugate pair is a quadratic absolute 

orthogonal invariant of I'eal form. 

Examples. — For low values of p the linear systems are as follows : — 
(i.) For the linear form ax-\-hy, 

Jj, /., = a=Ft6; factors e***. 
(ii.) For the quadratic a«* + 26«y -f cy', 

J„ 1.2 = rt=F2i6— c ; factors e**'^ 
Jq = a-hc; factor 1. 
(iii.) For the cubic (a, 6, c, d)(x, y)', 

J„ I_s - aTSib—Sc^id; factors e*^*, 
Ip I-i = a+cTi(b-]-d) ; factors <?***. 

(iv.) For the quartic (a, 6, c, d, e)(a?, y)*, 

I4, 1.4 = a=F4«6— 6cdb4i(i+e; factors e=^*'^ 

I„ 1-2 = a+c=F2i(6 + ei)-(c + e) ; factors e*^**, 

Jq = a+2c + e ; factor 1. 

(v.) For the quintic (a, 6, c, d, e,f)(x, y)*, 

J5, 1.5 = a=F5i6-10c±10ed+6c=Fi/; factors e*^**, 

J„ I-,= a+c=F3*(6 + ei)-3(c+e)db*(d+/) ; factors e*^*, 

J„ I_i = a-f 2c + e=F4(6 + 2i+/) ; factors e***. 

5. It must be remarked that these systems of linear orthogonal 
invariants are obtained as invariant only for direct orthogonal 
transformations 

x=:Xco8$—YBinO, y = Xsin^-f Ycosd. (1) 

A skew orthogonal transformation 

a; = Xcosd + rsin^, y = Xsin^— Fcosd, (20) 

i\e., the result of the sequence of a direct orthogonal transformation 
and a change of sign of Y and second, fourth, Ac., coefficients in the 
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transformed p-ic, produces as equal to e"**7„„ not the function J« of 
final coefficients, but the conjugate /.,«. The real quadratic product 
^m^-m is absolutely invariant for skew as well as direct transforma- 
tions. 

In like manner $ = x-\-iy of factor e~'* and i; = a;— ty of factor e** are 
invai-iant only for direct orthogonal transformations. For skew 
transformations they are interchanged as well as affected by factors. 
The pixjduct ^ly-a'^+y', the absolute, is, of course, absolutely in- 
variant for skew as well as direct transformations. 

A product IlJ'lJl ,,.^if involves y and the alternate coefficients 

a,, Oj, Oj, ... only to even dimensions in its i*eal part and only to odd 

dimensions in its part affected by t. It is an orthogonal invariant or 

CO variant for direct transformations, which is absolute if, and only if, 

myL'\-nv'\'qK+ ... — a-f /3 = ; (21) 

and, if this be the caBe, its conjugate 7!1,„I1„7!, ... rfi" will also be abso- 
lute. For skew transformations neither product will be absolute, or 
indeed invariant, unless the pixjducts are identical, t.e., unless their 
form be the real one (J,„J.,„)'*(J„I.J''... (^7)*. Half the sum of the 

two, however, and - times their diffei*ence, will, if (21) be satisfied, 
2c 

be real and invariant also for skew transformations. The former will 
be absolute and the latter will have the factor —1 for the skew case, 
though absolute for the direct. 

The systems presently investigated as systems of absolute ortho- 
gonal invariants will be absolute for dii'ect transfonnations. To 
avoid repetition it may be stated, once for all, that when for any 
quantic or quantics a system of pix)ducts of the I's and ^, 17, say the pro- 
ducts A^ B,...P, P', Q, Q'..., in which the pail's P, P', <fcc., are con- 
jugate has been seen to form a complete irreducible system of absolute 
orthogonal invariants, or invariants and covariants, for direct trans- 
formations, the completed facts will be that a direct absolute in- 
variant or covariant when expressed, as it can be, rationally and 
integrally in terms of 

A,B,..., i(p+F), ^(p-n, HQ+Qr>, ^(Q-Q') 

will be also invariant for skew transformations if, and only if, in 
every one of the products of which it consists the number of differ- 
ence factors P— P', Q— Q', ... is either odd or even. Only in the 
case of evenness is the invariancy for skew ti'ansformations absolute. 
In the case of oddness the factor is — 1. 
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6. The system oip + 1 independent linear orthogonal inTariant« 

or Oo, a,, ..., a^.,, a^ ) 

constitutes the complete irreducible system of non-absolute and 
absolute direct orthogonal invariants for one j^-ic. In fact, remem- 
bering how (11) was formed from (5), we recognize that every 
rational integral function of a^ a,, a^, ..., a^ can be rationally and 
integrally expressed in terms of o^ a[, o^ ..., o^. In particular, then, 
any invariant can. The one requirement and sufficiency that a 
rational integral function thus expressed may possess invariancy is 
that the sum of the suffixes — in either the a or the I notation — be 
constant throughout, because /., is of factor e***. 

The same system (22) with the addition of $ and 17 is the complete 
irreducible system of direct orthogonal invariants and covariants, in 
like manner. The sum of the suffixes of the i*s, diminished by the 
exponent of ( and increased by that of 17, is what has to be constant 
throughout a rational integral function of the system which is a 
covariant. 

Notice that the p-ic is not one of its own irreducible system. Its 
expression by means of that system is 

^ (/„ /,.^ ..., !.,,„ J.,)(f, ,)'. (22a) 

Products, of one degree, of members of the system (22) cannot be 
connected by any syzygy. Indeed, no relation connects ai, al, ..., a,, 
which are quite independent, because the equally numerous linear 
functions a^ a^, ..,, ap of them are. Neither can products of one 
degree and order of (22) and ^, 7 be connected, for a like reason. 

This syzygetic independence of products, and the constancy of 
sums of suffixes in the terms of such invariants as are sums of pro- 
ducts, give us means of applying partition theory to estimate the 
number of linearly independent orthogonal invariants which have 
the same factor. 

Write p for e'*. The factor which occurs in the expression of in- 
variancy of a product of powers of J^ J^.j, ..., I.p^2i I-p for which the 
sum of suffixes is «r, or of a linear function of such products with the 
same «, is then p". If we adopt the notation o^ a[, ..., a^ the sum of 
suffixes, w say, is 2r, where «: = S (|9— 2r), so that, if i be the degree 
of the product, or of each product, 

K = ip— 2u7, 
I.e., tt7 = i(»p— If). 
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There is, then, a one to one correspondence between orthogonal 
invariants of degree i and factor p* and isobaric functions of degree t 
and weight J (ip—K). The number of the asyzygetic invariants is 
then the number of partitions denoted by 

The number of factor p"* is the same. There is also the law of 
reciprocity that the number of orthogonal invariants of degree i and 
factor p* of a ^^-ic is equal to the number of degree p and factor p* of 
an i-ic. 

The facts may also be exhibited by generating functions. Thus 
the real generating function for orthogonal invariants of a p-ic, each 
affected with the appropriate factor of its expression of invariancy, is 

{(1-I,P')(1-I,.,P'-') ... (l-/.,p-')} -'• (24) 

The expansion of this in powers of p has for the coefficient of p' in it 
the sum of all the products of the i's which are the asyzygetic 
invariants of factor p*. The numerical generating function 

{(l-«p')(l-a/-^...(l-ap-'')}-' (25) 

has for the coefficient of a'p" in it the number of the asyzygetic 
invariants of factor p* and of degi*ee i. 

For orthogonal co variants the real and numerical generating 
functions are in like manner 

{(l-I^p') ... (l_I_,p-p)(l-fp->)(l_,p)}->, (26) 

and {(l-apT) ... il-ap-'')il-xp-')0.-xp)}-K (27) 

A familiar method enables us to expand (25) in powers of o. 
Noticing that multiplying (25) by 1— op"^ is equivalent to putting 
ap' for a in it and then multiplying by 1 — ap''*^ we obtain, by 
equating coefficients of a* in the two products, 

p" 1— p-* 

where (7,- means the coefficient of a* in the expansion of (25). 
Repeating the application of this to C<-i, O.-.j, ..., and observing 
that Co = 1, we have 

f, _ i (l-p"*'')(l-p'-»-')...(l-P»-^ ,28^ 

^' p"> (i_p«)(i-p--o...(l-f.') • ^ ^ 
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Thus the number of orthogonal invariants of degree i and factor p* is 
the coefficient of p* in the expansion of (28). 



7. Systems of Absolute Orthogonal Invariants, Sfc. 

To obtain the real generating function for absolute orthogonal 
invariants (for direct transformations) of a p-ic, we have to extract 
from (24) the part free fi\)m p in its expansion. For absolute 
orthogonal covariants and invariants the like extraction from (26) 
has to be effected. More generally for absolute orthogonal covariants 
of a number of quantics in a number of cogredient pairs of variables 
j*j, yy ; a*,, y, ; <&c., we have to extract the part free fi'om p from 

{n[(i-i,p')...(i-r.,p-')]n[(i-^p-')(i-w)]}-'. (29) 

As I do not know of a work or memoir to which to refer for the 
extractions in question, I have considered in the articles which follow 
a few early cases. I first consider only invariants. 

8. For j9 = 1, I.e., for the case of ax-^-by, (24) is 

1 

(i-i,p)(i~i.,p-»)^ 

and the terms free from p are 

1 + I,I., + (7,J.,)'+ ... 

80 that the real generating function for direct absolute orthogonal 
invariants is - 

and III., = a«-fy (31) 

is the only irreducible absolute orthogonal invariant. It is (c/. § 5, 
end) invariant also for skew transformations. 

9. For J? = 2, i.e., for the quadratic ax^-\-2bxy-\-cy^, (24) is 

I _ _ 

(1-V)(l-Io)(l-7.VO'^ 

and the real generating function is at once 

1 



(i-7.)(i -1,1.,)' 



(32) 
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so that 
and 



7,J.2=(a-c)»+46»J 
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(33) 



form the irreducible system. No syzygy comiects them. They are 
invariant also for skew transformations. 

10. For p = S, i.e., for the cubic (a, 6, c, d)(x, y)', (24) is 
1 

(i-i.p')(i-/,>)(i-i.,p-')(i--r-.p-~')' 

^*"^ (i-v)(i--r-.p-') " 1 r-~7^» "^ r-7:,7-» ~ ^ 1 r^^i^a 
-•^ (i-i.p)(L/...-.) = i-U. { ^+1 (^'>"+^->p-") } ■ 

Hence the part free from p in the product is 



(i-7.i.,)(i-/./.,) 1 1-/;-!., ^ l-l!,7, ) 



i-7f j!.j,r,, 



(l-7,7.,)(l-7,7.,)(l-7,^7.,)(l-7:,7.) 



(34) 



There are then four irreducible direct absolute orthogonal invariants- 
of the cubic, which are best taken as the four real ones 

7.7., = (a-3c)'+ i3h-dy, 

7,7., = (a + c)'+(i+d)', 

i {7,7!. + 7.,7^} = (a+o)(a-3c) {(a + c)^_3(fc+ti)'} 

+ (6 + .7)(36-d) {3 (^a+cy-ib + d)'-}, 

-|- {7,7!,-7.,7»} = (a + c)(36-d) ((a^-c)«-3 («. + rf)'>. 

_(a_3<;)(fi + <i) {3(a + r)»-(6+d)'i.. 

(35) 
They are, by the numerator of (34), connected by one syzygy of 
degree 8, which expresses the sum of the squares of the last two as 
the product of the first and the cube of the second. For skew trans- 
formations they are also invariant by § 5, the first three being 
absolute, and the last having the factor —1. 
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l-a» 1+a* 



(1 -ay {l-a*y (!-«')' (1-a*) 
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(36) 



11. For p = 4i, i.e., for the quartic (a, b, c, d, e)(x, y)*, (24) is 
1_ 

(i-V)(i-V)(i-^«)(i--r-.p-')(i-/-.p-')' 

in which pat z for p*. 
Now, just as before, 

and ,- :r- , T :ix = 1 -T f ] 1+ -^ (^«"^'* + ^-2^ ") C • 
(1— 7,j2;j(l— 1.2^ ) 1— I,/-a C «-i ) 

Hence the real generating function required is 

(i^i;T:;)(riirro(i^i,) i'^l (^"^^+^-.^^") } 



(i-ij.,)(i-ij.,)ii-i,)(i-ijt,)a-i.xy 



(37) 



The irreducible system for the quartic accordingly consists of five 
invariants, best written 

IJ,t = (a-6c+e)»+16 (b-dy, 

J,r., = (a-e)'+4(6+d)», 

7„ = a+2c+e, 

i [Ijli+I.ii'} = (a-6c + e) {(a-ey-i{h + dy] 

+ 16(a-e)(6'-d»), 

I [iXt-I-Jl] = (a-6c + e)(a-e)(b + d) 

-(h-d){(a-ey—i(h + dy]. 

(38) 

We am also told by (37) that these are connected by one syzygy of 
degree 6, which expresses the sum of the squares of the fourth and 
four times the fifth as the product of the fii^st and the square of 
the second. 

All but the last are absolute also for skew transformations. For 
.such the last has the factor —1. 
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The numerical generating function is 

\-^ ^ l-fg' 

12. For ^ = 5, i.e., for the quintic, (24) is 

1 

(l-V)(l-JBp»)(l-OpT(l-(rp-0(l-J5'p-"0 

where, for temporary convenience, we have altered the notation. 

Now 
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(39) 



1 ( Imao <'-« "^ 



(r--j5p')(i-Fp-') = OT { i+3>-+>:>'">- 1 . 

In the product of the three expansions no t^rm can contain both A 
and A', or both B and JB', or both (7 and C The real genei-ating 
function for absolute invariants which is required, i.e., the expression 
whose expansion is the sum of the terms free from p in the product 
of the three right-hand members, will then be the expression for 

/I— T.'ui Kn'^n Pr'^U+ ^ ^'-B*"C"'+ 5 A"'B"'-C , 

+ 2 Cr*A'B""'-\- 2 C"*'^"«'B" 



mml Hal r-l 



- 2 B'"'C^*- 2 O'*'*^"— 2 A'^B^ 

IMbI Hal r*l 



(40) 



in which the last six sums are subtracted because each is reckoned 
in two previous sums. Simultaneous zero indices in any term of a 
sum are excluded. 
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Now the simple sets of positive integral solutions of 

are 10 5 

and 13. 

All other sets of solutions are sums of multiples of these sets. Hence 



and similarly 



(1-^0(1-50'^) 



-1, 



1 






VTT.- -1. 



(41) 



Again, the simple sets of solutions of 

are (a) 5 1, 

(6) 5 3, 

(r) 1 2 1, 

{d) 8 I 2, 

which are connected by the two irreducible syzygies 

(a) + (d) = 3(r), 

(6)-KO = 2(<Z), 
all other sj'zygies being, in fact, consequences of these, for instance, 

(«) + (6)=2(c)-fW. 
The justification of these statements is involved in what follows. 

We proceed to see that every set of solutions of 3wi-fn = oZ' is 
included once in the systems of sets 

5(c)+/W, q{a) + 8{c), r{h)-tt{d\ 

for positive integral (not both zeix)) values of the multipliers, and 
that all sets are included once only, except sets s (c), t (d), which occur 
twice. 



That every set 



q{a)+r{b)^8{c)-\-t{d) 
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can be expressed in one of the three forms is clear, because by use of 
{a)-\-{b) ^2 (c) + (d) it can be given one of the forms 

q{a)-\'8{c) + t{d), r{h)-^8{c)-{-t{d), 

and by use of (a) -f (^) = 3 (c) the first of these can be given one of 

the forms q (a)4-«(c), 8{c)-\-t{d)j and by use of {b) + {c) = 2 {d) the 

second can be given one of the forms r {b)-\'t{d)j s {c)-\-t {d). 

Can, however, any set of solutions be more than once included in 

the three systems ? It cannot be twice included in either one of the 

three ; if, for instance, 8 (c)-\'t (d) and »' (c) -f- /' (d) were the same, we 

should have 5 + 3/ = /+3#' and 2^ + ^ = 2«'-f /', i.e., 8 = 8 and t = t\ 

Neither can it be included in two different systems, unless it be of 

one of the forms s (c), t (d), which occur in two. If, for instance, we 

could have 8{c)-\-t{d) identical with q{a)-\-8(c), we should have 

satisfied ^ , -^ ,./.>, 

8-\-^t = «, 28-\-t = hq-{-28\ 

whence hq' = — 5^ 

which would have to be negative unless f = 0. In like manner the 
identity of 8(c)'\'t (d) and / (h)+t' (d) would necessitate 

8'^dt = 5r' + 3r, 28-\-t = t' ; 

whence 5/ = — 5^, 

negative unless 8=0. And finally the identity of q (^d) -{- 8 (c) a,nd 
r (h)-\-t' (d) would necessitate 

8 = 5r'-\-Si\ 6q-^28 = t'; 

whence . 5/ = — ISg— 5«, 

which is negative. 

Accordingly we have 

2 B^C^A'^' (in which terms with one of m, n zero are included) 

= S (BC^AJ (ffCA'*)' + 2 {CA'y {BG*Ay + S (B^A")' {B^GA")' 

(1 -Ba*A'){l-B'GA'*) ^ {1-G'A'){1-B0'A') 

1 



(1-B»^'»)(1-B»(7^'») 
1 1 



1-50*^' l-B'GA'* 
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o\r 



B'A'* 



-1. 



(42) 



Similai'ly for the fourth summation in (40). 
Once more, the simple solutions of 

n + 6Z = 3m' 
are (a) 3 1, 

(/3) 3 6, 
(y) 1 1 2, 
connected bj the one syzygy 

(a) + 08) = 3(y), 
HO that all solutious are once included in 

q{a)+r(p) + s{y), 
with s eqaal to or 1 or 2. Thas 

2 C^A'B'"' = (1 + S (CB')' WB"Y]{1 + GAB'^+iOABy] -1 
_ l-{GAB'^y 



{l-^G'B'){l'-A'B"){l-GAB") 
and similarly for the sixth summation in (40) 
The subtracted sums in (40) amount to 



j>2\ ^ J 



(43) 



-6+ 



ra ■• 



' :+,-U + 



' + ' 



1-JK0'» ' l-B'O' l-C^A' ' l-G'A ' l-A^B''^ l-A'^B'' 

(44) 

Consequently the desii*ed real genei'ating function is given by 
(40) in the form 

1 



(l-^il')(l--BJB')(l-OC') 

r^(i-^c")(i- 



(l-^C")(l-JBa"») (l-^'0*)(l-J?'(7^) 
(l-JBOM')(l--B'"'C^'-) ^ (l-JB'C''^^)(l-i^%^'^*) 

^41___. ^'''-^i! 

(i-B*ii")(i-j?»a^'*) "^ (i-B'*^=')(i-B''0'ii*) 
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{l-'C"A){\-B'C'^A) {l'-G'A'){\-B(?A') 

l-{GAB'y 

(1 - C'B') (1 -^'JB'*) (1 - GAB"') 

l-{G'A'By _ 1 _ 



__i 1 1_« 1 7 f45) 

1-6'*^' l-G''A 1-^'B'* l^^^^I^i' ^ ^ 

This real generating function is readily written as one fraction, not 
in its lowest terms, with denominator 

{l-AA'){l^BB){l-GC){l--Aa^){l-AG'){l-BG'^){\--BG') 

y.{\-A'^B^G){l-ATPG){\-A'Bl'a) ; (46) ' 

and, from the examination above of the critical diophantine equations 
for their simple sets of solutions, it follows that there are no irre- 
ducible products of the absolute class which are still unrepresented 
in this denominator. Thus, reverting to our ordinary notation, the 
irreducible absolute system for the quintic consists of the fifteen 
orthogonal invariants 



tjU, /./'-., l!l-,, I,I.,I\, I.i.I-„ Hl'.J.,; 

I.,I^, I.JI Ilj'„ Uhll I.J.rll, Iljll,. J 



(47) 



After the first three they go in conjugate pairs. Each pair is better 

replaced by half the sum and — times the difference of the pair, the 

whole system being thus given reality of form and applicability to 
skew transformations. 

Three of the fifteen are of degree 2, six of degree 4, four of degree 6, 
and two of degree 8. 

The syzygies among the fifteen would be revealed by a study of 
the numerator when (45) is written as one fraction with (46) for 
denominator. 

The numerical generating function, obtained by putting a for each 

E 2 
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letter, accented as well as unaccented, in (45), is 

1 C. 4+2a^ 2a^ 2 -2a" 

(l-a7 I "^ (l-a^Xl-a^) "^ (l-a«j(l-«») "^ (l-a*)* (l-a«) 



2 2 2_> 

1-a* l-a« 1-aM 



_ I4V + 6a*+ 9a«-fl2a'+9 tf^^+6a"4- a^MiO^* .^. 

" (l-a«)*(l-a*)(l-a*)(l-a'j ' ^ ^ 

which is easily expanded ; and the nnmber of distinct absolute 
oi*thogonal invanants of any degree / is given as the coefficient of 
a* in the expansion. 

If (48) be written with denominator 

(l-ay(l-aY(l-aY(l-0'i 

in which all the irreducible products (47) ai'e represented, we find 
that the numerator is 

1« 13a8- 18a*°+ 16a" + 76a"+ 66a}'''- 76a"-208a«>- 130a" + 157a'* 

-f 356a«'+ 192a«»-208a~-422a«- 208a»*+ 192a»+ 356a««+ 157a*« 

- 130a*» -208a**- 76a*« -f 66a'^-^ 76a!^ -h 16a**- 18a**- ISa*" + a«*. (49) 

Thus the lowest syzygies are of degree 8, of which degree there is 
also a " ground-form," and are thirteen in nnmber. It will be found 
that they express in two ways, in terms of the irreducible products 
of (46) or (47), the thirteen products which consist of 

BB:(?a\ AA'B'B^GC, AA'BJ^CG'^, ABB''GG\ A'B^CG'^, 

ABB'GT", AABB^G", A'B^GG^, (50) 

and the results of interchanging accented and unaccented letters in 
the last five. Of degree 10, besides the products of these syzygies of 
degree 8 and AA', BB\ OC, there are eighteen further syzygies. 
These are found to express in two ways the nine products 

AS(?a^, A^B^GG^, AAB'a^ AABCG^ A'^B'GG'\ A'^B'B'G', 

AA'^B'B^G', A'^l^GG', AA'^B'B^GC^ (51) 

and the results of interchanging accented and unaccented letters in 
them. As to products of the next degi*ee 12, the number of distinct 
ones is sixteen more than the result of subtracting fi'om the number 
of products of degree 12, formed out of (47), thirteen times the 
number of degree 4 and eighteen times the number of degi'ee 2, 
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because many will have been subtracted more than once because of 
syzyj^ies (50) and (51) ; and so on. 

13. For JO = 6, i.e., for the aextic, the analysis is somewhat simpler 
than for the quintic. Putting z for p', and changing the notation, 

(24) is now 

1 



(i-i;s»)(i-jz*)(i--jrx;)(i-L)(i-jB:v0(i-J'O(i-r«-»)' 



Now 



n—f^\7A -f—, = in' 1+ ^ •^"^+ 2 •^*''"' [ ' 

(1 — /r)(l— Jj5 -*) 1 — Jj C m-l m'-l ) 

(1-£'^)(1-Z'0 1-^^' I »-l n'^1 5 

The real generating function required is then the expression for 
1 

(i-/r)(i-J/')(i--K^^')(i-J^) 

[1+ 2 I'J-X''*-!- s rj'^'K^ 

2m-fN-31' 2m'«'n'a3< 

m*oo !■» naeo 

- 2 /"•£:'*•"- 2 E^J"~ 2 PV** 

mel /-I n-l 

-"2*J""^K^-' 2 Z-'T-T !'*•/*• i , (52) 

m-l 1-1 n-l ) 

the last six sums being subtracted because they have been reckoned 
twice in previous sums. 

The simple sets of solutions of 

3Z-f2ni = n' 

are 10 3 



and 
Hence 



12. 

1 



and similarly for the second summation in (52). 



(53) 
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Again, the simple sets of solutions of 

2m-f n = 3/' 
are (a) 3 2, 

(6) 3 1, 
(c) 1 1 1, 
which are connected by the syzjgy 

(a) + (6)=3(r). 
Every set of soIntionB is then included once and once only in the set 

qia)+r{h)+s{c), 
with q+r+8 > 1 and « = or 1 or 2. Hence 

2m*nmai' C w» + n-l j 

i-(jKrY 



(54) 



with the one syzygy 



{i^j^r'){i-ipr){i-jKr) ^ ' 

and similarly for the fourth summation in (52). 
Once more the simple sets of solutions of 

n + 3Z=2m' 
are (a) 2 1, 

(ft) 2 3, 
(r) 1 1 2, 
(a) + (/3):^2(y). 
The form which includes every set of solutions once is then 

g(«)+'-(/3)+s(y), 

with q+r+s ^ 1 and « = or 1. Consequently 

n^3l»2m' C n*t ml ) 

~ ii-K*j')(i-pj"){i-Kir') ' ^ ' 

and similarly for the sixth summation. 
The seventh to twelfth summations in (52) are at once performed ; 
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and we thus arrive at our desired real generating function, the equi- 
valent of (52), in the form 

^1 

{\-ir){\-JJ'){l-KK'){,l-L) 

1 1 



1 + 



(i-/£:")(i-jjr') ' o.-rK^)(\-j'K') 
i-(rjrg)' ^ i-(^iJ'Ky 



+ r-,- 



0—rp)(i-TE*)(i-i'jK) : {i-pr){X-iK*){\-WK') 



i-(irKy 



\-{rpKY 



1 1 1 1 1 1^ ) 

i-jz'' i-j'K* i-i'K* i-iK'' 1-rj" 1-rj*)' 

(56) 

It may be written as one fraction, not in its lowest terms, with the 
denominator 

(l'-L)(l^ir)(l-JJ')(l'-KK'Xl-JK^)(l^riP)(l^IJ'K) 

X(1-/'J')(1-/'»J'); 
and in this denominator all the irredncible products which are 
absolute orthogonal invariants occur. There are altogether fourteen 
in the irreducible system, namely, in our old notation, 

one linear 
three quadratic 
four cubic 
four quartic 
and two quintic 



/(jZ-e, I^I.ii ^%^'ti 



(57) 



After the first four they go in conjugate pairs, and each pair is better 
replaced by the equivalent pair of real forms obtained by taking half 

the sum and — times the difference of the two. 
2i 



The numerical generating function is 



(l-aXl-a^l 



1 + 



4-2a»-2o» 



(l-a»)(l-a*) ' (l-a»)(l-a*)(l-a») 

2 2 2_) 
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- (l_^)(l_ay (l-a»)(l-a*)(l-r,*; 

= y l_6a«-10a7- 12a«+2a» + 29a'H48a"H-41a"- 6a«- 66a" 

-102a^*-77a"+4a''+90a"+128a« + 90a»+4a«-77a" 

-102a«-66a«*-6a»+41a» + 48a«'+29a"+2a«-12a»-10a" 

-6a"+a»} 

^ (l-a)(l-a«)» (l-a»)* (1-a*)* (l-a»)2. (58) 

In the last form of this all of the irredncible systems are represented 
ill the denominator. The numerator gives information as to the 
syzygies. Thus the lowest syzygies are of degree 6, and are six in 
number. They are at once seen to be 



1,1. J. ^ . I, J J, = /./., . /,/.. . /./.„ 
i,p.,.i,i.j.,^ij.,.i,p.„ 



(59) 



and the results of changing the signs of the suffixes in the last two. 
Again, the term — lOa^ in the numerator tells us that besides I^ times 
(59) there are ten new syzygies of degree 7. These give other ex- 
pressions for the five products 



Tj.j.,.i.,ii I.I.J.,. i,r.,i„ 

and their five conjugates ; and so on. 



(60) 



14. Absolute Orthogonal Invariants for Systems of Quantics. 

It will, I have no doubt, suffice to write down the other results at 
which I have arrived without exhibiting the tedious, but not difficult, 
calculations. No complication of a kind not already sufficiently 
exemplified arises. 

I use R.Q-.P. and N.Q .F. to denote respectively real and numerical 
generating functions, and A.O.I, and A.O.C. for absolute orthogonal 
invariants and covariants (including invariants) respectively. 
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(A) Two linear forms ax+by, a'x+b'y. — For this system the 
R.G.F. A.O.I. is 

1 -/./■./,/■. 

(l-7,/_,)(l-/,/.,)(l-/,/.,)(l-/.,/i)' 

where /„ /.] and J„ J.i are the fundamental linear orthogonal in- 
variants of the two forms respectively. The irredncible system of 
A.O.I.'s consists then of the four invariants 

/,/_, = a*+b\ 

/,/_, = a" + ?.'», 

- {/,/.i— /_i J,} = ah' -ah, 

connected by the one syzygy 

(a'+^'Xa^+fc") = (aa'-irhby+(ab'-dhy. 

(B) Three linear forms. — If /„ /.i; J^,J.x; K^, K.i refer to the 
three forms, the R.G.F. A.O.I, is 



(l-7,/_,)(l-/,/-0(l--B^,^-.) 



1+ .,— , 



/,/£■-, 



J.xK, 



(l-J,£:.,)(l-J,K.O (l-/.,.t,)(l-/.,£:,) 



/./-. 



/-./. 



^ (i-7,/.,)(i-7,£:.,) ^ (i-7.,/,)(i-/-.g.) ) ■ 

The N.G.F. is, if a, a, a" refer to the three forms, 

1 + Soa'— aaVSo— o'aV* 

(l-a')(l-a'')(l-o"')(l-oa')(l-a«")(l-o'«")' 

or, if we do not distinguish between degrees in the different pairs of 
coefficients, 

1 + 4a' + o* _ 1 -QaHiea'-Oo' + g" 



(!-«')• 



(1-aV 
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There are nioe invariants in the irreducible system, three of each 
of the types , , , , „ 

no new type occurring which did not present itself in the case of two 
linear forms. (We readily convince ourselves that no new type 
occurs for any greater number of linear forms.) 

The lowest syzygies are of degree 4 and ai^e nine in number. Thei^e 
are three of each of the types 

The next coefficient 16 in the numerator of the last written form of 
the N.G.F. is positive. The new syzygies (if there be any) of 
degree 6 are then less in number by sixteen than the number of times 
we subtract products of degree 6 from the whole nnmber of products of 
degree 6 which are obtained as products of three of the nine irreduc- 
ible products of degree 2, when we take away the number of 
products of syzygies of degree 4 and the products of degree 2. For 
instance, 

which must have coefficient 1 in the expansion of the R.G.F., is 
reckoned six times as a product of three of ii J-i, T^J-u ••.» is taken 
away nine times, once because of each of the syzygies of degree 4, 
and has accordingly to be reckoned four times more. 

(C) Qttadratic and linear form. — If /„ /q, /_j and Ji, .T"., refer to the 
two forms, the R.G.F. A.O.I, is 

l -/,/,,/'/!i 



(l-/o)(l-/,/_,)(l-^i/..)(l-^^li)(l-^-2.0 

There is then one syzygy of partial degrees 2, 4 among a system of 
five irreducible invariants. The five are, if we take half the sum 

and — times the difference of the conjugate pair, the two of the 
quadratic ^+0, (a-c)«+45«, 

the one of the linear form a'' +6'', 
and the two 

(a-c)(a'*-6'»)+45a'6', (a-'c) aV-h (a''-6'^). 
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(D) Quadratic and two linear forms. — If /j, I„, /., ; /„ /_i ; K^, K.^ 
refer to the fonns respectively, the R.G.F. A.O.I, is 

1 _ 



1 + 



+ 



(i-7,sl,)(i-^.^-,) ^ (i-/-,<)(i-/-,Ji:,) 
J-t^ _ _ 1 Ji^-i 

1- (/^7, Kx 



(l-l.,j;)il-i.,K^ii-l.,j,K,) 
+ _ _ i-(i,J.,K.,y _ _ 

(l-/,/i,)(l-7,ifl,)(l-/./-.K-.) 
- -J: J—]. 

The irreducible system consists of the twelve forms 

/jit ., i/.j^Lj, /jJ.jS^.i ± /. jJ^iTj. 

Eight of them are of types such as occur in (C), and the i-emaining 

four are a'a" + h'b", a'b"-a"b', 

(a-c)(a'a"-b'b")+2b (a'b"+a"b'), 
(a-c)(ab" + a"b') -26 (a'a'-bV). 

(E) Ttvo qiMdratics.—The R.G.F. A.O.I, is 



(I-/.)(l-/.)(l-V.,)(l-/,/..,)(l-/,/.,)(l-I.,/,)' 
and the irreducible system consists of six members 

a + c, a'+c', 

(o-c)»+4A', (a'-O'+^A", 

(o- c)(a'-c') +466', (a-c) 6'-6 (o'-c'), 

which are connected by the one syzygy of partial degrees 2, 2 

{(o-c)(a'-c')+466'}»+4 {(a-c) 6'-6 (a'-c')}' 

= /,/../,/.. 

= { (a-c)' + 4*'} { (o'-c')' + 46" ( 
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(P) Tteo quadratics and linear font. — The R.G.F. A.O.I, is 
1 

(i-/,)(i-/.)(i-/,/.,)(i-j,j..)(i-ir.jir.,) 



.{. 



J,Kl 



J.jK\_ 



(i-i,kUKi-J,eU) (1-i.XKI-J-.J^',) 



hLx 



'— -^-T- + 



IrrA. 



(l-J.,z:)(l-/,jr..) (1-/,£:1,)(1-/../,) 

(i-/,j.,)(i-/,b:1,) (i-/.,j,)(i-/-,^) ^ ' 

and there are eleven members of the irredacible system, of seven 
types, viz., 

Jtn '^ot A-^-u '^i'^-j» ^i^^-i. ^tJ-t^^-fhy A^-i±^-«^i< 

(G) Three quadratics.— The R.G.F. A.O.I, is 

1 

(l-/.)(l-j;)(l-Z.)(l-/,/.,)(l-/,/-,)(l--^,^-,) 

I ^ (i-/,ff.,)(i-J,x..) ^ (i-/.,s.)(i-/.,is:.) 



_/,/.,_ 



Zrl'^.. 



(i-/.,z,)(i-V-,) (/-/,i5:..)(i -/-,/,) 



_/,ff., 



(i-/,/.,)(i- 



+ Lr^r ] 

i,K.,) ^ (1-7., /,)(!-/., jf,) ; 



Accordingly the irreducible system consists of twelve invariants, all 
of types which have occurred in the system for two quadratics. Tt 
will be found that no new types occur for n quadratics. 

The N.G.F. for three quadratics is that of (B) multiplied by 

1^ 

(l-«)(l-a)(l-a")' 

(H) Guhic and linear form.— The R.G.F. A.O.I, is 

1 



(l-7./.,)(l-/,/.,)(l -/,/-:) 



X n+ 



I.J-, 



/-i/i 



(i-/,jr!,)(i-AJ.,) (i-7.,/;)(i-/.,/,) 
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+ 
+ 
+ 



1 1 



;<+- 



(i-/.,j:)(i -/.,/, jf) (i-V!,)(i-/./.,/!,) 



A^-. 



/-./,' 



(1-/,7!,)(1-/./!,/..) (l-/..i^)(l-/.,7iV,) 

- -1 ^- .]. 

1-/,/., 1-/-,/,) 

There are then thirteen members of the irreducible system, viz,, the 
four (35) of the cubic, the one (31) of the linear form, and the four 
pairs 

/,.7.,±/.,j„ /,/.', ±/_,.7;', /,7.,/!,±/.,/,/i', i,ii,j.,±i.jiJv 

(K) Guhic and quadratic. — If /g, /„ /_i, /., refer to the cubic, 
and /j, Jq, /., to the quadratic, the R.G.F. A.O.I, and the irreducible 
system are what those, (56) and (57), for one sextic become when in 
them for 

/, /', /, J', K^ K\ L^ 



or 

we put 

(L) Quartic and linear form. — The R.G.F. A.O.I, is 

1 



(l-/o)(l-/,/.,)(l-/,/-,)(l-/|/-0 



^{ 



1+ 



t,jU 



i.,Ji 



(i-v.,)(i-/,j^) (i-/.,jr)(i-/-,^) 
(i-/.7:',)(i-/../;') (i-/.,^)(i -/,/!,) 



+ — 



i-(A/.,j!.)' 
li-iJUKi -/«J^,)(i -/«/-./!,) 

- . 1 I—]. 

i-i,/!, i-/.,jp 
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The irreducible system consists of twelve forms, viz., the live (38) of 
the quartic, the one (31) of tlie linear form, and the three pairs 

(M) Quartic and quadratic. — If i^, 7^, i^, /_„ I.^ i-efer to the quartic, 
and J,, Jq, /_2 to the quadratic, the R.G.F. A.O.I, is obtained fix)m 
that of (D) for a quadratic and two linear forms by dividing by 
1 — Jj,, and replacing 

by -'i, -tQ, i_^, A* -*-«» •'J? <'-2> 

respectively. There are thirteen invariants in the iiTeducible system, 
viz., the five (38) of the quartic, the two (33) of the quadratic, and 
three pairs 

15. It will be well to explain and generalise some coincidences in 
the above list. The R.G.F. A.O.I, for a quartic is of exactly the 
same form as that for a quadratic and a linear form. Again, that 
for a sextic is of the same form as that for a cubic and a quadratic. 
The general fact which accounts for these identities of fonn is that 
there is a complete one to one correspondence of orthogonal invariants 
— non-absolute as well as absolute — of a 2p-ic with those of a p-ic 
and a (/?— l)-ic jointly. In fact the one generating function is 

{(i-i^p^Xi-j^.^p^"-^) ... (i-/.,,,,p-**»)(i-/-.,p-"')}-'. 

and the other is 

{(l-J,p')(l-/,.,p'-') ... il-J.,p-').il-K,.,p'-')il-K,.,f^-') ... 

... (l-E.,,,p-'*')]-\ 
and, replacing p by p' in the second, it becomes the first with 

respectively, written for 

/zpj -^Qp'ii -^ip-it •••1 -^-2p + 4i -*-J^ + 2» -*-2p' 

The reason is not hard to discover. If £c, y are orthogonally trans- 
formed — turned through 6 — so also are «^— t/', 2xy — ^turned through 
2$, Now our 2p-ic is (11) a numerical multiple of 

\Mpt J^2p'li • • . J I-'lp*2t I' 2|>) (f > ^) ''» 
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i-e.. of (/; j;.„ ..., r.,){i\ vy-^iv (^;.„ k;.,, ..., x:,.o(^, vy-\ 

where .7/, J^p-u Jp-ii ••» -K^-p+i* *71/i 

are numerical multiples of 

■^2pt -^2p-2i -^Ip-h •••> ■'-iit + a* ■*-??> 

also i^ ^ x^—y'-^2ixy, ly^ = ic^— y' — 2iary, and $rf^iii?'\-y'^ the abso- 
lute. The /'s and ICa are then the fundamental linear orthogonal 
invariants of a p-ic and a (p — l)-ic in aj' — y*, 2xy. 

16. Systems of Absolute Orthogonal Govariants (including Invariants). 

By (26) and (29) the generating function for co variants of a given 
binaiy form, or system of forms, is the same as that for invariants of 
tlie system of forms which consists of the given form or system and 
a linear form whose fundamental orthogonal invariants 7{, Jli ai'e 
7), $ respectively. Accordingly the results of § 14 also give us the 
following : — 

(N) System for one linear form ax-\-by. — The R.Q-.F. A.O.C. is 
obtained by putting f, rj for J"_i, /j in that of § 14 (A). The system 
consists of 

a' +6', aj'+y*, a^-hhy, ay—hxy 
with the one syzygy 

(a« + 5»)(aj*+y') = {ax^hyy^iay^hxy, 

(P) Two linear forms ax+by, a» + 6V-— The R.G.F. A.O.C. is the 
result of putting $, rj for K.i, K^ in that of § 14 (B). The system 
consists of the four invariants of (A), the absolute a^+y^, and the 
four covariants 

ax'\-by^ ax-\-b'yy ay—bx, ay—b'x, 

(Q) Orw quadratic (a, 6, c) {x, y)^— For the R.G.F. A.O.C. we put f , ij 
for /_!, Ji in that of (C). There are in the irreducible system, besides 
the absolute s^-^-y^ and the two invariants 

a-^c, (a— c)' + 46', 
the two covaiiants 

(a— c)(a5»— y') +46a^, {a—c) xy—b (a^—f). 

The one connecting syzygy is 

{(a-c)H46'}(a^ + y2)« = {(a-c)(aj«-y0+46a;y}» 

+ 4{(a-c)ajy-6(a;«-y»)}', 
1 + aaj* 



and the N.G.F. is 



(l_aj(l-a»)(l-aj«)(l-aaj*) 
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The quadratic itself is a linear combination of the first covariant 
and (a + c)(a;Hy*)- 

(R) Qaad/ratic and linear form, — For the R.G.F. A.O.C. we have to 
put f, ri for K.i, Zj in the R.G.F. of (D). The irreducible system 
consists of the five invariants gpiven in (C), the absolute a;'-^y^ and 
the six covariants 

(a— c)(aj*— y*) + 4^«i/» (a—c) xy—h (x'— y*), 

a'x -f 6'y , h'x — a'y, 

(a'-c)(ax—h'y) +26 (ay + h'x), (a— c)(aV + &'«) - 26 (ax'-b'y). 

(S) Two quadratics. — The R.G.F. A.O.C. is the result of putting 
f, rj for K.i, Ki in the R.G.F. of (F). There are eleven members of 
the irreducible system, viz., aj'+y*, the six invariants given in (E), 
and the four covariants 

(a - c) (a^-y') + 4^xy, (a-^c) (a^~y*) + Uxy, 

(a^c)xy^h(a?--y'), (a^c')xy-h\^-^y'). 

The N.G.F. for the system is 

l + aa^-f(a-fa)(l-oaOa;»~aa^a;*— a*aV 

(l_a)(l-.a')(l-a«)(l-a'«)(l-aa')(l-aaj^)(l-aV)(l-a:*)* 

(T) One cubic (a, 6, c, d){x, y)».— For the R.G.F. A.O.C. put I rj for 
/.I, Ji in the R.G.F. of (H). 

The irreducible system consists of the absolute a' +t/*, the four 
invariants of § 10, and eight covariants given by the last line of (H). 
Rejecting factors 2 and 2i, these eight covariants are 

(a + c)a5+(6 + d)y, 

(6 + (f)a;-(a-fc)y, 
(a-3c) X {af-^f) + (36-^ y (Sx'-y'), 
(Sh-d) X (aj»-3y«)-{a-3c) y (Sx'-y'h 

{(a + cy-(6 + d)*}{(a-3c)aj+(36-(i)i/} 

+ 2(a-|-c)(6 + d){(36-d)a5-(a-3o)y}, 
{(a-fc)'-(6 + rf)«}{(36-d>a;-(a-3c)y} 

-2 (a+c)(h-\-d) {(a-3c) »+ (36-d) y}, 
{(a-3c)(a + c) + (36-d)(6 + £i)}(««-y«) 

+2{(a + c)(36-d)-(a-3c)(6 + (i)}a'y, 
{(a + c)(36-(i)-(a-3c)(6 + ^)}(^-y«) 

-2{(a-3c)(a + c) + (36-(f)(6 + (i)}a-.v. 



1 900.] On some Properties of Orowps of Odd Order. 257 

Note that the full covariant (aV— 3a6c + 2fe')aj'-h ..., regarded as 
an absolute orthogonal covariant, is reducible in terms of the others.^ 
With this exception the iiTeducible system of full co variants and 
invariants of a cubic and quadratic yield the equivalents of the 
above system upon taking the absolute a^ + y' for the quadratic. 

(U) One quartic (a, 6, c, d, e)(ar, y)*.— The R.G.F. A.O.C. is got by 
putting ^, 77 for /_!, Jj in the R.G.F. of (L). The irreducible system 
consists then of x'-^y^, the five invariaTits of § 11, and six covariants 

These prove to be, on i^ejection of powers of 2 and 1 as factors, 

(b + d)(^-y')-{a^e)xy, 

{(tt-6c-He)(a-e)-f8(ft*-ti-)} (x'-^y') 

-4{(a-6c + e)(fe + <^)-2(a-e)(6-c2)}iry, 

{(a-6rff.)(fe + (0-2(a-e)(6-d)}(a:^-2/') 

+ {{a-6c + e)(a-e)-h8(5'-d')}:ry, 

(a-ec-^e) (a:*-6x«y«H-t/*) + 16 (b^d) xy {^-y'). 
(b^d) (x'^6j^y'-^y') - {a^ec'\-e) xy (ar-y"). 



On some Properties of Oroups of Odd Order, (Second Paper.) 
By W. BuRNSiDK. Communicated and received December 
13th, 1900. 

In the present paper I have extended the method used in the paper 
'* On Groups of Degree n and Class n— 1," communicated to the 
Society at the June meeting, so as to make it applicable to any transi- 
tive substitution group. As the title of the paper indicates, the 
method is considered mainly in its application to groups of odd 

* [A remark by a referee leads me to emphasize the above. Absolute orthogonal 
invariants of a p-ic are invariants of the p-ic and x^-^-y^^ and vice vena. It has 
therefore been hastily supposed elsewhere that the complete irreducible invariant 
system for a p-ic ana quadratic produces exactly the complete (absolute) 
orthogonal system for the )9-ic, when .»'-■¥ y^ is taken for the quadratic. A 
first case of the redundancy oi the former system for the latter purpose la 
exhibited above. The search for complete absolute orthogonal systems is not 
identical with the search ftir invariant systems of forms one of which is a quadratic] 
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order ; but the method itself and the general results of §§ 2 and 4 
hold good whether the order is even or odd. 

It has been known for some time that a group of order 2n (n odd) 
has a self -con jugate sub-group of order n. This is shown by noticing 
that when the group is represented as a regular substitution group in 
2n symbols all its odd operations, and none of its even operations, 
belong to the alternating group. It is clear that no analogous method 
of treatment could be used to demonstrate a similar property for a 
group of order jw^, where every prime factor of n is greater than the odd 
prime p. At the same time, the probability that such a group has an 
analogous property forces itself on the attention ; and it is here shown 
that this expectation is well founded. The main result arrived at is 
to show that if />, an odd prime, is the smallest factor of the oixier of 
a group, the group must have a self -conjugate sub-group of index p, 
unless either p* or p*q, where q is a, prime factor of p^+p-\-l, is a 
factor of the order. 

It is also shown that no odd number less than 40,000 can be the 
order of a simple group. 

1. Let (? be a group of oixier n, and suppose that O is represented 
as a regular substitution group in the n symbols 

•^H •'j* •••» ^f»' 

If H is any sub-group of G, whose order is ft (n = /iv), the n x'b will 
be interchanged regularly in t^ sets of /i each by the opei'ations of H. 

Let a;„a:„ ...,a;^ 

be one of these sets. Then y, or 

is a linear function of the x'a which is invariant for each of the 
operations of H and for no other operations of O. It therefore takes 
y distinct values for all the operations of G. Let these be 

Vii yj, .... y.' 

Each y is the sum of fi aj's, and no x occurs in two different y's. The 
y\s thei'efore are permuted among themselves by the operations of G ; 
and G can be represented as {i.e., is simply or multiply isomorphic 
with) a permutation group of the y's. The group in the a;'s is simply 
or multiply isomorphic with the group in the ?/'s, according as H 
does not or does contain a self -con jugate sub-group of G. The group 
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of the y's will be represented by the scheme 

(t,t' = l,2. ...,v), 

(fc = l, 2, ...,n), 

and will be called 0'. If is multiply isomorphic with ff, then, for 
some two or more values of the affix k, 

for each i. In any case, for each affix k the v symbols 

yi > if2 » •••> 2f» 
are the y*s in some altered sequence. 

The preceding statement is only a slightly modified form of Dyck's 
procedure* for representing 69^ as a non -regular substitution group. 

Suppose now that H is simply or multiply isomorphic with a 
cyclical group. The necessary and sufficient condition for this is that 
H shall not be the same as its derived group. If k is the order of a 
cyclical group with which H is isomorphic, it must be possible to 
divide the set of symbols 

•*^l» ^2? •••! *M 

which are regularly permuted by fl'into k sets of I each (fi = kV), 
ajj, iTj, ..., a?/, 

^irit ^uiy ...» ^» 



which are cyclically permuted among themselves in the order written 
by every opei*ation of H. Moreover, if oi is a A:-th root of unity, the 
linear function rj^ or 

is a i*elative invariant for every operation of H ; any operation of H 
changing it into w'l?,, where w' is a power of w. Hence lyf is an absolute 
invariant of H, and it therefore takes just v distinct values for all the 
operations of G. Let 

be these y values, Each is the A;-th power of a linear function of the 
<r'8, and no x occurs in two rj's. Moreover, if their sequence is suitably 
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chosen, the x's which occur in 17, are the same as those which occur in 
y,. Hence the v k-th powers are permuted among themselves by 
every operation of O in exactly the same way as the y's. 

Now, if any operation of changes t;^ into 17*, it must change tjt into 
w'12,, where to' is some power of to. Hence G may be repi'esented as a 
group of linear substitutions of the r^s ; and the scheme giving G 
when so represented will be 

(i, 1"=!, 2, ..., v), 
{k = 1, 2 n), 

where every symbol w*. represents a power of w. This gi-oup will 
be called G'\ If every w^f is replaced by unity, the group be- 
comes identical with G\ rj^ being written everywhere for y,. If 
G is simply isomorphic with G\ so also is G'\ If G is multiply 
isomorphic with G\ 6r" may also be so. This will, in fact, be the 
case if for an operation in which 

f,f = v> (t = l,2, ...,k) 
the symbols wj, ai-e not all unity. 

Any operation of G" replaces n 17, by n w*. n 77,. Hence, unless 

1 iml 1 

n C1I4J is unity for every operation of G*\ then 6r", and thei'efore also 

G, is isomorphic with a cyclical group. 

The y k-th roots of unity, w^,, w^g, ..•»<*»t^> ^^at occur in the specifica- 
tion of any operation of G'' will be called the factors of that operation ; 
so that the totality of the operations of 6r" for which the products of 
the factors are unity constitute a self -conjugate sub-gix)up, wliich 
contains the derived group. 

2. Let p* be the highest power of a prime p that divides n, the oi-der 
of G, and let JET be a sub-group of order ^' of G. Let / be the greatest 
sub-group that contains II self-conjugately ; and suppose that every 
operation of I is permutable with every operation of fl, so that H 
must be Abelian. Let S be an operation of U of order p^, such that 
there is no operation 8' of H for which the I'elation S = 8''' holds. 
Then H is isomorphic with a cyclical group of order p^, and a relative 
linear invariant rj^ for H may be chosen, such that it is changed by 8 
into w»/i» where w is a primitive p^-th. root of unity ; while it remains 
unaltered by every operation of that sub-gix)up of H in I'espect of 
Avhich H is isomorphic w4th {8}. 

If 8 occurs in l'\-kp sub-groups of order p% and if in G' each sub- 
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gix:)up of order ^* leaves h symbols unchanged, then the operation of G' 
whicli coiTesponds to S will leave (1 + ^i>) A symbols unchanged. These 
symbols must be interchanged transitively by the gi'eatest sub-gi'oup 
K in wliich 8 is self -con jugate. In fact, the h symbols unchanged by 
H are interchanged ti'ansitively by I, which is contained in K ; jand K 
contains operations transforming H into every other sub-group of 
order p* in which S enters. 

In (t", then, there are (1 + ^i>) ^ 17's which are changed into multiples 
of themselves by 8^ and these rfs are transformed among themselves 
with factors by K. 

Suppose, if possible, that 

Vi = <^^i» vl^i = "^"ni, ... (a =^ 1) 

represents the effect of 8 on the ly's which are changed into multiples 
of tliemselves. K must contain an operation 2 of the form 

and S~*52 would be ••-, ^2= «'7s> •-. • 

This is impossible, since 5"*S2 = 8. Hence each factor, for the ii's 
whicli are changed into multiples of tliemselves by 8, must be ta ; 
and, since h is not a multiple of p, their product is a primitive p^-th 
root of unity. Suppose next that 

is any cycle of the operation that corresponds to 8 m ff. The 
corresponding part of 8 in (r" is 

V$*2 = ^V»*3i 



Since the ^-th power of this is identity, 

The product &;,&),... o)^ cannot therefore be a primitive j?^-th root of 
unity ; and a similar I'esult holds for each cycle of 8 in G\ 

The product of the factors of S is therefore a primitive j/-th root of 
unity, multiplied by jp^'^-th roots ; i.e., a primitive p^-th root of unity. 
Hence G'\ and therefore also G, has a self-conjugate sub-group of 
index p^ in which neither 8 nor any of its powers occurs. The same 



262 Prof. W. Burnside on [Dec. 13, 

reasoning may be repeated with this self -con jugate sub-group, lead- 
ing at last to the result that G has a self -conjugate sub-group of 
index p*. 

From this general residt the following particular ones are at once 
deduced. If j? is the smallest prime, and p* the highest power of p, 
which divide the order of a group O, and if the sub-groups of order 
p' are Abelian groups with either one or two generating operations, 
then G^ has a self -conjugate group of index p*. The case j> = 2, and 8 
a factor of the order, is a possible exception. 

In fact, when these conditions are satisfied, the order of the group 
of isomorphisms* of a sub-group of order jj* is not divisible by any 
prime greater than p, and therefore every operation of I (in the original 
statement) is necessarily permutable with every operation of H. 

In particidar, if ^ is a group of odd order p-m (a = 1 or 2), where 
p is less than any prime factor of m, then G has a self-conjugate sub- 
group of order m. 

For in this case all the conditions are necessarily satisfied. 

If (r is a group of odd order jj'm, where p is less than any prime 
factor of m, and if the sub-groups of order p^ are Abelian, while m 
andp'-hp-fl contain no common factor, then (7 has a self -con jugate 
sub-group of order m. 

For the only isomorphisms of order greater than p, which an Abelian 
group of order jj' can admit, have factors of j?' -f-^ -f- 1 for their order. 

Also, if the odd order of G contains an unrepeated prime factor 
g, of the form 2"-f 1, then 6r has a self -con jugate sub-group of index q. 

Another special result of the general theorem is the following, 
which applies alike to groups of odd and of even order : — 

If p' is the highest power of a prime 2> which divides the order ^"wi 
of a group 6r, and if every operation of a sub-group of G of order p* is 
a self -con jugate operation of (?, then G is the direct product of gix)ups 
of orders p* and m. 

For in this case G has self -conjugate sub-groups of orders in B.ndp', 

.3. Before proceeding to a second application of the general method 
of § I, it will be necessary to prove a property of certain groups whose 
order is a power of a prime, when represented as substitution groups 
affected with " factors." I consider, first, the case in which the sub- 
stitution group is a cyclical group in p symbols generated by 
(j?,a;, ... ajp), while the factors are p-ih roots of unity. The general 
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operation of such a group will be 



where Wi, w„ ..., w^ are^-th roots, and the suffixes of the a's are re- 
duced mod. p. The total number of such operati9ns, t.e., the order of 
the most general group of the kind, is clearly j9''** ; and the order of 
the self -conjugate sub-group in which each symbol is merely multi- 
plied by a factor is pf. Suppose, now, that such a group contains an 
operation S^ 

Xr^J'^Xr (r = l, 2, ...,/>), 

for which the product of the factors is not unity, so that 
ai + a,+ ... + apP^O modj?. 

The group then contains the p operations 

*; = «-"*«?, (r=l, ...,p\ 
{k = 0, 1, ..., j,-l), 



obtained by transforming 8 by the powers of {x^ a?, . . . »^) ; and there- 
foi*e also the operation 

Xr = «* Xr (r = 1, 2, ..., p). 

where y, yi, ..., 2/p-i are any integers. Consider now the system of 
congruences 

The determinant of the left-hand side 

Oi a, ... 
ap a, ... 

a, a, ... 

is easily shown to be congruent to ^i + a,4- ... +ap ; and, since by sup- 
position this is not zero, mod. p, the system of congruences have a 
solution in integers for the y*s, whatever integers the z^s may be. 
The gi'oup therefore contains the p operations 

x, = x, (*#r), Xr = U>X,. 

But these generate a sub-group of order p^ ; and, combining this with 



2 i/*a^.i = Zr (t- = 1, 2, ..., p). 



^p-i 
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(a?iaj, ... Xp), the order of the group is p'**\ Hence, if the order of a 
group of the kind considered is less than j9''*\ the product of the 
factors must be unity for every operation which changes each symbol 
into a multiple of itself. It is to be noticed that no inference can be 
drawn with respect to the operations which interchange the symbols 
cyclically.* 

Still supposing that the factors are p-ih roots of unity, I consider 
now the case where the substitution group is a transitive group of 
degree p\ Let T be any self -con jugate operation of order p of the 
substitution group. The symbols left unchanged by any operation 
S of the substitution group are permuted in sets of p by T. If 
a;,, ar,, ..., ajp is such a set of symbols, then, in the group as affected 
by factors, each is replaced by a multiple of itself by the operation 8. 
If the product of the p factors affecting these symbols were not 
unity, then T and S would, as regards these p symbols, generate a 
group of order p***^ by the preceding result. Hence, again in this 
case, if the order of the group is less than p'^*\ the product of the 
factors of the unchanged symbols of any opei'ation must be unity. 
Now, for an operation of order p, the product of the factors for a 
set of p symbols which are permuted cyclically by the operation is 
necessarily unity. In fact, let 

x[ = wjir,, x^ = w,«„ ..., Xp = w^a?! 

be the operation, so far as it affects the symbols in question. The 
P'th power of this substitution is 

^ a;; = c.;ia>, ...w^o;, (r = 1, 2, ..., j9) ; 

and, since this must be identity, the product of the factors is unity, as 
stated. 

The general result of this discussion may then be stated thus : — If 
a group of order p' (a < p) be represented as a transitive substitution 
group affected by factors which are p-th roots of unity, the product of 
the factors for any opei^ation of order ^3 belonging to the group is unity. 

4. Returning now to the general theorem, let p', as before, be the 
highest power of a prime p which divides the order j9*m of a group 0. 
Let ^ be a sub-group of order p% and let I be the greatest sub-group 

♦ In fact, Xi — «:rj, x-i^ x^, . . . , Xp ^ Xj 

and x{ — Xiy x^ « «Zj, ..., ar^ — tt^-^Xp 

generate a group of order j^ in which w la the product of the factors for one of the 
cyclical operations. 
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til at contains H self-conjugately. Suppose also that every operation 
of 7, whose order is relatively prime to /?, is permutable with every 
operation of H. Let 17, be a relative invariant for fl", which is un- 
altered by every operation of a self -conjugate sub-group of index p of 
II, and is changed into itrj^ by some operation S of H not occurring in 
this sub-gix)up. 

If in O' the sub-gix)up H leaves ft symbols unchanged, they must he 
transitively permuted by the operations of J. In (?" each of these 
symbols is changed into a multiple of itself by eveiy operation of II. 
Moreover, S changes 17, into wijj ; and therefore each of the other 
^ — 1 must be changed by 8 into ta times itself, as otherwise S could 
not be pei'mutable with every operation of I whose order is relatively 
l)nme to p. The remaining m— /i symbols are permuted transitively 
in sets of p% j?*, ... by the operations of H in Q\ Hence, by the result 
obtained above, if the oi*der of S is p, apd if a < p, the pi'oduct of the 
factors of S, so far as these m—p symbols are concerned, is unity. 
Under these conditions, then, the product of all the factoids of S is 
w'*, and fjL is necessarily relatively pnme to p. Hence (?", and there- 
fore also G, has a self -con jugate sub-group of index p, 

U p (>2) is the smallest pnme which divides the order of 0, and if 
« = 8, while the sub-groups of order p' ai'e not Abelian, all the con- 
ditions imposed are satisfied. In fact, the primes dividing the order 
of the gi'oup of isomorphisms of H must be factors of (^— 1) (p^— 1 ) ; 
while the only two types of non- Abelian groups of order j9' both con- 
tain operations of order p which do not enter in a suitably chosen 
sub-grouj) of oi*der p*. Hence : — 

If p is the smallest prime dividing the order of a gi-oup G of odd 
oi-der, and if p* is the highest power of p which divides the order, 
til en, if the sub-groups of order p* are not Abelian, the group has a 
self-conjugate sub-group of index jp'. 

Combining this with the previous result, it follows that, if /? ( > 2) 
be the smallest prime and p* the highest power of p which divide the 
order of a gi'oup, then the group must have a self -con jugate sub-group 
of index p% unless (i) a ^ 4 or (ii) a = 8, and a factor of p^-^p-^l 
divides the order. 

5. From the preceding results it is not difficult to show that no 
odd number which is the product of six primes can be the order of a 
simple gix)up. 

If Pi, 2?i, p„ ... denote odd primes in ascending order of magnitude, 
it follows from the preceding theorems and from the results con- 
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tained in chap. xv. of my book on the Theory of Groups (especially 
Theorem iv.) that, (i) p^p^Pt, (ii) p]pl (iii) p\p]pi, (iv) p^p^p], 
(v) PiPiPzP4 are the only possible forms for the order of such a group. 
Moreover, in the last four, a sub-group of order p^ must be Abelian 
with no operations of order pj ; and one of the primes Pt^PaPi must be 
a factor of p] -^p^ -I- 1 . 

(i) Order p\p^p^- — There must be p^p^ sub-groups of order p\; 
otherwise the group can be represented as of prime degree and is 
certainly soluble (Proc. Lond. Math, flfoc, Vol. xxxiii., p. 177). If the 
operations of these sub-groups were all distinct, there would be a 
self-conjugate sub-group of order j^il^j. If some, or all, of the self- 
conjugate operations of a sub-group of order p* occur in no other 
sub-group of order p* every operation common to two sub-gix)ups 
of order pj must be permutable with an operation of order p, or py In 
this case there would be exactly jo,p,-—l operations whose orders are 
divisible by p, or p„ and the group would be composite. If any 
operation were self -con jugate in more than one sub-group of order pj^ 
it would be one of p, orp, conjugate operations, and again the group 
would be composite. Lastly, if an operation P of order jo, is self- 
conjugate in one sub-group of order p\, and enters in another as one 
of Pi or more conjugate operations, there must be* an operation Q (of 
order p, or p,) such that P, Q'^PQ, Q'PQ*, ... are permutable with 
each other. These would generate a sub-group of order pj, which 
would be common to several sub-groups of order p*, and would there- 
fore be one of p, or p, conjugate sub-groups. The gi'oup again thei"e- 
fore would be composite. 

(ii) Order p^^pI. — If there arepj sub-groups of order pj, they must, 
if the group be simple, have common operations ; and, since p\ is the 
only factor of the order which is congruent to unity, mod. p,, the total^ 
of these common operations form a self -conjugate sub-group. The 
group is therefore composite. 

(iii) and (iv) Order p]ptp . — If an operation of order p, is per- 
mutable with one of order p^, there must be a sub-group of order 
jpj» , and this must contain a sub-group of order p^ self-conjugately. 
This sub-group would be one of p^ conjugate sub-groups, and the 



♦ Theori/ of Gtvups, p. 100. 
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group would therefore be composite. It may be assumed therefore 
that there are no operations of order pyp^. 

If an opei'ation of order |9^ is conjugate with one of its own powers, 
then pji>* (Py— 1) is the greatest number of operations the group can 
contain whose oixiers are divisible by p^. If a sub-group of order jo* 
is contained self-conjugately in a greater sub-group, then |)J/^ (^'—1) 
is the greatest number of operations, whose orders ai*e powers of p^, that 
can be contained in the group. Lastly, p p (^J— 1) orpMpJ— 1) is 
the gi-eatest number of operations of order p^ the group can contain. 

Now the sum of these numbers is less than h — times the order 

2 1 Pi Pfi 

of the group ; and, since 1 is necessarily less than unity, this 

Pi Pfi 
is impossible. Hence either an operation of order p^ is not conjugate 

with any of its powers or a sub-gix>up of oi*der p'^ is contained self- 
con jugately in no greater sub-gi*oup. In either case the group is 
composite, from the results of § 2. 

(v) Order p^^ppp — Unless operations of each of the orders 
jt>.>, Pi, p4 are conjugate to powers of themselves, the group is certainly 
composite, by § 2. If the condition is satisfied, the greatest possible 
numbers of operations contained in the group whose orders are 
divisible by j>„ /)„ and p^ I'espectively are 

PiP^P^Pt"'^)^ Ki',JP4(P«~^)' PlPtPAPi"^)- 

The greatest possible number of operations of order p, is p^p^ (^jj— 1). 

The sum of unity with these four numbers must be equal to or 

greater than the order of the group. This sum is, however, less than 

3 1 

1- — times the order. Hence, unless j^i is 3, the group is certainly 

composite.* 

If p^ is 3, the group is composite unless one of the other prime 
factors is 13. The order must therefore be 3*. 13 .jog: and the group 
has a sub-group of order 3*. 13, in which there are just 13 sub-groups 
of order 3 all conjugate to each other. 



♦ IKote, Jafntary Idth, 1901.— This method, combined with the results of § 2, 
may be used to prove in a somewhat similar way that a group of order p^^P^ .. p'^t 
where each of the indices oj, a^, ..., on is either 1 or 2, and where /^i >n— 1, is com- 
posite, with a possible exception in the case where there are p'l^P^* ---P^** sub- 
^oups of order jp"*.] 
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The discussion of this particular case presents no serious difl&culty. 
It may be shown at once that the gi'oup is composite if it contains 
operations of composite order; and that the only constitution of the 
group, which is consistent with its being simple, is one in which 
there are 

3* . ISp sub-groups of order q, 

S'.lSq „ „ p, 

S^.p.q „ „ 13, 

and pq ., „ ;3», 

without common operations. This leads to the equation 

17pq^ll7(p^q)-\-l=0; 

and 7 and 409 is the only pair of primes satisfying this equation. Tlie 
group would then contain 1-1-2 .409 sub-groups of order 409 ; and it 
could be represented as a piimitive group of degree 1 -f 2 . 409, in which 
the sub-groups that leave one symbol unchanged permute the remain- 
ing ones in two equal transitive sets. The group would also contain 
operations of order 13 which permute all the symbols. That such a 
group is non-existent is shown on p. 179 of my paper, " On Some Pi-o- 
perties of Groups of Odd Order " (Proc. Lo7id. Math. Sac, Vol. xxxiii., 
pp. 162-185). 

6. The number of prime factoi's in the order of a simple group of 
odd oixier is thus shown to be not less than 7. Combining this with 
the limitations on the order involved by the I'esults of § 2, it will be 
found that the only odd numbers less than 40,000 which can possibly 
be the order of such a group are:— 3*. 7. 13, 3».7.19, 3*. 5", 3'. 5*. 7, 
3*.5M1, 3*.5M3, 3*.5M9. There is no difficulty in veiifpng that no 
one of these numbers can be the order of a simple group ; so that 
40,000 is a lower limit for the order, if odd, of a simple gi'oup.. There 
is no doubt that by a similar detailed examination this limit might be 
carried a good deal further ; but, in view of the possibility of some 
more general pix)perties of gi'oups of odd order being discovered, it 
seems hardly worth while to c&rrj a mei'e method of enumeration 
beyond the point i^eached. 
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Oil Discriminants and Envelopes of Surfaces, By R. W. H. T. 
Hudson. Received November 27th, 1900. Commanicated 
December 13 bh, 1900. 

1. Functions of several arguments frequently occui' in analysis as 
discriminants of binary forms in which the arguments figure as 
coefficients. Examples occur in the theory of envelopes of cui'\^es 
and surfaces involving one parameter, and in the theory of singular 
solutions of oixiinary difFei*ential equations. It is proposed in the 
following short paper, fii-st, to obtain in a general manner certain 
propeHies of the discriminant of a binary form (or polynomial), and 
then to apply the results to the case of a family of algebraic 
surfaces. 

Let F be a polynomial in t, and let dashes indicate differentiation 
with respect to t ; then the discriminant A of JP is the resultant of F 
and K, and can be expressed in the form 

/^ = AF-^BF' 

where A and B are also polynomials in /.* 

The advantage of this expression for A lies in the fact that all the 
arguments appearing explicitly in the dexter are independent, and, 
further, that t may have an arbitrary value, since it does not 
occur in A. 

Now, when the relation among the coefficients expressed by A = 
is satisfied, the equations jP = 0, F'= have a common root,- say t^. 
In the following investigation the symbol " = " is used when equality 
holds under the conditions A = 0, ^ = ^i ; while the symbol " = " ia 
used when equality holds for all values of the coefficients and t, 

2. In order to find the values of A, 5, A\ B\ ..., when A = and 
t = /„ we make use of the fact that A is independent of t. Then, by 
differentiation, 

A = AF^-BF', 

= A' = A'F-\- {A + 2?') ^+ BF\ 

= A"=^"F+(2^'+50^'+(^ + 2B')F"+2?2^'". 



♦ Bumside and Panton, Theory of Equations^ 1892, p. 360. 
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Putting A = 0, ^ = ^1 in these identities, we obtain 

B = 0, 
^ + 2B' = 0. 

3. Let 8 denote any differentiating operator affecting only the 
coefl&cientfl in F, and not affecting t. Then 

therefore 8A = ASF* 

Further, if we calculate SiS« A, and use the above I'elations, together 
with 8A'= 0, we easily obtain 

F'S.^jA = A {F^S,S^F-S,F\r] +8,F { F'^^A-A^F'} 

-\-8,F{F"8,A-A'S,F} 

and, making 8^ = S^, 

F"5«A = A {F"8=F-(8F')2} + 28jP{F"S^-^'8F'} . 

Thus we obtain derivatives of A in terms of those of F and A. 

4. Next suppose that the common root of F = and F' = is a 
tnple root of F = 0. Then we have 

F"=0. 

In this case the identity A'= gives no relation among A, B, ... . It 
is easy to verify that 

A"=0 gives B = 0, 

A'"=0 gives ^+3B'=0, 

8A'=0 gives ^'8F+(^+B')8F'= 0. 



* More generally, if A is the reeultant of F and G, and A = AF+ BO^ then 
8A = AZF-k-BZG. 
Let /•= ffo + «!* + •• • + «'»<'*, 

and put 

therefore 

whence the known result 

See Bumside and Panton, Theory of Equations ^ 1892, p. 360. 
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This equation cannot be true for all forms of 8 unless * 

^' = 0, 
.l-fB'=0; 
therefore .4 = 0, 1?'=0. 

Then A*^= gives 4^' + 6^"=0; 

therefore -B" = 0. 

A^=0 gives i4"+F" = 0. 
Thus, when A = O; F = 0, jP' = 0, i?^'= 0, we have 
^ = 0, ^'=0, 
5 = 0, B' = 0, B"=0, 
^"+B'"=0. 

5. From these relations follow 
8A = 0, 
8,8,A = S,^.8,F+8,^.S,F+8i5.S,F'-f8,5.8ii^'; 
hut 8a" = = ^"8F+ SB . F"' ; 

therefoi-e 8^^ = 8iF{F'"8,^-^"8,F'}+8,ir{F"8i^-^"8iF'}. 

We proceed to show that F'''SA—A"SF' contains 8jP as a factor; so 
that ^1 8,A is equal to S^F.S^F multiplied by a factor which does not 
involve 8. This factor is not important ; so it is sufficient to pi'ove 
that when SF vanishes F'*'8A^A"8F' vanishes also. 

Suppose, then, that 8F = 0. 

We have 

= SA" ; therefore 8B = 0. 

== 8A'" ; therefore (8^+3SF)jP'" + (3.4" + 5'") Si^'= 0. 

= aT'; therefore A"+B"' = 0, 

= 8^A' ; therefore 8^ -|- 8B' = ; 

therefore r^'SA-A^'SF' = 0. 
Thus, under the conditions A = 0, ^ = triple root of F = 0, we have 
8A = 0, 
8i83A=lf.8F, 8,.F, 
8*A = M{SFy.f 



♦^.<7., putting 8= -~, we must have ^''i[+(^ + -B')*^r*« f or r » !,...,«. 

Odr 

t Some of the preceding results were given in 1868 by Prof. Henrici (Froc. 
Loud. Math. Soc, Vol. u., p. 104). See also Vol. xnc., p. 666 (1888), where Prof. 
Hill finds expresi-ions for 8183 A and 8*A. 
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6. To apply the preceding analysis to the theory of envelopes of 
surfaces, we suppose that F is algebi-aic in coordinates .r, ?/, z, as 
well as in the pai'ameter t. Then the equation 

F(xyzt):=zO (1) 

repi'esents a family of surfaces one member of which coiTesponds to 
each value of /. 

The surface t cuts the surface t+dt in the curve 

F = 0\ 
dF 



dt 



= 



C^) 



The locus of this curve, as t varies, is the surface A, whicli has 
the form 

A = AF+BFt=zO. (3) 

We infer from § 2 that the surface B{xyzt) = passes through the 
curve (2). 

Hence, from (3), A touches F all along (2) ; so that the name 
envelope is justified. This fact is expressed also by the equation 

8A = A^F 

when we put 8 = (X-a^) $- + (F-y) -^ -f {Z^z) ^- . 

Cx Oy Cz 

7. The characteristic (2) meets a consecutive one wliere 

2^=0, Ft^O, Fn = 0; (4) 

i.e., in a finite number of points. At any one of these points we 

3a 



have, from § 5, 



= ^^^ = — =0 

Cy oz 



showing that the point is a singular point of the surface A. The 
tangent cone is given by ma — n 

where 8 has the form given above. But, from § 5, 

V^k = M(xijzt)(hFy', 

so that the tangent cone breaks up into two coincident planes, 8F = 0, 

which is the tangent plane to the surface F at the point considered. 

Hence the locus of the points (4) is a cuspidal edge on A. 

From § 4 we have - r% j 

.4 = = -4<, 

B = = -B, = B„. 
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Hence the edge of d lies on the envelope of A, and is the same as the 
edge of the envelope of B. 

Further, the equation A''hF-^F"'^B = of § 5 shows that the 
sui-faces F and B touch at the points (4). Hence the envelopes of 
F and B not only have the same curve for edge, but have the same 
tangent plane at every point of it. 

8. When certain conditions equivalent to two independent con- 
ditions are satisfied, the equations F = 0, Ft = have two distinct 
common roots ^i,'f,. In the present interpretation these conditions 
represent a curve which is the locus of points where (2) meets a 
non-consecutive characteristic. Applying the results of § 3, we have 
8 A = ASF for t= t^ and t = t^ and all forms of 8 ; therefore ^ = 
for < = f,, fj ; therefore 8A = ; * so that these points are singulai* 
points on A = 0. 

Further, putting -4 = 0, 

S»A = 2[8F]„.,,[8^-|;8ii']^_^ 

so that the tangent cone at one of these points consists of the two 

^^^^^'^ 82^(0=0, 

BF(t,) = 0, 

which are the tangent planes to the two surfaces F which pass 
through the point. The locus of these points is therefore a nodal line 
on A. 

We infer that each characteristic meets a non-consecutive character- 
istic where it meets the coiTesponding surface A :=±0. 

Again, from § 2, putting J. = 0, we find 

B'=0. 
Tlien, since B and B' vanish for t = t^, fj, the locus is also a nodal 
line for the envelope of B. 

Again, 8A' = gives 

A'SF+8B.F"=0 (t = t,,t,); 

so that the two surfaces B, passing through any point of the nodal 
line, touch respectively the two surfaces F through the same point — 
that is, corresponding sheets of the envelopes of F and B touch along their 
common nodal line. 

• See Salmon, Higher Algebra^ 1885, p. 97. 
VOL. XXXIII. — NO. 755. T 
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9. To sum up. The envelope of a surface involving algebraically 
one parameter is a surface possessing a cuspidal edge and a nodal 
line. It is possible to find another surface involving one parameter 
to a degree less high by one (but being itself, in general, of higher 
degree) such that the envelope of this second surface has the same 
singular lines as the former envelope and the same tangent planes at 
all points of these lines. 



An Addition Theorem for Hyperelliptic Theta- Functions, Bij 
A. L. Dixon. Received and read December 13th, 1900. 



In the following paper relations between the hyperelliptic 0- 
functions for three or four arguments whose sum is zei^j are deduced 
as a direct integral of the differential equations involved. 

The method of integration is an extension of one given by Cayley 
(Coll. Works, Vol. XI., p. 73) as that by which he originally found 
his well known formula in elliptic functions, viz., when 

Wi + W2+tt, + «4= 0, 

icV^IIi sn u^—K^U.cn u,-\-U^ dn u^ ^ k^ (t = 1, 2, 3, 4). 

and has a certain geometrical interest. 

The proof is given in full merely for the double G-functions, but is 
at once capable of extension to any order ; the necessary modifications 
for the triple functions are given in § 12. 

1. Take 2-^=1 (. = 1, 2, 3, 4, 5) (1) 

as the equation of a set of confocal ji?4's* in a space 65, and let 
p, g, r, s, t be the values of A for the five members of the set through 
any point. Then 



5 ^_ - 1 = _ a-p)(V-?)(A-r )(X- s)(X-J) 



0.+A 



^(a.-^>.) 



(2) 



• pltq is used to denote a continuum with 7 degrees of freedom and of degree /j 
in the coordinates. 
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and therefore 

writing /(\) = n(a»-fA); 

therefore 2 ^' = — -^ , (4) 

dp at -{-p 

and, if ds^, be written for an element of distance along the direction 
for which p alone varies, g, r, s, t being kept constant, we get 

4,Z.J = 2. -r^.dp^ = (i'-g)(l>-;)(^-4(E-.0 e^y. (5) 



2. Now consider those points (found to lie on four straight lines) 
which are common to the two surfaces 

' ^ =1, (S); 2-^=1, (T); (6) 



and also to the tangent jR^'s to S and T at any point ^,, ^j, ^j, A^, Ji^ 
(say the point /i^) which is on both : viz., 

2 '^'''>- = 1, {S') ; 2 ^^ = 1, (r). (7) 

a^ + if fli + i 

Taking first any one of the system 

2-^^=1, 

the tangent ^U^ fi-om K (in three dimensions this would be the tan- 
gent cone) is given by the equation 

and this when referred to the normals to the tive confocals through 
Ai as principal axes will take the form* 

p — \ q—K r — \ A — X ^—A 

where ^, g, r, &•, ^ are the parametei-s of the five confocals thi-ough ht. 
Putting \ = if, we get f, = 0, and then, putting ^, = 0, we get, as 



Cf, Salmon, Geometry of Three Dimeimoint^ p. 149, §§ 171-3. 
T 2 
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(9) 

(10) 
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the intersection of S, 8\ and T', 

p — 8 q^8 r—8 
Similarly, as the intersection of T, S\ and T, we get 

-^ + -^, + ^=0, ^. = 0, ^, = 0, 
p — t q — t r—t 

and therefore, combining these two sets of equations, the common 
points of 8, T, 8\ T are given by 

f. = 0, f, = 0, (11) 

g_ ^ ^ ^ e 

the equations of four lines. 

3. Now writing for f^, dspy for ^,, (i«„ and for ^,., rf«,^ we get, as the 
differential equation of the four lines, on substituting from (5), 



Kp-q)(p-r) dp_ _^ l (q-p)(q-r) _ dq^_ 
— . / (r~p)(r— g) <^r ^ 

"=*=v p-q y/^y 



or, say, 
or, finally, 



-JL jbL = _i_ J?3L = _!l -^ (e* = e'* = 1) • 
q-r yP r-« v/Q »-g ^E ^ ^' 

(12) 

^'' ^« -"^ I (13) 



where P =f(p), <fcc., <fcc. 

4. Thus the equations S, T, S\ T give an algebraical integml 
of these two equations (13), which are equivalent to 

J yp J v/Po M v/a J ^qJ \] yji ] vitj ' 

(14) 
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where p^^ g^, r^, 5, t are the parameters for the point h^. Expressing 
the X in terms of j9, g, r, «, f, and the ^ in terms oip^^ g^* ''o» *» ^ ^® R®^ 



2t(at- fg )\/at -fi? ' qt-HP o.at + g^. at + go-gj-f r . Ot + rp _ , 

/(-«0 



or w,e may put 



X (at4-X )v/at+p;at-|-yo.at + 9.at-f^o.at+r.atH-ro __ , .. (,. 

where A has any value we please. 

5. For convenience I rewrite this result in the form it assumes 
when the function under the square root (e.gr., P) is by a linear 
transformation changed from a product of five factors to a product 
of six, and further I change the notation. 

Putting f{x) = X = a— aj ,h—x . c—x . d—x . e — a? ./— «, 

and writing (Cayley, Coll, Works, Vol. x., p. 564) 



a-u + TV 



_. r 4? r_^_ 



where or, r, cr, p are constants, I replace (14) by 

or by Mi4-M,+Wj = 0, Vj + Vj+v, = 0; 

then (15) becomes 



0=1,2,3), (16) 



(« = a, l.,c,d,e,/; • = 1,2,3). (17) 



278 Mr. A. L. Dixon (m an [Dec. 13, 

6. In consideration of this result as a relation among double theta- 
f unctions I adopt Cayley's single and double letter notation {Coll. 
WcyrJes, Vol. x., pp. 501, 502, and 190). 

This notation is, the equations denoting merely proportion, 
A=:ay/a^x.a^y, B = fiy/h—z.h — y, ... (six odd functions), 
(AB) = (ABF,CDE) 

x — yLyc—y.d—y.e^y y c-^x .d—x ,e^x j 

... (ten even functions). 

The GJreek letters always connote the zero values of the variables : 
thus (a/3) is the value of {AB) when m = 0, v = 0. I also for the 
sake of greater simplicity usually write (ABF) or (CDE) as the 
equivalent of (AB) ; so that I have always, for example, 

{AB) = (ABF) = {ODE), 

(OD) = {ODF) = {ABE). 

Further, I shall sometimes use the letters P, Q, E as general repre- 
sentatives of any one of the letters A, B, C, D, E, F. 

7. This notation is, of course, in effect, the equivalent of the nota- 
tion by characteristics, the theta-f unction {AEF) being merely the 
function whose characteristic is the sum of the characteristics of 
Aj E, F. There is therefore a corresponding notation for the 
characteristics of the quarter periods, but it is more convenient to 
take the fifteen distinct quarter periods as denoted by a symbol of a 
pair of letters only, e.g., (e/), of which pairs there are, of course, out 
of six letters fifteen. Then the effect of the addition to the variables 
n and v of the conjugate quarter periods denoted by (e/) is to add 
EF to the symbol of the function, and then, with the obvious con- 
ventions that PP = 0, where P is any one of the six letters, and that 
ABODE F = 0, the new symbol is at once written down. 

For example, the addition of the quarter period {ef) changes A into 
AEF, AEF into A, ABF into ABE, ABC into D. The fourth root 
of unity which enters as a coefficient* is troublesome, and may be 
determined by the following rules. 



Cf. the table, Cayley, Vol. x., p. 172. 
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i table 


a, b 


A 




I 




c,d 


+ 




e,f 


C 



Taking, with Cayley, the correspondence of Bymbols and character- 
istics to be A B G D E F 
11 11 10 10 01 01 
01 10 10 11 11 01 

B C D F F 

II — — c 
t e * i + 

+ + * « i (18) 

gives the multiplier corresponding to each letter in the symbol of a 
({uarter period, when that quarter period is added to the variables 
n. V* Further, in reducing the symbcJl F*, A} with JEr, F, A^ B ; 
/^-, C' with A, B, C, D ; D*, W with C, D, F, F, all give a minus sign. 
The final coefficient is the product of all those taken in this way for 
the sepai'ate letter's. Thus, for instance, the quarter period (6c) 
added to the variables changes A into t (i4B(7), (BDE) into (CDE), 
ttc, &c. 

It will still be true that a symbol with three letters, e.g. {AUF)^ is 
exactly equivalent to the symbol with the other three, e.g. {GDE). 

8. The first result, then, that I obtain [by putting \ = a, 6, ... in 
(17)] is that, when 

t*l±t*,±M8 = 0, t'liVjiv, = 0, 
there is a linear relation between any five of the products PiP^P^ 
the suffix numbers being used to denote the corresponding arguments. 
The coefficients are easily determined by giving special values to the 
•/'s and v's. 
Thus one relation written out in full is 

(a/30(«yO(a30(acO^,^^-(a/30(/3rO(/3S«)(/3e05,5,B, 
-(ay£)(/3yi)(y80(rcO C, C,(7,+ (a80(/58{)(y8{)(8cO AAA 
+ (a€0(/3e{)(ycO(K) E,E,E, = 0. (19) 

9. This relation gives at once an interesting expression for the 
quotient of two 8-f unctions of the sum or difference of two argu- 
ments. Taking 



M, = t*i— ^^J» 



V, = ri— r. 



/tj, v, are unaltered by any, the same, additions to u^,u^ and v^, v„ and 
in particular by the addition of quarter periods. 

* Cf. Forsyth, Fhii. Tram., 1882, Pt. m., pp. 790-1. 
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Thus, patting P„ as an abbreviation for PiPj, and («{) for 
(a/30(ayO("Si)(«0,weget 

(i.) KM»^.-(/5?)B,./J.-(K)0„C.+ (S£)D,.Z>. ] 

+ («0^»^, = I 

(ii.) (^)E„A,+ (M)(ABE)„B,+ (^(AGE)„G, 

- mUDE)„D,-(^)A„E, = 

(iii.) (^)(ABE)„A,+ (M)E„B,+ (VO(BGE\,C, 

(iv.) -iaiXAGE)„A, + (MXBGE)»B,+ {yOE„G, I 

+ (MXGDE),,D,+ (7t) G„E, = ' 
(v.) -(^)(ADE),,A, + 0ii)iBDE)„B, + (yO(GDE\,C, 

+ {lOE,»Dz+Gi)D,,E, = 0j 
Ac. Ac. /20) 

which give relations of -which 



(gp A , 

~Bi„ —Gif, P,., i?„ 

iABE)», (AGE)„, -(ADE)„, -A„ 

E„, (BGE)„, -{BDE),„ -B,, 



(BOB),, 



E„ 



(GDE)», e„ 





H) E, 




•^m 


—B„, —Ga, 


I>„ 1 


■®«. 


(ABE),,, (AGE)„, 


-(ADE),,\ 


(ABE),„ 


E„, (BGE)„, 


-(BDE)„i 


-(AGE)», 


(BGE)if, i',„ 


(GDE)„ 1 



(21) 



18 one specimen. 



10. The equations (16) and (17) may be used further to g^ive an 
addition theorem for four arguments. Keeping w^ t'„ Wj, i-, the 
same as before, write 






(22) 
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where X may have any value. Then (16) gives 






(23) 



Tims equation (17) gives an integral of 

«l±t4,±M,±M4 = 0, t;i±v,=fcw,±V4 = 0, (24) 

which may be written 

S,P,P,P,P« = SaQ, 0,0,04 (P = A, G, E; Q = B,D, F).* (25) 



11. This relation admits of many transformations and special 
cases. For example, all the fundamental relations between the 
squares and products of G-functionsf can be dei-ived from it with 
ease. I add a few examples of theorems to which it gives rise. 

(1) Taking u^, v^ as a quarter period, it follows that there is a 
linear relation between any four of the products PiP^P^ when the 
sura of the arguments is a quarter period ; or, what is, in effect, the 
same thing, between the products (PQJS)i(PQi^),(PQE)8, where P 
takes any four different values, when the sum of the arguments is 
zero. 

From these are deduced, after the manner of (21), relations of 
which the following is a specimen. If 



t*a = t*i— tt-, v. = t\ — v, 



1 — «'J> "8 — ^1 ^|> 



(aepjAEF), 



-(fieO(BEF\ 



-D,j, t/jj, i>,j 

(nEF)„, (GEF),„ (I>EF)„ 
(BCD),,, D„, . a„ 



(y«0(CgF), 



-^la* C'u, I/ij 

(AEF),^ (OEF),,, iDEF)„ 
iACD)„. D,„ C„ 

-{ieJKDEF), 



B„ 



2>» 



(AEF),,, {BEF\„ (DEF)„ 
(AGD)„, (BOD),,, G„ 



B„ 



C„ 



(AEF),,, iBEF)», (GEF)„ 
(AGD)„, {BOB),,, A. 



(26) 



* This equation is given by Forsyth, '* Memoir on the Theta-Functions," FhiL 
Trans. ^ 1882, Pt. m., p. 845, § 57, as a deduction from the product theorem. 
t Cf. tables in Cay ley's memoir. Coll, Works , Vol. x., p. 644, &c. 
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It is interesting to notice the direct correspondence with the elliptic 
function formulsB of the type 

dn (tti— M,) = CiC„ P -T- c^c^, d^d^ \ . 

(2) For any pair of arguments 

A]Al-B\S^,+ C[cf-li[lf,+I!\E\-I^X = 0, (27) 

and for any argument 

A*-B*'\-C-D' + E*^F^ = 0. (28) 



12. The extension of the method of this paper to the hyperelliptic 
functions of any order is immediate. Thus, for instance, for hyper- 
elliptic triple 0-functions we must take confocal ,i?y's in a space Sj 
given by 



2 __^ -1=0 ( * = 1» 2, 3, 4, 5, 6, 7 ;\ 
Oi-^X \\ = p, q, r, 8, f, «, V ' 



There will be three surfaces, T, U, V, say, con^esponding to equations 
(6), § 2, and three tangent ,Be's corresponding to (7). 

Then equation (8) will have seven terms, and for (9) and (10) 
we must substitute 

f, = 0, t = o, f. = 0, 

p—t q—t r—t 8^t 

_€»_ 4. _^_ 4. _£L 4. _^ _ =: 0, 
p—u q — u r—u 8 — u 

p — V q—v r—v 8 — v 



giving, as before, 



_« 



(p-t){p—u)(p—v)(q-r)(r-8)(8'-'q) 



and then, with 
1 



; _V9 _ _. . =1 &.C &V 

(q-t)(q-u)(q-v)(r-8)(8-p){p-r) 

/($) = = n, (a^-^e) (l = 1, 2, ..., 7), 



^ = 



1 



A.= 



(5_r;(r-*)(«-g) ,/P (r-8)(s-p){p-r) ^Q 



<fec., (fee, 
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and, finally, 

dp ^ Ve y-B y&' ' 

y/P^ ^Q^ y/B^ v/S ' 

Then the equations corresponding to (14) will have eight terms, and 
the corresponding integral will be 



[ d\ [d4>_ [XdK [nd^ [\*dX [y? 
j "v/A j x/M ' J Va J x/M ' J v^A J ^ 



2. ( gi+X)(a,+/x)\/a.+p.o.+p„.o.+g.at + ?i,.a.+r.a.+r n . OjA-j . a. + gp 

/'(-«.) _ 

13. It appeal^ from this that tlie results of § 8 do not apply for 
hyperelliptie functions of odd order, but only for those of even order. 

The results of § 10 (and those of § 8 when the order is even) will, 
however, follow by adding and subtracting 

as required for the triple functions, and corresponding changes for 
any order. 

In fact, when the order is p, the sum of 2p + 2 integrals will be 
obtained by the geometrical method, and this can be increased to 4}p 
for all values of p, and also to 3;^ when p is even. 

14. For the hyperelliptie triple B-functions I get, putting 

e = a-O.b-O.c-O.d-O.e-e.f-O.g-O.h'-O, 



that 



(. = 1, 2, 3, 4) ; 



have an integi'al 



2. 



n^Vg— a!t . s—y^ ,_8—z, _ 



dS 
ds 



= 



(.9 = a, &, c, d, e,/, gji^, i = 1, 2, 3, 4). 



284 Proceedings, [Jan. 10, 

Thursday, January 10th, 1901. 
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''Proceedings of the Physical Society,'* Vol. xvii., Pt. 4 ; Dec., 1900. 

** Jahrbuch Uber die Fortschritte der Mathematik," Bd. xxzx., Heft 3 ; Berlin, 
900. 
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Proof of the Third Fundamental Theorem in Lie's Theory of 
Continuous Groups. By J. E. Cahpbbll. Read January 
10th, 1901. Received January 12th, 1901. 



If we have any set of r* constants, c\^ ..., satisfying the conditions 

C.KA + C^iA = 0, 

hmr 

2 (CiK^c^t'\-c^jj^Ckit-\-CMCHKt) = 

(*, ^,i, ^ = 1, ...,r), (1) 

they are said to form a set of composition constants of the r-th 
oi*der ; and the third fundamental theorem in Lie's theory of con- 
tinuous groups is that, given any such set, r independent infinitesimal 
transformations 



Xi, ..., A^ 



can be found, such that 



and therefore such that they generate a group of the given compo- 
sition. 

Lie gives a proof of this proposition in the second volume (seven- 
teenth chapter) of T raiisformatiotisgruppen^ but it requires a consider- 
able previous knowledge of his theorj' of function groups to follow 
it ; and a proof has also been given by Herr Schur, which is sketched 
in the third volume, § 144?. Recently M. Poincare has discussed the 
theorem in the Trans, of the Camb. Phil. Soc, Vol. xviii., p. 234, and 
given a proof of the soundness of which I do not feel sure. He has 
shown how to consti'uct r infinitesimal transformations which are 
independent; to verify their group property is not easy, and would, 
in effect, be Schur's method ; if this property is not verified inde- 
])endently, the reasoning which occurs on p. 234 — ** Let 



p^\>r ^ 



e'^e^ = e\ 



where [7 = :Sw,X., Z = ^z,X^, r=f2y«X«; 

the associative character of the operations shows us that we have 



V Y 7. 

e' e' = e'\ 
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where w^ = ^« (v^, ^), y« = 0« (^„ m.), 

— seems to presuppose the existence of a group of the i*equired com- 
position. 

If it is objected that we can let X, ... X^ be the group adjoint, 
then, unless these operators are independent, we do not know that 
the associative law holds. 

The proof given here is perhaps simpler than those to which I 
have referred, with the exception of M. Poincare's, if the latter is 
correct ; in any case the proposition is so important that it may 
perhaps justify one in giving another proof. 

Since vrriting this paper my attention has been drawn by one of 
the referees to a proof of this theorem by Klein, in his Einhitung iv 
die hohere Oeotnetrie, Vol. ii., pp. 163-167, which at first is on the 
same lines as the proof of this paper, viz., the replacing of the given 
composition constants by an equivalent but simpler set when the* 
adjoint group is of order less than r. I believe that this proof is 
erroneous ; perhaps the simplest reason for doubting it is that, if 
correct, it would (as the referee remarked) prove that a group which 
contains self -con jugate {auagereichnete) operations must be the direct 
product of two independent gix)ups. Klein assumes, in fact, that the 
constants which in §5 I have denoted by di^^... are all zeix). 1 
might perhaps add here that the results in §§ 1-8 of my paper are 
implicitly contained in chapter xvii. of the first volume of the 
Transfonnationsgruppen. 

1. If Xi = 2 a^i.rlc (i = l^...,r) 

is any linear transformation whose modulus does not vanish, and 

the inverse transformation, then c,k»... being any / other set of 
variables, and r-«ft .. . another set connected with the former by the 
equations 

2 a,„cUh = 2 a,^a^gCp^, (2) 

(the summation on the right being for all values of/?, (y fi*om 1 up to r 
inclusive, and i, k, s having any values from 1 up to r inclusive), it 
is clear that (2) gives c-^^ ... in terms of c.^a — 
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Fix)m the fact that 2 Aj^a^p = e^,,, 

where fi^ is zero if i ^ k, and tmity if i = k, we easily verify that 

hml pq 

and therefore c.^,, ... are given in terms of c-k* .... 

2. It must now.be proved that, if one set Cixh ... satisfy the system 
of equations (1), so will the other cIkh .... 

To see this, multiply (2) by OtniC,^} and sum for all values of 
h, s, m, p, g, and we get 

Noticing that by (2) the left-hand member may be written 

in a r A • r 

we see that 2 a,^ 2 (cUh ci/,« + ci,A ^/.i«. + cl ,, ;. ^i. k, „. ) 

Ml • 1 k ■ 1 

is the sum of a number of terms which vanish by the conditions (1). 
We conclude therefore that, since the modulus does not vanish, 

hmr 
hml 

for all values of /, k, m, t. 

To pi-ove that cict + c'^u = 0, 

interchange i, k in (2) ; we get 

2 (ihaCKih = 2 (iiq(iKpCpq» ; 
adding this equation and (^2), we see that 

from conditions (1). 

3. Suppose now that we have a group with the composition con- 
stants CiKh ..., the corresponding infinitesimal transformations being 

A,, ..., A^. 

If we take X(, ..., -X^ as a new set nf r independant in^nitesimal 
transformations defined by 
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then it can be at once verified that cic* ... are the composition con- 
stants of the group corresponding to the above infinitesimal trans- 
formations; the conclusion we draw is that when we can find a 
group with the composition constants Ci«;, ... it has also the composi- 
tion constants c^ca •••» and conversely. 



4. Suppose now we are given a set of composition constants c.^^ ..., 
such that all r— 5-fl rowed determinants, but not all r — s rowed 
determinants, vanish of the matrix 



'>!« 



(in any row all positive integral values of j and k are to be taken 
from 1 up to r) ; then we can choose 



*ii, ..., i*j„ 



«Qn 



so that 



a,„ ..., a,^ 



where J, k may have any values from 1 up to r inclusive, and h any 
value from 1 up to « inclusive. 

To complete the determinant of the a^, ,*8 we can take a,„« arbitrarily, 
only providing that the detenninant does not vanish (m = .«? -h 1, . . . , r ; 
K = 1, ...,r). 

If we now apply the transformation (2), we get a new set of com- 
position constants c^^ with the property 

where t, k, h may have any values from s-f 1 up to r, and di^^ a-i'e a 
set of composition constants of the n-th order, n being written for 

CiKh = y, 

if either * or ic is less than «+l, h having any value from 1 up to 
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r inclusive ; ci,^^ 

where i and k both exceed s, and m does not, being such that 

ik-r 

5. We may therefore say (with the slight change of notation which 
consists in writing di^h = Cr-t^r-x^r-h ai^d cUm = <^r-t,r-ic,r-m) that the 
problem of finding a group with the given composition is now re- 
duced to that of finding a group with the composition constants 

dLi 



where 






if none of the suffixes i, k, h exceed n, and the c's are composition 
constants of the n-th order, such that not all n rowed determinants 
vanish of the matrix 



Cjitc 



^ju 



yjHK ' 



0*, K=l, ..., n); 



(3) 



(4) 



if either i or k exceeds n, h haying any value from 1 up to r ; 

diKm = diKm > 
if neither i nor k exceeds n, and m does exceed n, and 

hmn 
S (Cnckdi^fni'\-C^'xdhim'\-Cjihd^^) =0. 

Now, it may at once be verified that 

where X< = S c^ a;, ;^-- 

(the summation being for all values of p and q from 1 np to « in* 
elusive), is a group of the «-th order with the composition constautK 
Ci,,K'y for, by (3), Xi, ..., Z„ are independent, and by forming ito 
alternants we verify the group properly. This is Lie's 
adjoint. Its parameter group is simply transitive and of like i 
VOL. XXXIII. — NO. 756. u 
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position with it ; we have therefore proved the existence of a simply 
transitive group with the composition constants (•,«;, .... 

6. It will now be shown how a simply ti*ansitive group with the 
composition constants di^^ ... may be deduced. 

Let X„ ..., X„ be the simply transitive group with the composition 
constants CtKh .*• • 

Let t*i„, ttjw, ..., ti„„ be any set of solutions of the simultaneous 
equation system 



^i^Km—XicUin* = <^,KiM+ 2 Cight^m^ 



(5) 



where i, k may have all values from 1 up to n, and m has all values 
from w + 1 up to r. We can at once verify that 

-X'. + tt.H^., ^— -f ...-fw.v— (i=l, ..., w), 

OXr 



dx„ 



is a simply transitive group of order r with the composition constants 
d'iKk ... . 



7. We must now prove that the equation system (5) is self -con- 
sistent. This may be done by the method explained in the Proc. of 
the Lend, Math. Soc, Vol. xxxi., p. 2.35, or independently by a less 
general but more direct method as follows : — 

9 ^ 

Since X„ ..., X„ is a simply transitive group, -— , 



each be expressed in the form 



dxi dxn 



can 



CXi 



— A.„Ai + ...4-X,i<X„, 



where A^ 
fact that 



are a known set of functions in .r„ 

a_ a_ ^ A A 

dxi dxg Sx,c dxi 



., Xn. From the 



are functions 



and that X„ ..., X„ form a group, we see that Kk 
satisfying the equation system 

S^«-|^« = 2c..^.X„\,, (G) 

vxi c.e>c 'hfi 

(the summation being for all values of a, /3 from 1 up to 7i inclusive). 
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8. It must first be verified that 

fjXi oxj dxg 



(7) 



is identically zero for all values of iJKy the summation in 2 being for 
all values of a, /3. We have 



^ X X -\ ^ 

^ ^mJ^fiK — A^ ^— sx^ 



'mif^fiK — A^ — X^ -|- X^ -^^ X^, 

OX OXi 



dxj 

a 



X«X^,- X^ ;r— X^,4- X^,- -— X^, 



' dx, 



Sxj 



CXk OXg OXk 



Remembering that 



d»t,m'\rdi,^ = 0, 



we see that (7) may be written 

2 ^^d^^ (^—^fiK—^~^fii)'\- 2 X^. d^fl^ I ^— X^— — X., J 

^fi ^OXi CX^ I *^fi ^OXi OXJ ' 

+ 2 )^fiid^n ( 5— ^•.— -n" ^^)- 
• .^ \OXj OXk I 

Writing the second and third of these sums in the equivalent forms 

T»^ ^OX^ OXi ' 

HUd 2 Xm (f6/9m ( ^— ^/V— X- X^^ ) , 

and substituting from (6), we see that the coefficient of X^X^. X^, in 

(7) is 

which is zero from (4) ; and therefore, since all these coefficients 
vanish, the identical relation required is now proved. 



9. In order to prove that the simultaneona equation system (5) J 
can be satisfied, multiply (5) by X^^X^^, and «iim for all 
^, k; then, if the new set of et[ualiom4'^ther6 will be 
pair of values of pci — can be satisfied, so can the old j 
have only to notice that for the equation with a givdfi. ' 
of i, K the multiplier is Xfa\^^^A^,^ 



292 Mr. J. E. Campbell on the Third Fundamental [Jan. 10, 



cannot vanish since the determinant of X^ does not vanish (Forsyth, 
Differential Equations, § 212). 

Let Vi„ = XuUim + . . . + X^itt^ (t = 1, . . . n) ; 

then the slmnltaneons equation system takes the simple form 






say. 



(8) 



10. To solve these equations, consider the following lemma : — 
If we have q functions ctj,!... of the variables a*i, ...,a'„such 
that o'4K'\-o'Ki = 0, 

OXi OXj OXk 

where the suffixes may have any values from 1 up to w inclusive, 
then n functions mi, ...,tt« can be found such that 



O-iK 



(h.— t/«). 



dxidxK 
To see that this is true when n = 3, let 

ox^dx^ dxfix^ 

This is clearly justifiable, and we can take u^ arbitrarily and obtain 
u, and t^, by integration. 



Since 

Now 
therefore 
and therefore 



«^fi = 



<^u + <^si = and 0-18 4- <r,i = 0, 



dxidx^ 



dx^dx^ 



^ -0-„+ ^— CTj, +— - 0-1, = 

cajj oa?, dx^ 



0; 



3 . 3> 



7r-^fi+ 



Sxi dxfix^dx^ 

3^ 



(wj-w,) = 0, 



<rn = 5"^- («*J - t^a) +/ («2» ^s) • 
oa;jOa?8 

It is clear that we can write / (a?j, .r,) in the form 



/= 



3ajj3ajj 



(w,-Wj), 



where ur, and ur, are functions of x^, x^ only, and tr, can be taken 
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arbitrarily and then tr, be obtained by integration ; therefore 

Since, then, tt, and tr, do not involve ajj, we see that Uj, w,+w„ 
Mj-I-M^a ^^'® three functions in terms of which o*,,, <r,i, and <r„ can be 
expressed in the required form. 

The extension to n variables is now obvious. Assuming that the 
theorem has been proved for the case of n— 1 variables, let 

o-u= -^- (ti^— w«) (ic = 1, ...,n), 

vXiOXk 

where, as before, u^ is arbitrary. 

From o-«^+ o-fci-f^-cr,« = 

dx^ cxk vxh 

we get ^- o-^fc = ^- (w«-Wfc), 

8* 

and therefore o-,,,. = ^ (u^ — Wfc) + p^*, 

where p^h is a function of «•, ..., a!„, only. 
We now have P<c*+p*« = 0, 

^f>* +.-p«. + ^P«k = (t,A,/f = 2,...,n); 
and therefore, since we now have only n— 1 variables, 

PKh = ^r^ (w^-Wh), 

OX^fJXK 

where ir,, ..., w?„ do not involve ajj. 
It follows, as before, that 

will be a set of functions in terms of which we can express in the 

required manner o-tK 

We can now write down the solutions of (8) ; for we have 

oaji oaj/ oa5« 

the first being true, since dimm + ^kim = 0, and the 
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merely the identity (7) ; and therefore by the above reasoning we 
can write 

where F,» ... are a set of functions obtainable by quadratures; then 

dxi 

is clearly a system of solutions of the system (8). 

We have thus proved that, given any set of composition constants, 
we can in all cases obtain a simply transitive group of that compo- 
sition ; and that the process of obtaining it involves merely algebraic 
operations and quadratures. 



On some cases of the Solution of the Congruence z''""^ = l, mod p. 
By F. S. Carey. Received January 2nd, 1901. Communi- 
cated January 10th, 1901. 

Let phe a prime, >ind x, y integer chosen from amongst 
0, ±1, ±2, ..., ±1(^-1); 

further, let j be a quantity such that j^ is congruent to a cei'tain 
selected quadratic non-residue of p; then x-\-yj is a symbol which 
includes p^ numbers ; also for the same modulus p all such numbers 
are represented by a single j ; to prove this, it is sufficient to remark 
that, if hi and /;« ^^'^ two quadratic non-residues, and h^ = j"', b^ = f^. 
then, since hi = a"6j, it follows that j^ = aj^ and the p* numbers 
x+yji are identical with the p^ numbers x-\-yji. In case p = 47i4-l, 
— 1 is a non-residue, and the symbol i is used instead of j. 

The objects of this paper are (1) to discuss the solution of 2'' = r,* 
mod p, by means of the numbers x-\-yj; (2) to discuss the solution 
of s/" ^ Zy when p*— 1 is divisible by n ; (3) to examine the reduction 



♦ Reference may be made to Serret, Cours d^Algehre supa-ienre^ section iii., 
chapter iii. 
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of the solution in certain other cases in which jo**— 1 is divisible 
by n. 

1. The roots of sf' = z, mod^, are the^* numbers x-\-yj. For 

{x-\-yjy = aj^ + Z/ = ai + yt*^''-**^ = x-yj, 

{x+yjY = {x-yjY = x-\-yj. 

If the root zero is excluded from considei^ation, the (p*— 1) 
roots of z*^"^ = 1 may be divided into two classes, one of which con- 
sists of the roots of 2?*^*^-^^ = 1, and are quadratic residues, while the 
others are the roots of s^^*^"^^ - —1, and are non-residues. As in the 
theory of real quadratic residues, the product of two residues is a 
residue, as also is that of two non-residues ; while the product of a 
residue and a non-residue is a non-residue. There are ^(p— 1) 
primitive roots of 2?*^"' = 1 ; if Ghe one of these, the whole series of 
(jp^— 1) numbers x-\-yj is given by 

1, G, Q\ .... G^-^. 

The other primitive roots are the powers of whose indices are 
prime to (p"— 1). 

A table is given below which contains a series of remainder's 
corresponding to a selected complex primitive root for all values of 
p less than 100. 

To find a primitive I'oot of z^'^ = 1, it is convenient to consider a 
classification of the (^*— 1) numbers a; + yj according to the magni- 
tudes of their norms, and in particular to consider those numbers 
whose norms are unity. 

The norm of each of the following numbers is positive unity : 

These numbers are all different, for, if 

where f = h and c^ dj 

then (cH6)(d«-6) = (c'-h)(d!'-\-h) and c(d}^h) = d(c«-6); 

whence it follows that 

c^ = (P and cd = —h, 

which are not consistent with themselves, and 

c =£ d. 
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Again, the numbers in (A) are the roots of 2;^*^ = 1. For 

whence [^^±^1'*' = ^i)!(^+il' = 1 

wnence Lc'-/J - (c'-6)' 

Let e be a primitive root of «'*' s 1; then the numbers in the series 
(A) can be arranged thus : 

1, C, €«, ..., C-. (B) 

Also, if a is an integer not congruent to unity, positive or negative, 

a, ae, oc', ..., ac'' (C) 

is a series of non-congruent numbers whose norms are all a' ; 
indeed, the terms in (C) are the roots of 

• 
If p = 4n+ 1, the series of numbers (B) and (C) do not contain jf ; 
for the norm of ] is equal to — j* = — &, a non-residue. Therefore 
the series 

h Vy <;> •-. ^'J\ i^) 

aj, aej, ac'j, ..., ae^j (E) 

consist of numbers different from the numbers in the series (B) and 
(C). Now, if all the values 1, 2, ..., i(i?— 1) are given to a in the 
series (C) and (E), the (^'—1) solutions of z^~^ = 1 are obtained 
in sets of CP + 1). 

It may be noticed that aje has for norm — a'6, and is a solution of 
^*^ = —a^b', therefore, if a is chosen so that — a*6 is a primitive root 
of «^'^ = 1, then aej is a primitive root of s^~^ = 1. For 

(a€jy^'=^a'h = g, and («€;•/-> = ^"-^ = 1. 

If |3 = 4n-f 3, the series (A) contains ±t, and the series (B) and 
(C) are identical with (D) and (E). It is convenient in this case to 
take the solutions of the congruence z^^^**^^ = 1. A root of this 
congruence is (c-|-2)(c*-f 1)"*, where c is an integer. If jj be a 
primitive root of the congruence, the series 

gives 2(p+l) numbers of the class xi-y%, whose norms are positive 
or negative unity. 
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A primitive root of ^j*^"* = 1 is at;, where a^ = — ^. For 
(arjY*^ = aV*> =^a}= g and (arjy-' = f = 1. 

Primitive roots of the congruence is*^"* = 1, mod p, have been 
found in this way for values of p less than 100, and the series 
of residues of successive powers have been calculated. Owing to 
the length of the full tables, only the first (p-\-l) powers of the 
selected primitive i-oots have been given ; the other powers may be 
obtained readily by the numerical cycles of powers of real primitive 
roots appended in each case. 

Thus, if the complete system of 48 residues of the powers of the 
complex primitive roots in the case of p = 7 be written in a matrix 
of (^—1) rows and (p-\-l) columns, it is found to consist of the 
following : — 

3 + z, 1-z, -3-2i, -2i, 2 + 1, 
2 + 3i, 3— 3i, -2+t, i, — l + 3z, 

-l-f2f, 2-2i, lH-3i, St, —3 + 2/, 
-3-1, -1 + t, 3 + 2i, 2i, -2-t, 
-2-3i, -3 + 3i, 2-1, -I, l-3t, -1-t, -2+3i, -2, 
l-2i, -2 + 2i, -1— 3z, -3i, 3-2i, -3-3e, l+2z, 1. 
The cycle which forms the (|3 + l)-th column, viz., 
3, 2, -1, -3, -2, 1, 

is a cycle by means of which, given the first I'ow, all the others may 
be written down by making the aj's and y'a of the typical term 
x-\-yi take in succession the different values in the cycle. 
If x-\-yj is a number, x—yj is its conjugate. Let 
x-\-yj=G"*; 
then x—yj = 0'"P: 

for it has been shown above that 

(x-\-yjy=x-yj. 

It follows that a number and its conjugate are both quadratic 
residues, or both quadratic non-residues ; further, a number is a 
quadratic residue if its norm is a residue, i.e.. 



-2-2t, 


3-i, 


3, 


l+i. 


2-3i, 


2, 


3+3t, 


-l-2i. 


-1, 


2 + 2t, 


-3+i, 


-3, 



( 



^±^) =±1, 



according as | - ^ — ^fiij = ± 1. 
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2. Solution o/j5^"* = l;p = l, mod n. — The above method may be 
extended to the solution of 2?'*'*"' = 1, mod p, when |3^ I, mod n. 

Here let w be a primitive root of the equation a;" — 1 = ; there 
are (p—l)/n non- congruent integers, which ai^e solutions of 
y(p-i)/»._]^^ and the same number of solutions of each of the con- 
gruences y(P-i)/» = ^^ ^«^ _^ ^«-i. 

Let a be a solution of y-'*'^^^" = w. 
Then a''"' = oia^'", 

Proceeding thus, it is established that 

Hence a^^" is a solution of the congruence r^"^ = l, and a'-", a^", ..., 
a^'*"^^^** are also solutions. 

The general solution of the congruence is 

By giving to a;o» ^i» ...» ^.i-i the integral values less than p, the 
(jp**— 1) solutions of the congruence ai*e found, pix)vided that the 
value zero is not given to all the x's at the same time. 

Particular case ; solution of z'''"* = 1, mod p ; p ^ 1, mod 3. — Here 
the general solution is , , 

r, = z^' = Xq + (itt!i a* + w^ajj a', 
z^=^ z^^x^-\- w^aji a* + waJ, a*. 
The in^educible factor of the thii*d degree is 

(«— ^o)(-— -l)(«~«2) 

= 2;*— 3a;oi?' + 3 (a-J— aa;,a:,) z—xl''ax\'-a^xl-\-Zax^x^x^. 

For the primes of the first hundred the primitive roots of the 
congruence s^'^=i\ have been computed, and are given in a Table 
below. 

The method of finding the primitive roots closely follows that of 
the previous case; a primitive root of ;s^*''*^ = l is first determined, 
the trial values of x^^ iPj, x^ being connected by the relation 

ajj+ cM^ + a^a^^—^ax^XyX^ = 1. 
After finding such primitive root e, the required primitive root is 
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given by </*€, where ^ is a primitive root of p. For 

Therefore gr*e appertains to the index (/>' — !). 

8. SohUion r)/ 2;'''*"' = 1 ; ^ = — 1, mod n. — Case 1. Let n be odd 
and let y^ be a primitive root of the congruence :f^'^ = 1, and y^ be 
it« conjugate. 

Then y = y. 

If 01 be a primitive w-th root of unity, 



yPin = ^yVn 



and 
Hence 



< 



•• = o|-^y*/«. 



'1 '^J 'l ' 

Since n is odd, yf'** = w"-/^^/'* = y^J". 

Also (y;'« + r;/")''" = rf " + yf " = y'J" 4- >; ", 

or 7}"H-7'j" is a solution of z'^''^ =^ 1. 

Similarly, /"-fyj", 7^"'+y^", ... are solutions. The general 
solution is 

where the ir's may have any integi^al values. 

Case 2. Let 71 be even, and for simplicity consider n = 2np where 
?^ is odd. As before, let y, be a primitive root of c**"'"' = 1. 

Then (yj'"0''"' = y'"' 

and {(a + y)y;'"'}''" = («-y)yi"". 

It follows that 

{(«+y)y;"']'*" = Ua-bj) y;'-}-^' = (a + 6;) y;'". 
The solution of the congruence s^~^ ^1 is 

2(«r+yri)yi'% 

where r has all values from to nj — 1. 
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The extension to the most general valae of n is effected by a similar 
method ; for, if n = m.n^y where m is a power of 2 and tii is odd, 
the solution of 2?^"* = 1 is 

2 (aJo,rH-«I.rim+«2,rjl+...+«„.-l,rJ«"*) 7^% 

where the aj's are integers, r has all values from to n^—1, and 
the /s are defined thus, 

.2 

Jk—Jk^\, Ji=J' 

Particular case; solution of z^'^ = 1, modjp ; p = 2, mod 3. — The 
solution in this case is 

« = ajo+«i(y!+rJ)-»-^.(yl+yl) ; 

whence ^i^^x^-hx^ («V{ + <«'>'j) + ^j (<^yj + '•''y')* 

Hence 

— ^«o I «i (yiyj)* H-^i^^j (yi +yj) +«'2 (yiy*)*! • 

The primitive roots of z^'^ ^ 1 have been calculated for values of p 
in the first hundred ; these have been effected by guessing aj^ = = a^j, 
in which case ^ , - 

and by assigning a suitable value of a;,, so that the (^^-f^-f l)-th 
power of z shall be a primitive root of p. Further, the powers of z 
whose indices are factors of (p*+p + l) have to be examined, and the 
trial quantities rejected when any of these sub-powere prove con- 
gruent to an integer ; the examination of these sub-powers was 
performed by writing 

and forming the successive powers of z. 

4. Solution of z*^'^ ^ 1, p= nk'\-q and g* ^ 1, modn, n being odd. 
Let n =i n^n^, where n^ and n, are prime to each other, and suppose 

g ^ 1, mod Wj, and ^ — 1, mod n^. 

Take o a primitive solution of y^''^^'"* = w, and y^ a primitive solution 
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of z"^'^ = 1, mod JO. Then 

is a solution of x?''**"^ = 1. The general solution is 

where t is summed from to Wi — 1, and t' from to n,— 1, and Xt^t^ 
may have any integral value from to p — 1 ; by giving all possible 
values to the x'b all the roots are obtained. 

In the previous sections the solution of the congruence 

z^""* = 1, mod^, 

has been obtained in the cases in which p or p^ is congi'uent to unity, 
the modulus being n ; the solution is expressed in terms of such 
surd symbols as ya or yy^ and ^J/y,, where a is obtained from 
Jacobi's tables of residues, and yj, y, can be found from the tables 
given below for primes in the first hundred. 

5. It remains to indicate the extension of the method to the general 
case in which the solution of z^**'^ = 1 depends upon that of z^ = 1, 
where p"" = 1, mod w, and r<w, but >2. 

Let r be the least index for which p" = ly mod n, and let JBq be a 
primitive solution of z'''^'^ = 1 ; also represent the conjugfate values of 
Rf^ by the symbols i^, JBj, ..., Rr-u where 

Ej = EJ, E, = 72J", ..., Br-x =. Ef . 

In the first case, let n be odd, and p = q, mod n ; also let o^ be a 
primitive n-th root of unity. Then 

Eo = Ej, Ej = E2, ..., EJ._i = Eq. 
Extracting the n-th roots, we can assign such values to 

■nMn pl/n pl/ii 

-"'0 > -"'1 » •••> -"'r-1 

that ES'" = wB\", BT = u,'bT, B!:' s «'*E"", ..., Bj!:, = «''-'B'«". 
From these it follows that 
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and so on. And, finally, 

n n 

If n and r have a common factor Ar, let n = sA:, r = s'^• ; then 
The solution of «^"* = 1 is 

^ = soj, [<"+ Rr+ ... +i2;ii)*]- 

If r is a factor of n, « = 1, and the solution assumes its simplest 
form ; if Af = 1, n and r are prime and the solution requires all the 
symbols Rq , Ri , ..., i^r-i* 

In certain cases in which n ^= n^n^ and p appertains to an index, 
modulus n^, which is a factor of the index to which p appertains 
when the modulus is »*,, the solution can be written in a somewhat 
simpler form as in a case considered above. 

In the case in which n = mn, and vi = 2*, the solution is 

z=%xi [Ei'"'+i2r'+...+i^;;ji)*], 

whei'e x't = Xo,t-\-Xi,tj^-\-x^tj1-{- ...+x„,,i,tjZ'\ 

and jk = iL 1 and j^ = j. 

Table of Residues of a Primitive Root of the 
Congruence 2^"* = 1, mod^?. (See p. 297.) 



p 

3. l + t, -t, i-i, -1. 

-1, 1. 



5. -I-2-/2, -l-v'2, -2v/2, -2 + 2v'2, -1 + 2^/2, -2. 
-2, -1, 2, 1. 

7. 3 + t, l-i, -3-2i, -2i, 2 + t, -2-2t, 3-i, 3. 
3, 2, -1, -3, -2, 1. 
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11. 3-2t, 5-i, 2-2», 2 + i, -3-», 3», -5-2t, 3 + 4t, -5-5t, -3-6i, 3 + 2i, 2. 
2, 4, -3,5, -1, -2,-4, 3, -5, 1. 



13. 4 + 3a/2, -5-2%^2, -6 + 3v'2, -6-6^/2, 5-3^/2, 2 + 3^2, 5^/2, 
4-6^/2, 6+ v'2, 4-4^/2, 5-4^2, -4- v'2, 4-3 v/2, -2. 

-2, 4, 5, 3, -6, -1, 2, -4, -5, -3, 6, 1. 

17. 3 + 2^/3, 4-5^3, -1-7^/3, 6-6v'3, -1-6V3, -S-SV'S, 
1-2^3, 8-4^^3, 4^/3, 7-5^/3, 8- ^3, l-4v^3, 

-4 + 7^/3, -4-4^3, -2-3^/3, -7 + 4^/3, 3-2v'8, -3. 

-3, -8, 7, -4, -5, -2, 6, -1, 3, 8, -7, 4, 5, 2, -6, 1. 



19. 3-», 8-6t, -l-7i, 9- t, 7-I-7*, 9-5i, 3-5», 4+ », -6- ♦» 
3i, 3 + 9i, -l + 6i, 2-3t, 3 + 8i, -2 + 2*, -4 + 8i, -4 + 9i, -3-7t, 
3 + i, -9. 

-9, 5, -7, 6, 3, -8, -4, -2, -1, 9, -5, 7, -6, -3, 8, 4, 2, 1. 



23. -5-lOi, -6 + 8t, -5-3t, -5-4i, 8+ i, -7+ 7i, -10-llt, 9-6i, 
10+ 9», -6-7», 6 + 3t, -6i, 9 + 7i, 2-lOt, 6+ 7t, -l + 7t, 
6- 2i, -4-4i, 3-9i, 10-8*, 8 + 9t, 4-10i, -5 + lOi, 10. 

10, 8, 11, -5, -4, 6, -9, 2, -3, -7, -1, -10, -8, -11, 6, 4, -6, 9, -2, 
3,7, 1. 



29. 



8-2x^2, 

- 9 + 9^/2, 

- 10- 'v/2, 
-10- 9^/2, 
-13-8'v/2, 

- 5 + 4V2, 



14- 3V'2, 

8+ 3^2, 

ll + 12>/2, 

14+ 6^/2, 

-14- 9 a/2, 

2 + 13V'2, 



8+ 6^2, 

- 6+ 8^/2, 
11-13 -/2, 

1- 9a/2, 
11 + 14^/2, 

- 7 + 13v^2, 



11+ 3V'2, 

7-11V2, 

- 5-10^/2, 

-14 + 13^/2. 

3+ 3^2, 

8+ 2-V/2, 



-11+ 2^% 

13 + 14^/2, 

-12^/2, 

10-13a'2, 

12- 11 a/2, 

- 2. 



-2, 4, -8, -13, -3, 6, -12, -5, 10, 9, 11, 7, -14, -1, 2, -4, 8, 13, 3, 
-6, 12, 5, -10, -9, -11, -7, 14, 1. 



31. - 3 + 15», 1+ 3i, 14+ 6*, - 8+ 6i, - 4-14i, 5 + 13*, 7+ 5», 

- 3- 3», -8- 5*, 6-12*, 7+ 2i, . 11+ 6*, 1- 8t, -7+ 8t, 

- 6- 5i, -13t, 9+ 8*, 8-13*, -15+ 4i, -15 + 11*, 4-lOi, 
14- 3i, 3+ 2., -8+ 8*, - 3 + 11*,- l + 16t, - 5+ 2i, -15 + 12*, 

-ll-13i 11-2*, -3-15*, -14. 

-14, 10, 15, 7, -5, 8, 12, -13, -4, -6, -9, 2, 3, -11 -1, 14, -10, 
-15, -7, 5, -8, -12, 13, 4, 9, -2, -8, 11, 1. 
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37. 8-12a,^2, -18- 7^/2, -13 + 12^/2, 15- 7^2, - 8-14^/2, 

13-16^/2, 7 + 12^2. -10 + 12V2, 2- 6^2, 12+ 2^2, 

ll-nv'Z, 15- 9^2, 3+ 7v^2, 4-17^/2, - 4+ ^2, 

18-18V2, -16+10v/2, 2 + 13-V/2, 6^2, 4 + ll%/2, 

-10+ 3^2, - 4- 4v'2, -10 + 16^2, 17-11^/2, - 7+ 4^/2, 

- 4+ 5^/2, - 4 + 14v'2, 2 + 12^/2, -13- 2^2, 18- 8^/2, 

3 + 16^/2, 10 + 18^/2, 18-13^/2, 12 + 18^/2, 6- 3v/2, 

9 + 15^2, 8 + 12^2, - 2. 

-2, 4, -8, 16, 5, -10, -17, -3, 6, -12, -13, -11, -15, -7, 14, 9, 

-18, -1, 2, -4, 8, -16, -5, 10, 17, 3, -6, 12, 13, 11, 15, 7, -14, -9, 
18, 1. 



41. 



47. 



12+ sv'e, 

1 + 12^6, 

-11 + 10^/6, 

-19+ 8^/6, 

9v'6, 

20-11^6. 

-17- 8^/6, 

3+ Sv'e, 

12- 5^6, 



7- 3^6, 

3-15v'6, 

4-17v/6, 

12+ ^/6, 

-17-15^/6, 

- 8+ 9^6, 
7-17v/6, 

-19-7 ^/6, 

- 6. 



-6- ^/6, 
- 4- v'e, 

-11-20^6, 

10-10^6, 

2-19v'6, 

lO-Uv^e, 

-16- 5^6, 
13-15^/6, 



-20- a/6, 
4+ 9'v/6, 
6- 8^6, 
-16 +12 a/6, 
-13 -13 a/6, 
-13+ 5a/6, 
-14 -17 a/6, 
- 7-K 8a/6, 



17 + 11 a/6, 
-10+ 5 a/6, 

- 4 + 16a/6, 
4- 18 a/6, 

-13-16a/6, 

- 6- 5a/6, 
19 + 13 a/6, 

- 8 + 20a/6, 



-6, -5, -11, -16, 14, -2, 12, 10, -19, -9, 13, 4, 17, -20, -3, 18, 15, 
-8, 7, -1, 6, 5, 11, 16, -14, 2, -12, -10, 19, 9, -13, -4, -17, 20, 3, 
-18, -15, 8, -7, 1. 



48. -19-21t, 


6-19i, 


3 + 20i, 


19-13t, 


ll + 20t, 


- 4- 9i, 


16- 3i, 


20-21i, 


- 4-2H, 


-21 + lOi, 


7- 7i, 


21-14i, 


- 5- 3», 


-11-lOi, 


- 1- 9i, 


2 + 20i, 


- 5+ 8», 


5- 4t, 


- 7+14i, 


- 3 + lOi, 


9+ 2», 


-12i, 


6 + 13i, 


-13 + 14i, 


-18+ 7i, 


16-13i, 


-18- 3i, 


21+ 5t, 


7-20», 


6+18i, 


6+ 5», 


- 9- 6i, 


2+ 2», 


4+ 6», 


7 + 17t, 


9+ 3», 


21 + 12», 


-18 + 19i, 


10 + 17i, 


- 5-17t, 


- 4- 2», 


- 9- 7i, 


-19 + 21», 


-15. 





-15, 10, -21, 14, 5, 11, 7, -19, -16, -18, 12, -8, -9, 6, -4, 17, 3, 
-2, -13, -20, -1, 15, -10, 21, -14, -5, -11, -7, 19, 16, 18, -12, 8, 
9, -6, 4, -17, -3, 2, 13, 20, 1. 



-19+ 5t, 

-23- 4i, 

15 + 19t, 

-10-21i, 

17 + 19t, 

17-11*, 



7- 2i, 
-13+ 8i, 
- 4- 4i, 

13 + 20i, 
5+ 6», 

14 + 12t, 



18-21i, 
19 + 18t, 

2+ 9t, 

-18 + 14i, 

16+ 5t, 

3-l7», 



2 + 19», 


-10+ 5i, 


19-12t, 


-19- 6t, 


ll-20», 


-15 + 12., 


10 + 20i, 


- 4- 7«. 


-15i, 


-19+ 3», 


19+ 9t, 


-13 + 16t, 
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21+ 7», 


-12- 3t, 


8- 3i, 


4+ 3i, 


3 + l(H, 


13 + 13t. 


- 6 + 17i. 


-18t23i\ 


- 8-10», 


14+ 9i, 


18- 7i, 


22-12t, 


18+ 9i, 


-ll + 13i, 


3-20t, 


4+19i, 


-19- 6i, 


10. 







10, 6, 13, -11, -16, -19, -2, -20, -12. 21, 22, -15, -9, 4, -7, -23, 
5, 3, -17. 18, -8, 14, -1, -10, -6, -13, 11, 16, 19, 2, 20, 12, -21. 
-22, 15, 9. -4, 7, 23, -6, -8, 17, -18, 8, -14, 1. 



53. 



4+ 3^/2, 

-19+ 4a/2, 

-23 + 19a/2, 

7 + 14a/2, 

17- 6v'2, 

16+ 7v/2, 

24-22^2, 

- 3-15^2, 

- 9 + 22^/2, 
11 + 24^/2, 
17-23^2, 



-19 + 24v'2, 

1 + 12^/2, 

22+ 7^2, 

6 + 24^/2, 

-21-26^/2. 

23 V2, • 

17-16v'2, 

4-16^/2, 

-10+ 8^2, 

-24 + 23^2, 

-17 + 12^/2, 



15-14^/2, 
23- 2^/2, 
24-12^2. 

9+ 8/2, 

25- 8^/2, 

-21-14^/2. 

25-13^2, 

26+ v'2, 

8+ 2-V/2, 
-ll+20v'2, 

4- 3^/2, 



-24-llv'2, 

-26+ 8^/2, 

24 + 24^2, 

-22+ 6^2, 

- 1-10^/2, 

- 9-13^2, 
22 + 23^/2, 

4-24^2, 

- 9-21^/2, 
23- 6^2, 



- 3-10^2, 

- 34 7^2, 
-25+ 9^/2, 

1 + 11^/2. 
-11 + 10^/2, 

- 8-26^/2, 
14- v'2, 

-22 + 22^/2, 

- 3- 5^/2, 
8- 8^/2, 



-2, 4, -8, 16, 21, 11, -22, -9, 18, 17, 19, 15, 23, 7, -14, -25, -3, 6, 
-12, 24, 5, -10, 20, 13, -26, - 1, 2, -4, 8, -16, -21, -11, 22, 9, -18, 
-17, -19, -15, -23, -7, 14, 25, 3, -6, 12, -24, -5, 10. -20, -13, 
26, 1. 



59. 



4-l7», 


22-18i, 


18 + 26i, 


-l7-25i. 


-21 + 12*, 


2- 8*, 


-10- 7t, 


18 + 24i, 


8 + 26i, 


2 + 27», 


- 5 + 15*, 


- 1 + 27*, 


-17+ 7i, 


- 8 + 22i, 


-12-12t, 


-16-21*, 


- 8 + Hi, 


-22+ 8*, 


22-27i, 


-17-lOi, 


- 2 + 13», 


-23 + 27i, 


13 + 27*, 


-20+ 5», 


5+ 6i, 


4- 2t, 


-18-17i, 


- 7+ 2*. 


6+ 9*, 


- 7*, 


- l-28i, 


- 8 + 23.', 


5- 8t, 


2+ ♦, 


25 + 29*, 


3-14*, 


10+11*, 


- 9- 8i, 


5+ 3*, 


12-14.', 


-13-24*, 


12+ 7*. 


-10+ i, 


-23- 3i, 


-25 + 25i, 


-29- 6i, 


18- 3*, 


21-23*, 


-12 + 23*, 


-11+ 1, 


-27 + 14*, 


12-16*, 


12 + 27*, 


-24 + 22*, 


-17 + 24», 


-14-28i, 


- 1+ 8», 


14-10*. 


4 + 17*, 


10. 



10, -18, -3, 29, -5, 9, -28, 15, -27, 25, 14, 22, -16, 17, -7, -11, 
8, 21, -26, -24. -4, 19, 13, 12, 2, 20, 23, -6, -1, -10, 18, 3, -29, 
5. -9, 28, -15, 27, -25, -14, -22, 16, -17, 7, 11, -8, -21, 26, 24, 
4, -19, -13, -2, -20, -12, -23, 6, 1. 



61. 2+ 8^/2, 10-29 -/2, -17 + 22^2, 13 + 30-/2, 18-19-/2, 

-24-16^2, 1 + 20^^2, 17-13^2, 9-12^/2, 9-13v'2, 

- 7-15-V/2, -10-25^/2, 7- 8^2, 8-21^^2, -15 + 22^/2, 

17-15^2, -23-16^2, 3 + 28-/2, 27+19-/2, - 8 + 10^/2, 
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22+17^2, 
- 6 + 10^2, 

-ll^/2, 

: 9-15-/2, 

-19 + 23^/2, 

4-18^/2, 

24 + 27^/2, 

16 + 30v/2, 

2- 8^/2, 



ll+27v^2, 

26-28^/2, 

7-22^2, 

—14 + 20^2, 
25 + 16^/2, 
25- 4^/2, 

- 8+ 2 1/2, 
24+ 5^/2, 



27 + 20v/2, 
-30^-30^/2, 

28 + 12-V/2, 
-13- 11 a/2, 

1-12^2, 

-14+ 9v/2, 

16+ V2, 

6 + 19v/2, 



8 + 12^2, 

- 74 3^/2, 
4+ 4a/2, 

-19- 4^2, 

- 7-16^/2, 

- 6 + 28-/2, 
-13+ 8^2, 

11 + 25^/2, 



25 + 27'v/2, 

-27 + 11-/2. 

11-21 -/2, 

20+23^2, 

-.26-27V2, 

9+ 8v'2, 

-20-27^2, 

- 5 + 16^2, 



-2, 4, -8, 16, 29, 3, -6, 12, -24, -13, 26, 9, -18, -25, -11, 22, 17, 
27, 7, -14, 28, 5, -10, 20, 21, 19, 23, 15, -30, -1, 2, -4, 8, -16, -29, 
-3, 6, -12, 24, 13, -26, -9, 18, 26, 11, -22, -17, -27, -7, 14, -28, 
-5, 10, -20, -21, -19, -23. -15, 30, 1. 



67. 16-16i, 


31 -Hi, 


- 4 + 29t, 


-31-12t, 


- 6+ 61 


, -21-311, 


3 + 20», 


13+ 7», 


-22-16i, 


11+ 7t, 


13 + 14 


16 + 29t, 


21 + 23t, 


ll-14i. 


33 + 13i, 


-14-191, 


27-27i 


27-33t, 


4+ 5i, 


5 + 20i, 


-22-23i, 


-27 + 29», 


3- 2i 


18-lOt, 


4-28t, 


-21 + 28», 


l7 + 26i, 


- 8 + 27t. 


9 + I61 


, -18-13t, 


-14- 6i, 


-31- 4t, 


-20- t, 


16i, 


-28-121 


, -25 + 27», 


5+ 3», 


- 9-27t, 


-13-29», 


27- t. 


15-191 


22+ 7t, 


-12-17», 


22 -25t, 


-23+ 7», 


5-12i, 


-33+ 1 


23-25i, 


- 7- 8i, 


-31-23*, 


30 + 30», 


- 8 + 30i, 


-13- 3i 


15+13i, 


33-l7i, 


. 5-30i, 


32-19t, 


26 + 20t, 


-21- 3 


(, 21- t. 


-14+ 4t, 


-30+ 6t, 


12 + lOi, 


7-20i, 


13-231 


f, - 3-27s 


16 + 15», 


12. 











12, 10, -14, 33, -6, -5, 7, 17, 3, -31, 30, 25, 32, -18, -15, 21, -16, 
9, -26, 23, 8, 29, 13, 22, -4, 19, 27, -11, 2, 24, 20, -28, -1, -12, 
-10, 14, -33, 6, 5, -7, -17, -3, 31, -30, -25, -22, 18, 15, -21, 16, 
-9, 26, -23, -8, -29, -13, -22, 4, -19, -27, 11, -2, -24, -20, 
28, 1. 



71. 15-llt, 


33-F-25*, 


-11 + 12*, 


-33 + 17*, 


-24-21*, 


-23 + 20t, 


17-15i, 


19 + 14*, 


13+ t. 


- 7 + 14*, 


-22+ 3*, 


-13+ 3*, 


-20-25t, 


- 7-13*, 


-35 + 24*, 


23 + 35*, 


20-12*, 


26 + 26*, 


-34 + 33*, 


- 5 + 17*, 


-30 + 26*, 


-22+10*, 


- 7-34t, 


18- 7*, 


-20-19i, 


-12+ 6*, 


28+ 9r, 


22-31*, 


-11+ 3», 


10 + 24*, 


-12-34», 


14-23i, 


28- 2*, 


-28 + 17*, 


-20- 5*, 


3*, 


33-26*, 


- 4 + 28*, 


35-33t, 


20-28*, 


- 8- *, 


11+ 2*, 


-26-20*, 


29-14*, 


- 3-32*, 


29-21*, 


- 9+ 5i, 


- 9 + 32i, 


4 + 11*, 


-32-21*, 


- 1-34*, 


-34- 2*, 


-35-11*, 


- 7+ 7*, 


-28-31*, 


20-15*, 


- 7-19*, 


-30+ 5t, 


31-21*, 


21-17*, 


-14 + 11*, 


-18 + 35*, 


-27 + 13*, 


22- 5t, 


- 9-33i, 


- 1 + 30*, 


u 31 + 35t, 


- 2-29*, 


6 + 13*, 


20-13*, 


15 + 11*, 


- 9. 
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-9, 10, -19, 29, 23, 6, 17, -11, 28, 32, -4, -35, 31, 5, 26, -21, -24, 
3, -27, 30, 14, 16, -2, 18, -20, -23, 13, 25, -12, -34, 22, 15, 7, 8, -1, 
9, -10, 19, -29, -23,-6, -17, 11, -28, -32, 4, 35, -31, -5, -26, 21, 
24, -3, 27, -30, -14, -16, 2, -18, 20, 23, -13, -25, 12, 34, -22, 
-15, -7, -8, 1. 



73. 5-15^/5, 

- 5 + 26^/5, 
-16-27^5, 
-20-14^/5, 

2-11^^5, 

-19-21^/5, 

2-28^5, 

-33 + 27v'5, 

-22-31^5, 

28- 14 V5, 

- 9-28^5, 
-32+ 2v/5, 

19 + 20^5, 

-20-25 -v/5, 

23-10v/5, 



-18- 4^/5, 

- 4-14^/5, 
-26 + 32^/5, 

1 + 11^/5, 
32-12^/5, 
20 + 34 v'5, 

- 7-24^/5, 

- 27^/5, 
25 + 29^/5. 

22 + 21V5, 
11- 5^/5, 

-18-21 V5, 
-18 + 34 + 5, 

23 + 29^/5, 
-11-30 V5, 



- 9 + 31^/5, 

8-10^/5, 

25-34-^5, 

-17-33 v'5, 

-35-29^5, 
32 + 16v'5, 
13-15^/6, 

-19 + 11-/5, 

- 6-11-^/5, 

- 5- 6V'5, 

- 8 + 29v^5, 
25 + 19v'5, 

-12+ 2^/5, 

-16 + 19^/5, 

5 + 15^/5, 



-34- 2^/5, 

-13-24^5, 

-26-84^/5, 

-19+17^/5, 

29+15^5, 

-18-85^5, 

22 + 22^/5, 

29-25^/5, 

- 8 + 35v'5, 
-13-28^5, 
-25-27 v'5, 

14 + 12'v/5, 

9-29 v'5. 

28-30^/5, 

- 5. 



-20-11^5, 
-17+ 2V'5, 
11+ v'5, 
17+ 5^5, 
-81+ 5v/5, 
-20 + 22^5, 

- 7- ^/5, 
-24 + 24^/5, 

86+ 8 a/5, 

- 9-18^/5, 
2 + 21%/5, 

-27- 4^5, 

30 + 12^/5, 

-19 + 14^/5, 



-6, 25, 21, -32, 14, 3, -15, 2, -10, -23, -31, 9, 28, 6, -30, 4, -20, 
27, 11, 18, -17, 12, 13, 8, 33, -19, 22, 36, -34, 24, 26, 16, -7, 35, -29, 
-1, 5, -25, -21, 32, -14, -3, 15, -2, 10, 23, 31, -9, -28, -6, 30, -4, 
20, -27, -11, -18, 17, -12, -13, -8, -33, 19, -2^, -36, 34, -24, 
-26, -16, 7, -35, 29, 1. 



79. 33 + 21i, 

-31-35», 

-23- t, 

23-30i, 

-36-14i, 

- 6 + 36i, 

-24- 5i, 

25 + 31t, 

23-201, 

37-lOi, 

5 + 34i, 

29-15i, 

-ll-36i, - 

33-21i, 

29, -28, -22, 
-20, -27, 7, 
-3, -8, 5, - 
-17, -19, 2, 
i), 24, -15, 81 



16-36», 

28 + 111, 

-27 + 37t, 

-33-33», 

-25-33t, 

- 6 + 35t, 
24-37t, 
16 - 32i, 

- 6-19i, 
9-27t, 
4-37i, 
8 + 35/, 

- 2+ 3i, 
29. 



20 + l7t, 
-18+ 3i, 

- 9 + 22i, 

- l + 35i, 
26-34i, 
15+ 2t, 

-11- 6i, 

15- 9t, 

-36 + 37t, 

- 5+ 9i, 
-39-31t, 

3-20i, 
29-22i, 



-13 + 33t, 

-25 + 37t, 

31-16i, 

22 + 28*, 

- 8-23t, 
-21-14i, 

-34», 

-27 + 18i, 

10- 9», 

-38 + 34i, 

- 4-25t, 
-34 + 35i, 

- 3-38i, 



-16 + 26», 
-22-15t, 
16-35i, 
-20-36i, 
-18 + 21*, 

- 4-34», 
3-16t, 

- 5 + 27t, 
-34- 8», 

7+ 8», 

- 2 + 89t, 
39-83t, 

-12 + 26i, 



32-31i, 
-16- 9i, 

- l-29i, 
17-28i, 

- 8- •, 
29-21t, 

-39+ 9i» 
-21- 4t, 

- 6-30t, 
-16+16*, 
-16-19*, 

5-33*, 
6-26», 



, -6, -16, 10, -26, 36, 17, 19, -2, 21, -23, -35, 12, 32, 
-34, -38, 4, 37, -33, -9, -24, 15, -39, -26, -14, -11, 
13, 18, -31, -30, -1, -29, 28, 22, 6, 16, -10, 26, -36, 
-21, 23, 35, -12, -32, 20, 27, -7, 34, 38, -4, -37, 33, 
J, 25, 14, 11, 8, 8, -5, 18, -18, 81, 80, 1. 
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38 + lOi, 


16 + 13t, 


-20-lOi, 


4+ *, 


-24- 6*, 


-32-161, 


13 + 23i, 


15+ 8i, 


- 8 + 39*, 


-30- 9», 


29 + 22*, 


-31-36*, 


12-18t, 


-28 + 17*, 


11 + 34*, 


- 5- 9», 


-17 + 23*, 


37 + 40*, 


10-19», 


-11-41*, 


- 8- 8*. 


25+31*, 


-24 + 17*, 


- 3- 9*, 


24-40*, 


-14-17*, 


-30-39*, 


- 3-39*, 


27-18*, 


-39+ », 


2-20i, 


27+ 7«, 


-40 + 38*, 


9-35*, 


28+ 5*, 


18-28*, 


32 + 29i, 


-12 + 35*, 


24-35*, 


17-111, 


9+ t, 


-38*, 


85-33», 


- 4-27*, 


35 + 13*, 


38 + 14*, 


-24- i, 


11-29*, 


39+ 4», 


-28 + 11*, 


-12-28*, 


-10-22i, 


6-231, 


-40+16*, 


20-41i, 


-18-15*, 


-36- 3», 


-10 + 24*, 


-39-18*, 


26+ 6*, 


25 + 85*, 


19+ 8*, 


28-28*, 


16-37*, 


-18- *, 


-10 + 31*, 


26- », 


18 + 34*, 


12-22*, 


12 + 31*, 


-20-30i, 


38-12i, 


13+ 7t, 


17-80*, 


33 + 26*, 


- 2-lOi, 


24 + 15*, 


15-20i, 


23-29», 


2 1-41*, 


- 2+ i. 


- 3 + 18*, 


38-10», 


-33. 



-33, 10, 2, 17, 20, 4, 34, 40. 8, -15, -3, 16, -30, -6, 32, 23, -12, 
-19, -37, -24, -38, 9, 35, 7, 18, -13, 14, 36, -26, 28, -11, 31, -27, 
-22, -21, 29, 39, 41, -25, -5, -1, 33, -10, -2, -17, -20, -4, -34, 
-40,-8, 15, 3, -16, 30, 6, -32, -23, 12, 19, 37, 24, 38, -9, -35, -7, 
-18, 13, -14, -36, 26, -28, 11, -31, 27, 22, 21, -29, -39, -41, 25, 
5, 1. 



3+ 2^3, 

-13-33^/3, 

-29-21^/3, 

4- 8^/3, 

5 + l7>/3, 

- 8- 8v/3, 
20- 5V'3, 

- 1 + 10^/8, 
-18 + 39^/3, 
-26-13^/3, 
-16- 3v'3, 

6+ 7^/3, 

15 + 42^/3, 

-43+ 8a/3, 

15 + 13^/3, 

-24 + 32^/3, 

-41 + 34^/3, 

27 -11 a/3, 



21 + 12^/3, 
30-36^/3, 

-35-32^/3, 

-36-16 V'3, 
28-28>/3, 
32-30v/3, 
30 + 25V3, 

-32 + 28v'8, 

2- 8^/3, 

22- 2^/3, 

23-41 V'3, 

-29 + 33^/3, 

80-22 v/3, 

8 + 27^/3, 

34-20 a/3, 

31 -41 a/3, 

- 8 + 20a/3, 
15 +21 a/3, 



-43-11 a/3, 
-37 + 41v/3, 
-30+ 12 a/3, 
-26-31 a/3, 

5-28 a/3, 

5-26 a/3, 
-27-43 a/3, 
-17 + 20 '3, 
-42-20 a/3, 
-35 + 38v/3, 

1 + 12 a/3, 

22 + 41 a/3, 

-42- 6 a/3, 

8+ 8a/3, 

-18+ 8a/3, 

25 + 28 a/3, 

7 + 44 a/3, 
- 7+ 4 a/3. 



-17-30 a/3, 

-43 -40 a/3, 

-18-24 a/3, 

3 + 33 a/3, 

25 + 15a/3, 

37 + 21 a/3, 

17- 5 a/3, 

-20 + 26 a/3, 

21 + 34 a/3, 

34 + 44 a/3, 

-14 + 38a/3, 

-44- 11 a/3, 

16 -13 a/3, 

-17 + 40 a/3, 

- 6-12a/3, 

-24-44 a/3, 

18 -32 a/3, 

3- 2 a/3, 



36-35 a/3, 

-13-28 a/3, 

-20-19x/3, 

29 + 16 a/3, 

-13+ 6a/3, 

-30 -41 a/3, 

21 +19 a/3, 

7 + 38 a/3, 

-34 a/3, 

10 + 22 a/3, 

8- 3 a/3, 

-20-32 a/3, 

-30- 7a'3. 

11- 3 a/3, 

- 1 + 41a/3, 
20- 2v/3, 
40 + 29 a/3, 

- 3. 



-3, 9, -27, -8, 24, 17, 88, -25, -14, 42, -37, 22, 23, 20, 29, 2, -6, 
18, 35, -16, -41, 34, -13, 39, -28, -5, 15, 44, -43, 40, -31, 4, -12, 
36, -19, -32, 7, -21, --26, -11, 33, -10, 30, -1, 3, -9, 27, 8, -24, 
-17, -38, 25, 14, -42, 87, -22, -23, -20, -29, -2, 6, -18, -35, 16. 
41, -34, 18, -39, 28, 5, -15, -44, 43, -40, 31, -4, 12, -36, 19, 32, 
-7, 21, 26, 11, -83, 10, -30, 1. 
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37. 


-47+ 4V'5 


, -39 + 12 a/5. 


36-41 a/5, 


10 + 34 a/5. 


16- 6a/5, 




l-42v/5 


, -14 + 38a^5, 


-37+ a/5, 


13- a/5. 


48+ 2a/5, 




15+ s/5 


, - 6 + 13a/5, 


-40 + 44 a/5, 


44+ 8a/5, 


29 + 35 a/5. 




16 + 23 a/5 


, - 1-47 a/5. 


-20-26 a/5, 


32-22 a/5. 


- 4- 2./5, 




-46-19^/5 


36 + 30 a/5, 


-25- 5 a/5. 


8 + 38 a/5, 


- 4- 8 a/5, 




28 -28 a/5 


, -33-27 a/5, 


41 -27 a/5, 


-42 -22 a/5 


-18- 7a/5, 




27-34^/5 


, - 9-40 a/5. 


11+ a/5, 


-12- 3a/5 


19- 4%/5, 




- 3-27^/5 


, -11- 4v/5, 


-48 + 47 a/5. 


- 5 + 24a/5, 


36 +16 a/5. 




-14-26 a/5 


41+ 2a/5, 


-44-27 a/5. 


-24 + 26 a/5 


- 1+40a/5, 




-26-41^/5 


14-20a/5, 


9 + 26 a/5. 


-22 a/5, 


45_33-/5, 




38 -15 a/6 


48-16a/5, 


43-26 a/5. 


-19 + 36 a/5 


-36-22 a/5. 




- 9 + 17 a/5 


, -13 + 38a/5, 


13+ 5a/5, 


-26 + 11V5 


- 13-39 v/5. 




25 + 35 a/5 


10+ 7 a/5. 


-39+ 2a/5, 


30 + 41 a/5 


- 8 + 36a/5, 




29 + 22 v/fi 


47-45 a/5. 


- 5-25a/5, 


26- 9 a/5 


, -44 + 42 a/5, 




- 2-16 v/S 


, -32- 32 a/5. 


- 9 + 18 a/5. 


7- 9a/6 


, -24-34a/5, 




-37 + 47a/£ 


>, -37-29a/5, 


- 5-46a/5, 


- 6+ 8a/5 


43 -12 a/5. 




35+ 4v/e 


►, -13-48a/5, 


39 -27 a/5. 


-45-30 a/5 


, -37-31 a/5, 




-45 + 48 a/C 


S -29-11 a/5. 


-21 + 13 a/5. 


-14- 16 a/5 


47+17V5, 




-26-29 a/C 


S -37- 2a/5, 


-47 + 43 a/5, 


-35 + 22 a/5 


, 48 -10 a/5. 




-31-17 a/£ 


,, -47- 4^/5, 


- 5. 






« 


-5, 25, -28, 43, -21, 8, -40, 6, -30, -44, 26,-83, -1 


2^, 48, -46, 36, 




14, 27,-38 


, -4, 20, -3, 15, 


22, -13, -32 


, -34, -24, 28, -.Mj-^7, 35, 




19, 2. -10, 


-47,41, -11, 


-42, 16, 17, 12, 37, 9, -45, 


81, 89, -1, 5, 




-25, 28, - 


43, 21, -8, 40, - 


6, 30, 44, -26, 33, 29, -48, 46, -36, -14, 




-27, 38, 4, 


-20, 3, -15, -22, 13, 32, 34, 


24, -23, 18, 7 


-35,-19,-2, 




10, 47, -41 


, 11, 42, -If?, -17, -12, -37, 


-9, 45, -31, 


-39, 1. 




Table op Primitivk Roots of z^'' 


I ::^ 


1, mod p. (See p. 298.) 


7 

7 


^{p'^p+^) 


c 


^3 


Pi 


■imitive Root 


Irreducible Factor 


19 


3 + ^9 


3 + 3.J/3 


a8_2«2-.«-.3 


13. 


61 


-2-^4 


-^2 




2 + 2v^2 


s3_622_^ + 2 


19 


127 


6 + 4^4 


-4^4 




6^2-^/4 


^ + 2z-S 


31 


331 


2 + 2-^3 


8-^3 




15>v/3-16^9 


2» + 8«+l4 


37 


7.67 


9+14^2 


-^2 




-9^2-14^4 


23+l6a + 2 


43 


631 


-6-^3 


3^9 




-9-15-^9 


«»-16««-16«+16 


61 


13.97 


-4 + 4^4 


-^2 




-2 + 4-^2 


«>+6«2+12s + 2 


67 


72.31 


-29 + 29^2 


-4»/4 




-3I-I85/4 


«3_26z*-2«-12 


73 


1801 


8 + 8^2 + 8^4 


llv^4 


30 + 


30-5^2 + 15^/4 


a»- 1952+ 15s- 29 


79 


7'. 43 


-23 + 23^2 


3>J/4 




-20 + 10-^4 


s3+13z2 + 5 


97 


3169 


46-6v/2 


20^2 




47-5/2-23-^4 


»»-20«-44 
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Table op Primitive Roots op :i^*'^ = 1, modjp — (c/mtinued), 
(See p. 300.) 



p 


p'+p+l 


gf^-t-p*! 


Primitive Root 

1 


Ii reducible Factor 


5 


31 


- 2 


1 

(-1_2-v/2)*+(-1+2a/2)* 


«3-2 + 2 


11 


7.19 


6 


(3-2t)*+(3 + 2i)* 


«» + s + 5 


17 


307 


6 


(3-2-v/3)* + (3 + 2y3)* 


«' + 4«-6 


23 


7.79 


- 8 


5{(-5-10t)*+(-5 + 10t)*} 


r^-75 + 8 


29 


13.67 


- 3 


3{(8-2a/2)*+(8 + 2-/2)*} 


z» + 6z + 3 


41 


1723 


-17 


i (12-5^/6)*+ (12+ 5^/6)* 


S3-55+17 


47 


37.61 


- 3 


5{(_19-5t;* + (-19 + 6i)*} 


c3 + 4s+3 


53 


7.409 


8 


(4-3y2)* + (4 + 3^/2)* 


s3 + z-8 


59 


1 3541 


8 


(4-17»)*+(4 + 17»)* 


«» + 16«-8 


71 


5113 


- 9 


, 47{(15-llt)* + (15 + llt)*} 


r»+12r + 9 


83 


19 . 367 


-*7 


(38-10i)* + (38 + 10t)* 


zS-18r+7 


89 


8011 


6 


(3 -2^3)* +(3 + 2 a/3)* 


z3-2c + 6 



Thursday, Februartf Uth, 1901 . 
Dr. HOBSON, F.R.S.. President, jn the Chair. 

Thirteen members present. 

The President prefaced the business of the evening with the 
following remarks upon recent losses : — 

" It would not be fitting that we should commence the business of 
the meeting without some reference being made to the great loss 
which has been sustained by the nation since our last meeting. It is 
not for me to dwell upon the great personal qualities of Her late 
Majesty ; that has been done in ample measure by many others more 
fitted to do it than I can claim to be. A certain measure of political 
stability in a country is usually necessary to pix)duce conditions 
favourable to progress in science ; to the production of such political 
■tebility the great pei*sonal qualities of the Queen have eontnbuted 
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in large measure. To appreciate this we need only to look back to 
the time of her immediate predecessors. In the earlier part of the 
nineteenth century the progress of our science was checked by the 
reactionary spirit which resulted partly from fear due to the excesses 
of the French Revolution, and which prevented our utilizing the 
great progress which had been made in mathematics on the 
Continent. 

" Since our last meeting the death has occurred of the very dis- 
tinguished French mathematician Charles Hermite. He was our 
senior foreign member, being the survivor of several distinguished 
foreign members elected in the year 1872. The importance of his 
work in the theories of forms and of elliptic functions is recognized 
by all specialists in those subjects. His work Sur quelques Applica- 
tions des Fonctions Elliptiques has enabled a comparatively wide circle 
of readers, not all of them pure mathematicians, to appreciate his 
gi'eat analytical power. Not the least of Hermite's achievements 
was his proof of the transcendency of the number e, the base of 
Napierian logarithms. His method under the hands of Lindemann 
led to the proof of the corresponding result for the number w ; thus 
the coup de grace was given to the circle squarer. Hermite was more 
fortunate than many others in being able to continue his scientific 
activity into a good old age." 

On the motion of the Treasurer a resolution that the President's 
remarks should be entered upon the minutes was carried unani- 
mously. 

Dr. Larmor gave an abstract of a paper by Mr. T. Stuart, entitled 
"The Distribution of Velocity and the Equations of the Stream 
Lines due to the Motion of an Ellipsoid in Fluid Frictionless and 
Viscous." 

Lt.-Col. Cunningham communicated a paper " On Factorisable 
Twin Binomials." Mr. Bickmore also spoke on the subject. 

Mr. Tucker gave a short account of a note on "The Brocardal 
Properties of some Associated Triangles." 

The following papers were communicated from the Chair : — 

Concerning the Abelian and related Linear Groups : by Dr. L. E. 

Dickson. 
A Geometrical Theory of Differential Equations of the First and 

Second Orders : by Mr. R. W. H.'T. Hudson. 
A Note on Stability, with a Hydrodynamical Application : 

by Mr. Bromwich. 
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(1) Remarks on Notation in Lie's Theoiy of Groups ; and (2) On 
Schur's Determination of a Continuous Group of given 
Structure, with remarks on Mr. Campbell's paper (read at 
January meeting) : by Mr. H. F. Baker. 

Note on Curves Similar and Parallel to one another : by Mr. 
D. B. Mair. 

The following presents were made to the Library : — 
"Educational Times," February, 1901. 

** Indian Engineering," Vol. xxvni., Nos. 25, 26, 1900 ; Vol. xxix., Nob. 1, 2, 3, 
Dec. 22, 1900-Jan. 19, 1901. 

The following exchanges were received : — 

** Proceedings of the Royal Society," Vol. Lxvn., Nos. 440, 441 ; 1901. 

** Beiblatter zu den Annalen der Physik und Chemie," Bd. xxiy., St. 12 ; 
Bd. xxv., St. 1 ; Leipzig, 1900-1. 

** Rendiconti del Circolo Matematico di Palermo," Tomo xiv., Fasc. 6 ; 1900. 

*' Bulletin of the American Mathematical Society," Series 2, Vol. vii.. No. 4. 
January, and ** Annual Register " ; New York, 1901. 

** Bulletin des Sciences Mathematiques," Tomexxiv., Oct. ; Paris, 1900. 

**Rendiconto dell* Accademia delle Scienze Fisiche e Matematiche," Sorie 3, 
Vol. VI., Fasc. 8-12; Napoli, 1900. 

** Journal fiir die reine und angewandte Mathematik," Band cxxm.. Heft 1 ; 
Berlin, 1901. 

*' Annali di Matematica," Serie 3, Tomo v., Faac. 2 ; Milano, 1901. 

** Archives Ncerlandaises," S^rie 2, Tome v. ; La Haye, 1900. 

**Atti della Reale Accademia dei Lincei — Rendiconti," Sem. 2, Vol. ix., 
Fasc. 12 ; Sem. 1, Vol. x., Fasc. 1, 2 ; Roma, 1900, 1901. 

** Revue Semestrielle des Publications Mathematiques," Tome ix., Pte. 1, 
Av.-Oct. ; 1900. 

** Journal of the Institute of Actuaries," Vol. xxxv., Pt. 6, Jan., 1901. 

** Nieuw Archief voor Wiskunde," Reeks 2, Deel v., St. 1 ; Amsterdam, 1901. 

** Wiskundige OpgHven," Deel vin., St. 3 ; Amsterdam, 1900. 

** Sitzungsberichte der Konigl. Preuss. Akademie der "Wissenschaftenzu Berlin," 
Nos. 39-53, 1900. 

"Proceedings of the Cambridge Philosophical Society," Vol. x., Pt. 7 ; 
Vol. XI., Pt. 1 : " List of Members, &c." ; 1901. 

**Nachrichten von der Konigl. G-eseUschaft der Wissenschaften zu G-ottingen," 
Math.-Phys. Kl., Heft 3; Geachaftliche Mitteilungen, Heft 2 ; 1900. 

" Proceedings of the Canadian Institute," Vol. n., Pt. 4, No. 10 ; Toronto, 1901. 

•* Annals of Mathematics," Vol. ii., No. 2 ; January, 1901. 

**Periodioo di Matematica," Serie 2, Vol. in., Fasc. 4 ; Livomo, 1901. 

** Supplemento al Periodico di Matematica," Anno rv., Fasc. 2 ; Livomo, 1900. 

** Proceedings of the American Philosophical Society," Vol. xxxix., No. 163; 
Philadelphia, 1900. 
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Concerning the Abelian and related Linear Ghroups, By L. B. 
Dickson, Ph.D. Received January 2l8t, 1901. Com- 
municated February 14th, 1901. 

1. The object of the paper is to detennine by elementary methods 
a classification of the substitutions of the special Abelian group of 
quaternaiy substitutions modulo 3, S4(4, 3), into complete sets of 
conjugates. Wlien complications are not inti'oduced, the methods 
are applied to the corresponding group 8 A (4,/?**) in the geneml 
Galois field ; in particular, its substitutions of periods 2 and 4 are 
determined (§§ 2-4). The types of substitutions of period 3 in 
SA (4, 3") are determined in § 7. In § 9 is exhibited a table of the 
non-conjugate types of substitutions of the group >Si-4(4, 3), and 
the number of conjugates to each within the group. This group, 
SA (4, 3), is the group for the trisection of the periods of a hyper- 
elliptic function of four periods. The order of 8A (4, p") is 

By a more complicated analysis, depending upon the possible 
forms of the characteristic determinant of an Abelian substitution, 
the corresponding problem for SA (4, j)**) has been solved by the 
writer.* In the present paper, on the other hand, the classification 
is based upon the periods of the substitutions.f 

In § 10 is detennined the structure of a ^roup whose definition is 
analogous to that of the Abelian group. 

For the substitutions of SA (4,p**) the usual notation is used: 

^1 Vi it 



Vt 



ii 



"n 


rn 


«» 


7n 


fin 


^n 


fiu 


^u 


«n 


rti 


"a 


y«i 


fin 


i« 


fit, 


in 



• Tramactiom of the American Mathematical Society^ Vol. n., pp. 103-138. 
t As a check upon the work, it was found that the results for jp** » 3 were the 
same in the two investigations. 
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Quaternary Ahelian Substitutions of periods 2 and 4. 

2. Within /S^il (4,p"), p>2. every substitution of period 2 is 
conjugate with Ti^.i or r= T,,.i Tj.-i-* Hence a substitution of 
period 4 is within iSi-4 (4,/?") conjugate with <S, where 5* = Ti.-i, or 
with iSf„ where S\ = T. Within iSf.4 (4,;)")» /> > 2, 8i is conjugate 
with if,M,.t 



The identity STi 


,, = 


8.1 or 






' -"11 —yn - 


-"» 


-ru' 




■ «,. 




-fin -^n - 


-A, 


-^» 




-/3n 




«« yn 


"« 


yjj 




^» 




• ^,1 ^,1 


/3„ 


sj 




•-A. 



— yn 



— yu 






— yji 

an 

— y» 



requires, for p > 2, that S shall have the form 

yn 



"11 

Ai —On 















:] 







(«L = 1). 



Hence S ^= A or ^ 2\ _ i, where A affects only f, and 171, while 
A* = T^,.i. But A is conjugate with both M, and 3f, T,, _, bj' 
Abelian substitutions affecting only fi, 17,. J Hence within SA (4,^*), 
jp > 2, iS> is conjugate either with M^ or else with J/i Ti, _i Ta,-!* the 
latter two being not conjugate. 

To determine the number of substitutions conjugate with M^, 
consider the conditions for the identity SM^ = M^S, For p > 2, 
S must have the form 



(1) 



The Abelian relations require a^^jj — /B^jy^ = 1, having p"(jp"^ — 1) 
sets of solutions in the GF[p**'\, and "Jj + yi, = 1, having ^" — € sets 



"n 


Tu 








-Tn 


«n 














"m 


y« 








/?« 


^« 



* Proceedings of the Lond&n Mathematical Society ^ Vol. xxxi., pp. 54-59. 
t Quarterly Journal^ Vol. xxxii., pp. 66-58, } 9. 
X Ibid,, § 8. 
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of solutions, € = ±1 accordiDg as jp" = 4Z±1. Hence M^ is one of 
p»"(p«»'^l)(p«^^) substitutions conjugate within iS^ (4,^*). Evi- 
dently 3f 1 T,, . 1 Tg, , 1 is one of an equal number of conjugates. 

8. If 8 A (4, p**) contains a substitution 8 whose square is if,, then 
8 must be commutative with M^ = /Si', and hence be of the form (1). 
But 8 = 8~^M^ gives a,, = yn, a^ = ^m» /^m = Vm = 0- Hence iS 
exists only when 2 is a square in the 6?jP[jp**], for which case there 
are four substitutions whose square is JIf,. 

If S^ = ifj Ti,_i 'I\ .1, then 8 must be commutative with if,, and 
hence have the form (1). Then fif = iSf'^if, Tj, .i Ta,^, requires 
a,i =— -y,j, a^^ =— c„, so that 2 must be a square in the field. The 
number of substitutions 8 is double the number of sets of solutions 
in the field of — a^^/^jtyM = ^• 

4. The remaining type if, if, is not conjugate with if, or M/T, as 
their squares are not conjugate. The most general linear substitution 
commutative with if, if, has the form 



(2) 



ru 



— y-n «ji — Tm ass 
The six Abelian conditions reduce to the following four : 



7« 



(3) 



r 



«ii+rn+«is+rw = 1' «nrii— rii«si + "isrM—ri$«« = 0, 
M+VM+^si+ysi = l» «ii«si+riiyii+ais«js+rijrM = 0- 



Hence, when (2) ia Abelian, it is also orthogonal, and leaves 
^ + 171 + ^ + 17^ absolutely invariant. To determine the number of 
these substitutions, introduce the new indices * 

where i* = — 1. Then (2) takes the form 

(4) Z; = ^„X, + 4,Z„ Y; = B,,Y,+B,,r, (i=l,2), 
where Ajj^ = oj^'—iyj^, Bj^ = c^jt + ^yy* (j, ^ = 1, 2). 

Also ^j4.^j+^+^^ = x,r,+x,r,. 

If —1 be a square in the (rjP[p"]. p > ^^ the substitution (4) is 



* The simplificationfi arise sinoe ifjifs takes the form T,, .» Is, .j. 
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a dualistic substitution belonging to tlie field, the substitution on the 
Yi, Y^ being reciprocal to that on the X„ X,. Hence there are 
(p^'*—l)(p'^*'-p'*) substitutions (4); so that if,Mj is one of 
p^(p^'*-h\)(p*'-{-l) conjugate substitutions within 8 A (4, p"). 

If —1 be a not-square in the OFlp**]^ then i^ =— i ; so that 



^ Y.^'"+^ 



P**+i 



Xj = Yj, Aj^ = Bjk, XiYjH-XjY, = Xi -\-Yi 

Hence (4) is defined by the genei'ul substitution 

X; = Aj,+A^X, = 1,2) 

of the hyperorthogonal gi*oup on two indices having the oixier 
j9'»(/"-l)(jp" + l). Hence M.M^ is one of p'"(ir*" + l)(p"-l) con- 
jugate substitutions within SA (4, j9**). 

Within SA (4,^") there are exactly three sets of conjugate suhstitutions 
of period 4, represented by M^, 3fi Ti^ _i T2, .i, and M^M^^ respectively. 
Each set contaiiis /?'"(^^"+l)(p" + <) substitutions^ where € = il 
according as /?" = 4Z±1. 



Quaternary Abelian Substitutions *of period 8. 

5. If SA (4, p") contains a substitution S whose squai'e is M^M^^ 
then S must be commutative with M^AL, and hence be of the form 
(2). The condition S = S'^M^M^ gives i^adily 

«ii = Till "ij = r«i» On = 7i2» "tt = 752- 
Relations (3) then become, for jp > 2, 

2a',-hOij-f yj, = 1, («ii + a„)(a„H-y„) = 0. 

If Wii + a^ijfcO, then a,i = a„, Qj, = y,, = 0. Hence must 2 be a 
square in the GF [p**], in which case the required substitutions ai*e 



(»*=^). 





' a a 







-a a 







0a 


a 




. -a 


u 


the square of which is inc 


ieed ifiif,. 
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(5) 



a a Oi, yi, 

—a a — yij Qu 

Vw aw —a —a 

'^ — "w Vu a —a 



(2aHaJ, + yJ^=l)-. 



Consider the case p" = 3. If S* = M^M^, 8 must have the form 
(5). If a = 0, then a^^-hyi^ = 1 ; so that either a,, = or /5,, = 0. 
The two cases are interchanged if we transform by If,. Setting 
therefore y^^ = 0, a = 0, a^ = 1, and transforming (5) by 2V,«»a? we 
obtain 

101 



M,P,,= \ 



1 
10 
l-l OJ 



If a 9^ 0, then aj,+ yj, = — 1 ; so that aj, = yj, = 1 (mod 3). 
Transforming by 2^2, _y^,, we may suppose that yij = — 1 in (5). 
Transforming by Ml, the case a^ = — 1 is reduced to the case 
ai5 = +l. The resulting substitution (5), given by a = — 1, is 
transformed by P^ T2, _i into a similar one with a = -|- 1, viz., 



1 

-1 

-1 

l-l 



1 1 -1^ 
111 
1 -1 -1 
-1 1-1; 



This is transformed into Mi P,j by the Abelian substitution 
r_l _1 1 1^ 

1-1-1 1 

1111 
[-1 1 -1 IJ 

Combining the present result with that of § 3, it follows that every 
substitution of period 8 of SA (4, 3) is conjugate within the latter 
with M^Pi^, 



:U8 



Prof. L. E. Dickson on the 



[Feb. 14, 



6. Theorem. — Within SA (4, 3), the suhstitution 3fiP,j of period 8 
is commutative only with its powers. 

The identity SM^P^^ = M^P^^S requires that 8 have the form 

^11 "^11 ^la Vh 

— Vii '»ii —712 "ij 

— 718 «i2 «ii rn 
'^— «i8 —712 — 7n «ii 

subject to the Abelian conditions, which reduce to the two 

«ii + 7u + aij + yj2 = 1, "ii(a,.2— yij)+y„(ai, + y^j) = 0. 

If Oji = y„ = 0, the four sets of solutions modulo 3 of ajj+yjj = 1 
give four substitutions. If a„ = 0, y^ ^ 0, then a„ =— y^ = ; 
if a,j 9^ 0, y„ = 0, then a^ = y^ = 0. If a^^ and y^ are ^ 0, either 
an = yj^, so that a,j = 0, or a,i=— y,i, so that yj, = ; but in 
either case the first Abelian condition is not satisfied. The resulting 
eight substitutions commutative with ifiPu must be its eight powers. 

Corollary I. SA (4, 3) contauis no suhstitution oj period 16. — 
Indeed, the square of such a substitution would be of period 8, and 
hence be conjugate with M^P^^ by §5. But, for iS* = 3fiP„, S 
would be commutative with ir,Pij, and hence be a power of the latter. 

Corollary II. Withi7i, SA (4, 3), every cyclic suh-yronp of order 8 is 
self-conjugate in exactly a group of order 32. — Such a sub-gi-oup is 
conjugate with that generated by V ^ M^Pi^. But V is conjugate 
with F» = Ti,.i3f,Pij, F* = 3/iP„Ti,.,T2,.„ and F^ = T^ ./ifaP,,, 
each of period 8 (§ 5). To verify this result, we may transfoi*m V 
into F', F*, F^ by, respectively, A, T,^ „ Al\.u where A denotes the 
following substitution of period 2 belonging to SA (4, 3) : — 



/ 

1 



-1 -n 

-I 1 
10 



. 1 -1 



J 



7. Theorkm. — There are exactly four seta of conjugate substitutions of 
period 3 tVi tJie group SA (4, 3'*). 
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Within 8 A (4, p**) every substitution is conjugate with one of the 
following types : — * 

a y 



2 = 



A = 



/3 5 

Qjj Tjs 

/3„ a«; 

If A be of period 3, A^ = A"\ giving 
)3a + /ja + piS„ /3y + ^+pa„ /3 + ^/3„ p^ + p^tt 



a 



7 



1 
P 



/5si ^n fin ^2S 






(6) 



The following are therefore necessary conditions : — 

( a,, = a-a«~/3y, p/3„ = -/3-/3a-/3a, 

ys, = —y— ay— ay, p^ji = a— a*— /3y, 

V >,j = — yji— py, P^23 = On— P^- 
The Abelian relations require 

(7) aa-/3y + p = l, 

and «2i^i— /^siyji + a^— ^y = 1- 

Let, first, p^O, The second relation becomes, by (6) and (7), 
(8) (a + a)» + 3(a-fa + l)(p-l) + l=0. 
For ^ = 3, this gives (a + a + l)'=0. We limit the discussion to 

^^®^«*® (9) a + a+i = o. 

Applying (6) and (9), A takes the form 

a y 



.4' = 







1 

/3 a p 

p a — py 
-1 -/3p-* a 
For any GF [^"], A' is an Abelian substitution of period 3. 



(aa-/3y + p = l). 



If /3 9^ 0, -4' is titinsformed into a substitution of the form 2 by 
the special Abelian substitution 



^ Dickson, Quarterly Journal^ Vol. xxxii., § 6, p. 51. 
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If y gfcO, the transformed of A' by 3fJjf,P,j is of the form A' with 

Finally, if ^ = y = 0, the transformed of A* by Qj 2, op- » ^2,0-1 gives 

10^ 
0-1 1 
-1 0-10 

0-1 0. 
This is transfonned into 2, by Si belonging to SA (4,^''), where 

ro -1 0^ r 1 -1 1^ 

0-11 

10 1-1 

-1100; 

Hence, if A be an Abelian substitution in the OF [p"] satisfying (9) 
and having p 9^0, it is conjugate within SA(4!,p**) with a substitu- 
tion 2. 

For p = 0, relations (6) give 

a,i= ^-a'-i3y = 0, a-^^-j3y = 0, /3(l + a+a) = 0. 
Subtracting the second from the first, (5— a)(a-h^ + l) = 0. Hence, 
if a + a + 1 :?fc 0, 5 = a, /3 = 0, a = 5*. Then (7) requires a = 5 = 1; 
so that a+5 + 1 = (mod 3). Hence (9) must hold if p = 3 ; when 
A becomes 



2,= 



1-100 
0001 

[0 0-1-1; 



s,= 







y 
a 


K 



1 


11—0 









[i„(a„-a) = l]. 



If it has period 3, (^j,— a)' = i„—a ; so that Jj,— a = 1, 3„ = 1. The 
resulting substitution is of period 3 if, and only if, /3 = 3/?^. For 
^ = 3, /3 = 0, ao = \, a+o= — 1. Hence a»+a+ 1=0, a* = 1 ; 
so that a = 1 in the GF [3"]. The i-esulting substitution is 

r 1 y 1 
10 
10 
.0-1 /3, U 
If )8, :^ 0, A^ is transformed into a substitution 2 by 

i'\ = fi +'-i?j, C, = f,+ r.,,, 1 +r/3, = 0. 
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-{; :}• ^Hi IV 



If y gfcO, the transformed of ^, by J>f JJIf,P„ is of the form A^ with 
^\^Q. Finally, if y = /3, = 0, J, = Qi,i,i is transformed into 
^\.\1% -1 of the form 2 by the Abelian snbstitation 

-1 0-1 

1-1 

-10 1 

1 1 OJ 

Within SA (4,3") every substitution of period 3 is therefore conjugate 
with a substitution of the form S. 
The substitution 2 is the product of two substitutions 

y\ s" = /"» ^« 

the former affecting only the indices ^„ i/i, and the latter affecting 
only fj, 17,. Since 2' and 2" are commutative, each must be of 
period 3 if 2 shall have period 3 ; also each must be of determinant 
unity if their product 2 is to be Abelian. But, in any field, 2' is of 
period 3 if, and only if, a.-f ^ = — 1. Supposing a + i = — 1, we have 
the following two cases : — 

If fi ^0, 2' is transformed into Li, -/9 by the substitution 

|i («-«)//? J • 

If j3 = 0, then «o = 1 and a + 5 = — 1 require that a = ^ = 1 in 
the GF [3*] ; so that 2' = Lj,,. In either case, 2' is conjugate with 
a substitution Li^,. The latter is transformed into ii,,^ by Tj,,; so 
that 2' is conjugate either with 2i,^i or with L,,^, where k is a 
particular not-8quai*e. 

Applying a similar reduction to 2", 
SA (4,3"), every substitution of period 3 
the substitutions Li, i, Lj,,, Li, i La, i» ^i, » ^^ i> ^i, *. ^2, *• But Li, i L2, i is 
transformed into L,,,2y2,, by the substitution 
' y^ vtr 0' 
a <T 

-ytr i'^ 
-ff ^ ^ 

which belongs to SA(4,p'*) if K(^ + (r') = 1, a relation having 
solutions in every OF [p*]. Of the remaining types A,i, L,,,^ 
Li^iL-i^u and Li^^Li^i, it is readily proven that no two are conjugate 
within SA (4,;?»). 

VOL. XXXIII. — NO. 758. Y 



it follows that, within 
is conjugate with one of 
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8. The method employed in §§ 2-6 may be extended to determine 
representative substitutions S within SA(4i,p''), />>2, of each set 
of conjugate substitutions whose period is an even integer 2a, the 
case a odd being excluded if S" = T, the self -con jugate substitution. 
In the excluded case, {STy = I, a being odd. Hence the method 
applies to all substitutions 8 for which S and ST are of even period. 
Since S' is of period 2 by hypothesis, it is conjugate within SA (4, 2?") 
either with Ti,,i or else with T, in the latter case S^" being conjugate 
with MiAfj (§ 2). Hence, by a suitable transformation within 
SA (4,p"), p > 2, we may give to S & form having among its powers 
either Ti, _i or else Mjlfj. 

In the first case, S is commutative with T,^.i ; so that S has the 
form 2 of § 7. Then S = 2'2", where 2' and 2" are binary sub- 
stitutions of determinant unity. Each is known to be of period a 
divisor of 2p or of ^"±1. Hence iS is of penod 2, 2p, 2d:f, 2jp<Z^, or 
d^d^, where d^ and d^ are divisors of /?'*=Fl. 

In the second case, S is commutative with M^M^] so that S has 
the form (2). As in § 4, the problem reduces to the study of binary 
linear substitutions in the GF [/j**] or of binary hyperorthogonal 
substitutions in the GF^p^^l, according as respectively —1 is a 
square or a not-square in the GF [^"]. 

9. For p" =3, the substitutions 2' of determinant unity form a 
group 6r^ composed of the identity Ti,_i, 8 substitutions conjugate 
with Ly^ ±1 within 6r,4, 6 conjugate with M^, and 8 conjugate with 
^i,±i2^i, -1- Hence, within SA (4?, 3) a substitution of period 6, a 
power of which is conjugate with Ti, .i, is itself conjugate with one 
of the substitutions 

A, ±1 2\, _i, -£'2,±l ^1, -li -Z>1, ±1 1^2,1 ^l,-l» -E'l, ±1-^2,-1 ^1,-1- 

Within SA (4, 3) a substitution of period 12, a power of which is 
conjugate with Tj, _i, is itself conjugate with 3/,2yi, ±i or 3f,ifi, ±i^i,-i» 
the latter being conjugate with 

Together with the substitutions of periods 2 and 4, determined in §2, 
the present enumeration is seen to give all types of substitutions of 
SA (4,3) having among their powers substitutions conjugate witliT,^.,. 

Considering next those substitutions having one of their powers 
conjugate with M^M^, we find the representatives 3f|3/j, M^P^^, and 
Pia^i,-i^i, -ij whose first, second, and third powers respectively are 
conjugate with M^M^, 

It remains to determine representatives of the substitutions of odd 
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period. The case of period 3 has been completely determined in § 7. 
The substitutions of SA (4, 3) 





fill 


0^ 




r 1 


O] 


6 ' 


-10 
-1 1 




-1 


N, = - 


10 



1 
-1 




.001 







[-101 


-ij 



are of periods 5 and 9 respectively. Every substitution of period 5 
is conjugate with H^ ; every one of period 9 is conjugate with ^g or 
N^\ The only odd peiiods possible are 3, 5, 9. These statements 
are not proven here ; a verification of them results from the fact that 
the following table exhibits 51840 distinct substitutions of 8A (4, 3) 
of order 51840. 



Types. 



Identity 

A. 1-^2, ±1^1,-1 

A. -i-^i, ±1^1,-1 



Period. 

1 
2 
2 
3 
6 
3 
3 
6 
6 
4 
4 

12 

6 

6 

6 

I 8 

12 
5 

10 
9 

18 

^Y~2 



Number of Conjugates 
to each type. , 



1 

1 

90 

40 

40 

240 

480 

240 

480 

540 

540 

2160 

360 

1440 

1440 

6480 

4320 

5184 

5184 

2880 

2880 
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A Group of definition analogous to that of the Ahelian Linear Group.* 

10. Consider the group G of linear substitution 8 which, when 
operating cogrediently upon two sets of variables ^<, fit and f^, if,-, 
efPect a linear transformation of the functions 






A,= 






Now 8 replaces Aj by 



«ii yn 
/5ii ^11 


A,+ 


(in A. 




^I f 2 


+ 


Oil Tn 

fin ^1, 




?i 'Ts 


"it yu 


A,+ 


yu "u 




^1 S 


+ 


711 yu 




^1 ^1 



Hence, if 8 replace Aj by X„ Aj-f XjjA, and A, by X„ Aj+X^Aj, 

'\^ij yu 



(10) 1 



= X 



•■>» 





= 0, 


«n y*a 

^(1 ^(2 


yn yi2 


= 0, 


Oi! y.i 



= 0, 



= 0, 



holding for 1,^'-:= 1, 2. In view of these relations, the inverse of S is 
the product of a substitution multiplying every index by the re- 
ciprocal of the determinant of S by the substitution 



^«^ll» 


■"^jsyin 


X„8,i, 


—Ky^x ^ 


-X«^n, 


^««ii» 


-^,/3n, 


^W«S1 


^1^18» 


— ^nyiii 


K^n. 


— ^iiy« 


~~^«Hll> 


^«11> 


-Kfifi. 


X„a45 J 



The derivation of <S"* from S is quite similar to the derivation of the 
reciprocal of an Abelian linear substitution. 

We proceed to prove that either Xj, = X„ = or else X^ ;= X^ = 0. 



* An Abelian substitution replaces Ai -h Aj by /uAi + ^lA^. Consider a group of 
substitutions 5i, 5,, ..., which replace Ai + Aj by tAi + /aAi, t and /* depending on 
the particular substitution. Suppose that, for 'S'l, /A»T-f k, ic:^0. Since Si8% 
belongs to the group, S^ must replace icA^ by a linear function of Ai and A2. Henoe 
the group is that denoted by G in the text. 
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fan A2— ftittis = 0, fallen— Aiyu = 0, 

XynPii—^ii «i2 = 0, lyii^<2— ^ii y<a = 0. 



If the determinant X^ , ^ a 


ihi—Pii7n ^ 0, then will /3., = a<, = i,t 


= y^j = 0, and therefore Xjj = 0. Hence, either S has the form 




On Ti. ' 




2=. 


0n «n 
a^ y„ 

.0 p„ S^. 





and replaces A, by A<,A„ or 8 has the form (fifj)(i?i»?t) 2 and re- 
places Aj by AjjA, and A, by XjiA,. The structure of the group G 
thus follows from that of the binary group. 



Note OH Stability 0/ Motion, with an application to Hydro- 
dynamics. By T. J. PA. Bromwich. Communicated 
February 14th, 1901. Received, in revised form, April 
5th, 1901. 

The following note on stability was, in the first place, suggested by 
a result of Prof. Klein's, given in his lectures at Princeton (1896), 
relating to the stability of a top spinning in a nearly vertical position, 
thus : — 

The theory of small oscillations gives a certain limiting (or critical) 
value (?io) for the spin (n) of the top ; and, if n < n^, it would seem 
that the top is necessarily unstable ; further, if n = w^, Routh states 
that the top is unstable. Hence, if we suppose n to diminish con- 
tinuously past the value n^, there would be an abrupt change from 
stability to instability. But Klein showed that, for small values of 
(n— 7^0), the amplitude of the deviation of the axis from the vertical 
produced by a given small disturbance does not depend on the sign 
of (n— Wq) ; and, in this sense, practical stability exists for values of n 
slightly less than n^^ though theoretical stability is lost. Further, 
Klein proved that the critical case n = Mq is really stable. 
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In what follows T attempted in the first place to discass a slightly 
generalized form of equation, which includes as special cases Klein's 
results for the top and the hydrodynamical problem of a solid possess- 
ing helicoidal symmetry moving through an infinite frictionless 
liquid. This and the details of the hydrodynamical problem made up 
the note as presented to the Society last February. 

At the March meeting, Prof. Love (who was one of the referees of 
my note) i*ead an infonnal paper on the question of stability of 
motion generally, which he has kindly put at my disposal ; from this 
I have made some extracts (notably, his definitions of stability) ; and 
his remarks have led me to amplify the discussion of general stability, 
so that this part of my note is considerably longer than it was origin- 
ally. The other referee pointed out that, as the complete solution 
both of the top and of the hydrodynamical problem is known in terms 
of elliptic functions, it might be more convincing to use the known 
results in establishing my conclusions : this advice I have not followed, 
as it seemed best to make the note, as far as possible, depend only on 
dynamical principles. Besides, it is conceivable that cases may arise 
to which my results could apply without being capable of exact in- 
tegration by means of elliptic functions or otherwise. I must thank 
both referees for taking considerable trouble and devoting much time 
to the careful examination of my w^ork. 

The following definitions of stability are extracted from an un- 
published manuscript by Prof. Love : — 

"We seek a precise definition of instability, as easier to express 
than a definition of stability. We compare the disturbed and un- 
disturbed motions. Let be any coordinate of the system, AO the 
difference between the values of 6 at time t in the disturbed and un- 
disturbed motions ; call the set of quantities of type A6 the displctce- 
ment. Let A0 be the difference between the initial impulses (cor- 
responding to f^) in the disturbed and undisturbed motions ; call the 
set of quantities of type A0 the disturbance. Let a be a suitably 
chosen finite quantity (which may be as small as we please). Then — 

"ijf, however small the disturbance (i.e., all the A0'«) may be, a value 
of t can be found for which the displacement (i.e., any Atf) exceeds a, the 
motion is unstable. 

"When the motion is not, in this sense, unstable, there is complete 
stability. 

" Again let P be any point of the disturbed path of any particle of 
the system, P' the nearest point of the undisturbed path, r the distance 
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PF\ V the excess of the velocity at P in the disturbed path above that 
at P' in the undisturbed path ; a, /3 suitably chosen finite quantities 
(as small as we please). Then — 

" 7f, however small the disturbance may fee, a value of t can be found 
for which any r exceeds a or any v exceeds )8, there is instability of path.'' 

An Attempt to Discuss the Stability of a State of Steady Motion. 

We shall use the Hamiltoniau equations and can choose all the co- 
ordinates (x) and momenta ($) so as to vanish in the steady motion ; 
then (unless the steady motion is critical in the analytical sense) the 
Hamiltonian function can be put in the form 

where each term is homogeneous in the coordinates and the momenta 
and is of the degree indicated by the index attached to it ; this series 
will converge absolutely and uniformly provided that | x \ and | f | do 
not exceed ceiiain limits. In order that the steady motion may be 
dynamically possible W must vanish, for the canonical equations must 
be satisfied by zero values of the coordinates and momenta. 

The method of " small oscillations '' is contented with the first 
approximation to the equations of motion given by 

dx,_dH' dt_ dip , , 2 s 

-dt-^' dt--B^^ (r_ 1.2, ...,«). 

If we assume all the coordinates and momenta proportional to e^^ 
we find that as a consequence of these equations X is a root of an 

equation A = 0, 

where A is a 27i-rowed determinant, X appearing linearly in 2n of the 
elements of A, and nowhere else. Thus we have 2» values of X 
which, in virtue of the properties of A, can be grouped in n pairs 
±X,, dbX,, ..., rtX,,. 

Since the Hamiltonian equations are only a transformed form of the 
Lagi*angian ones, from which Routh starts, it follows that ±Xi, ..., ±X^ 
are the roots of Routh's w-rowed determinantal equation (in which 
every element is quadratic in X). 

Now, in a paper accepted by the Society at the March meeting 
(p. 198 of this volume), I have shown that a linear transformation 
of the coordinates and momenta can be found such that 

W^-iKXrir (r = 1, 2, ..., n) 
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and of such a character that the canonical equations of motion are not 
altered in form by the substitution. If the roots of A = are not all 
different, the invariant-factors of A must be linear,* in order that this 
form for H^ may be correct. Making the same substitution on the 
whole of JT, we shall have now 

with the equations of motion 

dt af/ dt dx/ 

We make the liypothesis that A„ ..., X^ are pure imaginaries, and 
we shall prove that, under certain other restrictions, the equations can 
be solved in converging series. We follow the investigation used by 
Poincar^ {Mecanique Celeste, 1. 1, chap, vii.) for the case of asymptotu' 
solutions. 

The equations of motion take the form 

dt d$r 9fr 

dt dXr OXr 

where, as before, the indices indicate the degree of the terms to 
which they are attached. 

The first approximation is found by leaving out all the ^'s and 
i's, so that we find 

where the as and a'^ ai'e constants of integration, whose valaes 
are determined by the initial disturbance, and so | a|, | a | may be 
taken as small as may be convenient ; for, in discussions of stability, 
the initial disturbance is to be at our disposal in magnitude, though 
arbitraiy in species. We now endeavour to find series for x^, (r ex- 
pressed in powers of a^e^'', a^e"^"^ ; so a.ssume 
x, = xl-¥xl-\-xl-\-..., 



♦ That ifl, if a factor (A - c, app are exactly p times in A, it must appear exactly 
{p—l) times in the H.C.F. of all the firet minore of A ; so that in at least one first 
minor {\ — c) appears exactly {p—l) times, while it may appear more than (j»— 1) 
times in the others. 
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where a'', ^, represent all the terms of x„ $, respectively which are 
of degree p in the a's and a's. Then, on substituting, each K and L 
can be snb-divided, thus 

where K^^ denotes that part of S^J" which is of degree q (^ p) in 
the a's and a's. 

Substituting in the equations of motion, we have 

^=X,«J or a!i=o,eV, 



dt 



-K4 = ^'i-K^\ 



^l-Kx\ = ir;''+Z,*'+...+Z;" = 3C. say, 
and f'=-^^' <"- ^; = a,e-V 



^'+Ke = L'::' + L'^'+...+LV' = Nl, say. 
at 

From these we calculate successively a;„ f^, ajri fr> .••> ^r» ^> ••• ; for 
the quantities lC» -^r depend only on those x*s and f 's which have 
indices 1, 2, ..., 5— I ; if we suppose these to have been previously 
calculated, the value of M^ will be of the form 

M; = SCa>J' ... al'a-^^^a'^ ... aj- exp [tSX, (tf,-<^,)], 

where ^„ ^„ ..., ^„, ^p ^2, ..., <^« are positive integers whose sum 
is q. Thus, on integrating, we have 

and the expression for ^ will be similar to this, except that (+A^) 
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takes the place of (— X^) in the denominator. Of course, if 

one or other of these expressions fails, and powers of t would appear 
in x^ ; this indicates that the method of solution adopted gives a 
result which is only valid for a short time, but it does not necessarily 
imply instability. 

It seems impossible to give conditions necessary for the conver- 
gence of the series x^-\'X'-\-x^ -{-.,. - 

but it will be possible to find a standard of comparison which will 
provide sufficient conditions. To do this write for brevity 

&r = I ttr I , /5r = I ar I , 

and consider the set of equations 

, , , aF» as* ^ 

^(y-hr) =-5— + -^-- + ..., 
^yr ^yr 

where each H is derived from the corresponding H by taking the 
modulus of every coefficient and replacing the ic's by y's and the ^'s 
by v's. We get, solving the equations, results of the form 

where I is a positive integer, and, as before, ^1, ..., ^n, ^„ ..., ^« are 
positive integers whose sum is q. The corresponding term in Xr will 

^ (Q/x) af' ... «;« af. ... a*- exp [<2A, (0,-^,) ], 

where | Q | < P and tt is a product of expressions of the type 
[2 A,,(tfp— ^p)— X,], the number of such expressions being at most 
equal to h. It follows that, if the series found for y^ converges, and if 
none of the divisors [2Xp(^p— ^p) — X,] can be less than c, then the 
modulus of every term in Xr is less than the corresponding term in 
yr (for the modulus of the exponential is unity), and so Xr converges 
absolutely. Exactly the same argument can be applied to ^^. If we 
have an absolutely converging series for a;^, it follows that by 
sufficiently diminishing | a, \ and | a^ | we can make \ Xr\ as small 
as we please ; and so the motion is certainly stable for jpath. It is 
probably not completely stable, for reasons which I have indicated in 
the paper already quoted. 
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If the invariant-factors of A are not linear, we should find powers of 
f appearing in xl ; but it must not be concluded that these necessarily 
imply instability. All that can be certainly said is that the method 
of approximation adopted can only be applied for a short time ; it may 
be possible to find another method to give correct values for all time. 
A good example is that of the top spinning in a vertical position with 
the " critical " angular velocity; here A has squared invariant-factors, 
and Routh deduced that the position was unstable ; but it is really 
stable, as Klein showed by attacking the problem in another way 
(see the next pai*agraph). 

The possible introduction of instability through commensurable 
relations amongst the fi*equencies was remarked by Routh (Stability 
f^f Motion, 1877, chap, vii., p. 90). 

^Ju7ie 27th, 1901. — In a recent paper, Annali di Mat. (Ser. 3), t. v., 
1901, p. 221, Levi-Civita has considered the question of instability in 
a very general way. I have not yet had leisure to compare his re- 
sults with the foregoing.] 

lloutKs Minimnyyi'Criterion of Stability. 

Proceed to the consideration of systems in which certain momenta 
remain constant. We can eliminate the corresponding velocities from 
the energy integi'al, and then obtain a result of the form* 

r-f A' -fF= const., 

where T* is a positive quadratic form of the other velocities and K is 
a positive quadi*atic form of the constant momenta. Thus it follows 
that, if {K-\- F) is a minimum in the steady motion, that motion is 
stable (at any rate for path) ; this condition appears to be sufficient, 
but is not necessary in all cases (Routh, Stability of Motion, 1877, 
pp. 83, 84; cf Basset, Proc. Camb. Phil Soc, Vol. vii., 1892, p. 351); 
however, if T' contains only one velocity, the condition is necessary and 
sufficient (Routh, he. cit., p. 85). 

A good illustration is afforded by the case of the top, in which we 
have (with Routh *s notation) 

III, = const. = n, 

A sin* tf ^-f Cn cos 6 = const. = Gn, 

A (8in= Otj/^-^-e^) -f 2Mgh cos = const. = 2Mgh -f Av\ 

* The important point is that no terms can appear which are bilinear in the 
velocities and momenta ; this fact is fundamental in nearly all theories of reducing 
quadratic forms, and is the algebraic equivalent of Thomson's and Bertrand's 
Uieorems relating to systems started from rest by impulses. 
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the constantH being determined so that ^ = 0, $ = v may satisfy the 
equations. 

Hence A0'-\- ^^ I'^^^i -2Mgh (1-cos 0) = .It;*, 
A 1 -f cos u 

or K+V=\^-^ j^j^^ -Mgh (1-cos 6) 

= W [^ -M9h] +^^ [^ +23f.^] + ... . 

Thus the vertical position is stable if (CnY > ^AMgh and unstable 
if (Gny < 4AMgh] but, if (Gn^ = 4;AMgh, (K-\- V) is still a minimum, 
because [(Gny/A-i-2Mghl^ is necessarily positive. Thus the limiting 
case is really, stable, in contradiction to the statement made by Routh 
(loc. cit.j p. 66) on the ground that his determinantal equation had 
non-linear invariant-factors ; this result was first connected by Klein 
(Princeton lectures, 1896, and Theorie des Kreisels, Leipzig, 18*j8, 
p. 316), but the above aiTangement of the pi'oof is Prof. Love's (in 
the manuscript already alluded to).* Wliat Routh\s work really 
implies is simply that the terms retained by him are not suffi- 
cient to discriminate (in the limiting case) between stability and 
instability. 

Practical Stability, 

Let us examine the case in which T" contains only one velocity ; 
then, for small values of $, the energy-equation can be reduced to the 

formt e> = r^-A,(fi-A,(i*-..., 

where v is small and is the value of 6 when = 0. The amplitude of 
the deviation fi'om ^ = is given by the real value of W which gives 
^ = ; we shall determine whether there is any such real value which 
is small enough to make the series for 0^ convergent. If such a value 

* In my note, hh originally \»ritteu, a Miuiilar proof was given, but without the 
use of the minimum -criterion ; the method of the next paragraph was employed 
instead. 

t Assuming (as is usually the case) that {K+ V) is an even function of 6 ; of 
•course, even if this is not true, the series would start with (v- — -^i^), with- 
out a term in 6, for this is the condition that 6 = may be a possible steady 
motion. 
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of 6 does exist, it ^\-ill be given (according to a proposition of 
Weierstrass's) approximately by 



'■=-4*(^:^^)' 



and, in discussing the stability of an assigned system, -^j, A^ are- 
definite constants, while t; is capable of being chosen as small as we 
please. Thus we have the approximate solutions 



^ = - A± /A 



2^.=^(4+i.) <^'=^«>' 



and the solution we require is now seen to be 

6 = v^:*, 

which is real provided -4, > ; and can be made as small as we please- 
by sumciently diminishing r, and therefore small enough to make 
the series for y* convergent. Thus, if A^ > 0, the system is theor- 
etically stable, at any rate for path. 

In the same way, if A^ = 0, the system will be stable if -4, > 0, for 
then the value of 6 is approximately v*-4j*, which is real and can be 
made as small as we please by diminishing v sufficiently. But, in 
discussing the practical stability of similar dynamical systems with 
different constants, we should measure their relative stability by 
comparing the values of B in the different systems which correspond 
•to a definite value of v, the same for all the systems. Let us consider 
in this sense the practical stability of the systems which are repre- 
sented by small positive and negative values of A^; corresponding to- 
some of these, the ratio (Ai/^A^v^) will be small (as v is assigned, and 
Ai varies continuously from positive to negative). When ( .4 5/4-4, v'). 
is small, the approximate solution given by ="0 becomes 

= t;M,-*, 

which is real if -4, > 0. Hence the practical stability does not now 
depend on the sign of ^i but on that of -4,; and, with this interpre-- 
tation, we may make the following statements (in all of which. 
" stability " means " ^^^^^ -stability " not complete stability) : — 

If the Tnotion in the " cintical case*^ (A^ = 0) is really stable (i.e.,, 
-4j > 0), then motions for which the critical condition is nearly satisfied 
are ^^practically stable,'^ whether theoretically stable or unstable. 



334 Mr. T. J. TA. Bromwich on Stability of Motion, [Feb. 14. 

In exactly the same way we see that — 

If the motion in the " critical case " (A^ = 0) is really unstable (t.e., 
^, < 0), ilien motions for which the critical condition is nearly satisfied 
are ^^ prcLctically unstable" whether theoretically stable or unstable. 

These theorems were contained (in substance) in this note when 
originally pi^esented to the Society, but the form of statement em- 
ployed was somewhat misleading, and has been modified at the sug- 
gestion of the referees; a special case of the former theorem was 
noticed first for the case of the top by Klein,* and, when working out 
some details about the motion of a solid of revolution through a 
liquid, I noticed that the same point occurred there ; I was thus led 
to attempt to constinict a general theory. 



Falling away from the Steady Motion in the JJiistable Case without 

Disturbance, 

If our system is such that J ^ < 0, say ^, = — a^ where a is real and 
positive, we have the equation of motion 

assuming that ^ = when ^ = 0. If we write x = e"\ we find the 
differential equation 

dO 



dx 



= ^e(i-^y +...), 



in which the vai'iables can be separated. We find one solution 
which vanishes for a? = 0, of the type 

as the other solution proceeds in powers of 1/x. This expression 
for vanishes for a; = 0, i.e., t=^'Xi, and for no other real value 
of t ; thus it is clear that after an infinite time the system falls away 
from the steady motion and never returns to it ; or 6 = is what 
Poincare has called an asymptotic solution of the equation of motion. 
This point has been illustrated in a number of special cases by 
Greenhill ("On the Stability of Orbits," Proc, Lond. Math. Soc., 
Vol. XXII., pp. 264-805, published 1892, read 1888), who has ob- 



» American Bulletin of Math., 1896-7, 2n(l Series, Vol. m., p. 129 (a somewhat 
misleading misprint iA corrected on p. 292) ; Klein- Sommerf eld, Theorie drti 
KreiteU, Leipzig, 1898, p. 316. 
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tained exact solutions. The coiTesponding problem for the top, which 
involves pseudo-elliptic functions, has been discussed by Greenhill 
(Elliptic Fiijicttons, p. 243, see also Klein- Sommerf eld) ; and a hydro- 
dynamical problem is solved by Greenhill in the American Journal of 
Mathematics, Vol. xx., 1898, pp. 54-64. 

Comparison with Oscillations about a Position of Equilihrium. 

Since the equation we have used (that is, ^ = v*— i4i^ — ^j^— ...) 
is of the type that would present itself if the system were oscillating 
about a position of equilibrium instead of a state of steady motion, we 
can apply some of Larmor's results (Proc. Camh. Phil. Soc, Vol. iv., 
1883, p. 410). He finds that the period of an oscillation of amplitude 6 
{A I being small in comparison with Aj6^) is approximately 

(2^)*^\ 2A,ey' 

where F and E are the first and second complete elliptic integrals 
to modulus l/v^2, so that, to three places of decimals, F= 1*854 
E= 1*351. If we introduce the value of 6 given by 

A, 2A,' 
we shall have for the period the approximate value 

(2t;)*4L vA\ ^J 

so that the vibrations will be very slow. 

Larmor's results will enable us to realize more easily the way in 
which a theoretical instability may be practically stable. For all 
systems with the same equation of motion may be regarded as dy- 
namically the same ; and the one with the above equation which 
is most readily pictured mentally is a solid of revolution resting 
on a horizontal table. The positions of equilibrium are found by 
drawing tangents from the centre of gravity to the evolute of the 
surface, and the position is stable or unstable according as the point 
of contact is above or below the centre of gravity. Now the evolute 
has a cusp, corresponding to the vertex of the solid, and the cases 
which we are at present discussing are represented by the vertical 
position being nearly neutral, or by the centre of gravity being on 
the axis, near the cusp ; in fact -4, is here proportional to the distance 
between the centre of gravity and the cusp. 
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Consider the state of affairs represented by the figure with the 
cusp downwards ; here the position of equilibrium with OC vertical 
is unstable, but those given by GP, GQ are obviously stable. If the 
distance GO is small, the unstable position GG is protected by the 
two flanking stable positions GP, GQ, so that the deviation of OO 
from the vertical cannot be much greater than the angle PGD. 
Such a position may be called theoretically unstable but practically 
stable. Similarly, the theoretically stable but practically unstable 
case is represented by the second figure with the cusp upwards. 






[In these figures the distance GC is enlarged for convenience of drawing.] 

It will probably save misconception if I point out, once for all, that 
the reduction of the problem of oscillation about a state of steady 
motion to an oscillation about a position of equilibrium is only possible 
in the special case already discussed. For, although the energy- 
equation takes the form 

r-f£'+r=const., 

whatever be the number of velocities which appear in T\ yet it is im- 
possible to obtain correctly any of the other equations of motion from 
this form of the energies. For, to do so, we must return to the 
original Lagrangian function and modify it in Routh's way (Stability 
of Motion, 1877, p. 60, Art. 20) by " ignoring " the cooiniinates corre- 
sponding to the constant momenta. 

It will now be clear that the condition that {K-\' V) should be a 
minimum of stability of a state of steady motion may not be iiecessary 
as well as sufficient ; this in spite of the fact that the minimum con- 
dition of the potential energy is necessary for the stability of a 
position of equilibrium,* whatever be the number of coordinates in- 
volved. 



• Liapunoff, Lumvill^t Jomtial, 5th Series, t. nu, 1897, p. 332. Kneser, Crelle^t 
Jatimal, Bd. cxy., 1895, p. 308 ; Bd. cxviu., 1897, p. 186. Painlev^, Compiet 
RendHs, t. cxxv., 1897, p. 1021. 
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The point that (K-h V) may be a maximum in stable motion is 
clearly brought out by an example given by Basset (loc, cit. supra) ^ 
whose method of investigation differs somewhat from the follow- 
ing. The steady motion considered is that of a solid turning 
about a fixed point under no forces ; if we use Euler's angles and 

eliminate tj/ by means of — = Jff, we can reduce T to the form 

(T -h iff V (^ cos* v> sin* e + B sin* ^ sin* -f- (7 cos* 0) . 

Thus ^ is a minimum when the rotation is about the -4 -axis, and a 
maximum when the rotation is about the (7-axis {A>B>C). Now, 
taking Euler's equations, we have 

Aif^" (B- C) «3 w, = 0, <fcc. ; 

so, as usual, -4wj-f Bw^-l-Ow, = 2T, 

^V + B'«.;+0'a;J=G*, 

where T, are constants. We suppose that initially w, = n, Wi = t?, 
w, = 0, where v is small. Then we find 

(A-^B)A(Jl-^v) = (J5-0) C(i^yn), 

(A-'B) Bw] =(A''C)G (n'-a;J). 

It follows that, in a real motion, n* > <uj, and so r* > wj ; thus (n*- w*) 
is of order t*, and hence w* is of order v*. These facts indicate that 
Poinsot's polhode is a small closed carve round the end of the C-axis 
on the momental ellipsoid, whose linear dimensions are pro- 
portional to V. Thus the state of rotation about the 0-axis is stable 
(at least for path), in spite of ttie fact that K is then a maximum ; 
for by choosing v sufficiently small we can make the deviation of 
the disturbed path from the undisturbed path less than any assign- 
able magnitude, however small. 

In exactly the same way we can prove that the rotation about the 
-4 -axis will be stable (as it ought to be from the minimum -cnterion) ; 
while that about the J^-axis will not be stable. In this case K is 
stationary, but neither a maximum nor a minimum. 

It seems possible, though I have no precise proof, that this may be 
capable of generalization. I have shown in another paper (p. 209 
of this volume) that the roots of Routh's determinantal equation are 
real in certain cases, provided that (iT-h V) is either a true maximum 

VOL. XXXIII. — NO. 759. z 
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or a true minimum ; but I do not tbink that the method can be 
extended bo as to prove the complete Btability. 



Solid with Helicoidal Symmetry moving in an Infinite Fluids 
under no Forces. 

Here, with the usual notation, the kinetic energy is given by 

2T = A (M» + r*) + aw;« + P(p*+g') + i2r»-h2L (np'{'vq) + 2Nwr+K, 

where K is constant and depends on the cyclic constants in case the 
solid is perforated. The complete Lagrangian function then is given 

^^ L = r+aw;+)8r-2Z, 

where a, P are constants and represent the linear and angular 
momenta due to the cyclic motion alone. 

Now let us form the corresponding Hamiltonian function JS"; then, if 

i = ---, <fec., \ == — , &c., 

OU Op 

we have 

2fl'=2(M^+... + A.p+...)-2L 

= u^4-t;iy4-w(^-a) + Xp + ^g+(i'— )S)r 



Por brevity it will be convenient to denote the coefficients in this 
expression for 2H by ^„ Pj, ..., so that 

A,=A/(AP-I^), P, = P/(AP-U), L, = L/iAP-U), 

Ct=:OI(CB-N*), R, = R/(CB-1P), Ni = N/(GB-IP). 

The equations of motion are now given bj 

(—1-^ Cr-, 4c., 

Ok Oil 

which can be verified by using Kirchhoff*s equations and substituting 
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from the known relations* 

u = —-,&c., p = -—,&c. 
C( OK 

These equations of motion can also be obtained from the general 
Hamiltonian equations of motion, which may be written 

where is a typical coordinate, and ^ the corresponding momentum. 
From the equations of motion (or from first principles) it follows 
that (, 77, ( is a vector fixed in magnitude and direction ; and let us 
take this direction as an axis from which to measure polar coordi- 
nates, so that Ave write 

and 4 = Fcos^. 

Again, from the equations of motion, we have 

Xf-f /xTy+rf = const. = FG, say, 
and H = const. 

Now take the third of each group of the equations, and we find 
t = ( (A,,A-L,rj)^rj (A,\^L,() = A, (M^-Xiy), 

Hence v = const., 

as proved by Clebsch (lac, cit., p. 249). We can now find an equation 
for ti ; for we have 

\(-\-fifl = F{G-v COB 0), 
and so (X«+^*)(f« + ^«) = (Xf +/xi7)*+ (Xiy-^)* 

= F«(Gf-vcostf)*+((Mi)*, 
or, since t= — FO sin 6^, 

we have X«+/i* = (G-y cos ^)Vsin' tf + ^V-4j. 



* These are known from the familiar relations connecting the Hamiltonian and 
Lagrangian functions. See also Clebsch, Math, Anft,f Bd. in., 1871, p. 238, }2. 

z 2 
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Thus, substituting in fl", 

2H = F,F' sin' e-2L,F (G-y cos $)'{■ A, (G-y COB ey/ sin's 

-{■e'/A.-^-R, (F cos 0'-ay'-2N, (v--ft){Fcos$^a) + G (y-fly. 

This equation is essentially the same as that found by Miss Fawcett,* 
who has effected the reduction to elliptic integrals. We shall now 
apply this equation to the consideration of the stability of our solid 
when screwing along its axis through the fluid. 

In this steady motion 6 = 0, 6 = 0, 
and so G = y. 

Let the disturbance be effected by making t) = r, when 6 = 0; then, 
expanding in powers of 6, 

(()'-v')/A, 

= - [P,2^-L,Fi'+i^ivH.ViF (i^-/3)-2?,F(F-rO] (6«-^6*) 

— } (-'P^F''\-iA^y^-Jtll,F^-)H*-{-\ngher powei-s of 6. 

Hence, according to the general theory already explained, the theor- 
etical conditions for stability are that 

iAy-{-F [P,F-^L,y+N, (y^/3)-F, (F-a)] > 0, 

and, in case this should be zero, 

iA,y'+(B,^F,)F'>0. 

The first of these is the one given by Miss Fawcett (p. 250, loc. cit.^ 
supra) who investigates it by means of the method of small oscilla- 
tions ; in the special case of a solid of revolution without cyclic 
motion, we have 

a = 0, )9 = 0, L = 0, N = 0, 

and thus A^ = 1/P, P^ = 1/A, L^ = 0, 

C, = l/7?, Ei = l/C, 2^1 = 0; 

so the first condition reduces to 

^/p+F«(i/.i-i/a) >o. 



• Quart. Jour, of Math,, Vol. xxvi., 1893, p. 242 ; for Miss Fawcett's purpose it 
was not necessary, as here, to express the precise value of 0, so much as to find th& 
general /orm for i. 
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as was found by Greenhill ;* while the second is 

But the second is only to be used in case the first is zero, and so is 
always positive ; or the critical case is now stable, as in the top- 
problem. 

For practical stability, if the quantity 

be small, of the same order as v^*'' (p>0), the stability turns on the 

If the second quantity is positive, the steady motion is practically 
stable, whatever be the sign of the first, provided it be small ; while, 
if the second be negative, the steady motion is practically unstable in 
like manner. 

In the case of the unperf orated solid of revolution, since the critical 
case has been proved to be stable, the theoretically unstable motions 
which are 7iear the critical state will be practically stable. 

Greenhill has considered at length {American Journal of Mathe- 
matic^^ Vol. xx., 1898, p. 1) the discussion of the motion of the 
unperforat^d solid of revolution by means of elliptic functions ; in 
particular (pp. 54-64) he considers the falling away of the solid from 
the steady motion in case the condition for stability is not satisfied, 
and shows that, if no disturbance is given, the motion is pseudo- 
elliptic. 

In the case of the top Klein determines the limiting angle of devi- 
ation from the vertical by means of diagrams ; this method has the 
advantage of exactness, but in the problem in hand there ai^e a great 
many alternative possibilities which tend to complicate the investi- 
gation. We shall indicate the method briefly without going into full 
details. Take the equation giving in terms of 0, and write 

^ = 0, cos 6 = 1— a?, V = y'j 

then, for a given value of y, we have to find that value of x which lies 
between and 2. This value of x will fix the extreme value of the 
deviation from the steady motion ; and so we should trace the cubic 

^^^® y" = 2mx-\-na?-h1xl(2^x\ 

• Quart, Jour, of Math,, Vol. xvi., 1879, p. 256 ; £ncyc. Brit., 1881, ** Hydro- 
mechaDics,** pp. 456, 457. 
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where I = A\y\ n = Jj (2?i— P,) ^, 

m = FA^ [P,F-L,r+N, (v^P)^E, (F-a)]. 

In Klein's case the quantity n is zero — a fact which considerably re- 
duces the number of types.* There is no difficulty in tracing the 
curve for any particular case ; one device is, perhaps, worth men- 
tioning. Since Z>0, it follows that (y^—27nx—na?) and x/(2 — x) 
are of the same sign ; hence the plane is to be divided into regions by 
the conic y^—(2mx-\-na^)=0 and the lines x = 0, a; = 2 ; then the 
carve is either outside the conic and between the lines, or inside the 
conic and outside the lines. 

In this way we find precisely the same results as those already in- 
dicated by the use of infinite series ; this provides a check on the 
accuracy of the former work. 



The Diatribution of Velocity and the Forms of the Stream lAnes 
due to the Motion of an Ellipsoid in Flvid, Frictionless or 
Viscous. By Thomas Stuakt. Communicated by Dr. J. 
Larmor^ February 14th, 1901. Received, in revised form. 
May 17th, 1901. 

1. In the Quarterly Journal of Mathematicft, Vol. xxvi., pp. 70-74, 
D. Edwardes has investigated the motion due to an ellipsoid which 
is rotating with a small angular velocity ut round a principal axis in 
an infinite mass of incompressible viscous liquid, and by an ingenious, 
though indirect, method he deduces the component velocities of the 
fluid at any point, and hence the whole circumstances of the motion. 

We begin by developing a moi*e direct method of treating this 
problem, by analogy with Oberbeck*s solution (BorcJiardt, Vol. Lxxxi., 
p. 63) for an ellipsoid moving parallel to a pinncipal axis, and the 
corresponding solutions in a perfect liquid. The results are readily 



♦ There are three types given by n — (one, for which l + Am as 0, is not drawn 
by E^ein), and 1 have found twelve others ; the discriminating quantitien are the 
sig^s of {l + im), wi, w, (« — w), (»/ + «»)• 
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extended to rotation round any axis through the centre of the 
ellipsoid. 

Let the semiaxes of the ellipsoid be a, b, c, and let 2irahcQ denote 
the gravitational potential at an external point of this ellipsoid^ 
supposed of unity density, so that 



where 

A: 

and 



< 



d^ 



= i iA,x*+ B,j^+ C,2')-ff„ (1) 

B = f * ^^ o — r # 



A^ denoting \/(a'+^)(6*+i/r)(c"+i/r). 

When this ellipsoid moves in a viscous fluid, parallel to the axis 
of a;, with a constant velocity, the pressure at any point is of the 

JIT 

form a^j — ^ -\-fi^, where a^ and (3^ are constants (Basset, Hydro- 

dynamics^ Vol. ii., p. 274). If a sphere is rotating round an axis 
through its centre in a viscous flaid, the motion set up is such that 
the pressure at all points of the fluid is the same and equal to the 
pressure at infinity. Again, in a perfect liquid, the velocity potentials 
for motion parallel to and rotation round the axis of x are respect- 
ively proportional to — and y — z -j- . This suggests that when 

— of any function occurs in the linear motion parallel to a? we may 

have y- z-r- of the same function in the angular motion round 

^ dz dy ® 

the same axis. 

The equations of viscous motion are, neglecting the products and 

squares of the velocities, 

1 dn\ 



*«> 1 ail \ 

V ii = 

fjL dx 



V't; = 



fi dy 



-1 1 dU 

V w = - 

u dz J 



(2> 



:iu 
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and the equation of continuity is 

du , dv . dw _ ^ 
dx dy dz 

Thus V-n = 0, 

and in the problem of rotation ix)und the axis of x we may try for 
the pressure the solution 

n = n.+jc.(/f-.'(,^.), 

whei'e n^ is the pressure at infinity and K^ is a constant. Now 

dH^ _ dH^ ^ ^ /I l_\ ^ /^«_.t) . . _ p[yz_ _ 

•^ dz dy A, \c' + \ h'^K/ ^ (6*-rA)(c» + X) 



Hence 






d^Cl 
dydz 



The second term vanishes if the ellipsoid becomes a sphei'e, and 
hence 11 would be constant throughout the fluid, as it should be, in 
agreement with the result above stated. 
Expressing our assumption in the form 

(TO 



n = Ho+ai-k: 



where E" is a constant, we have 



dydz^ 



_d'Cl_ 
ixdydz 



dy*dz 

\ W := K - — -- 



(3) 



' The particular solutions, involving Q, of this system of equations, 
are evidently 

^TSO -JTO J2r% 

(4) 



dydz dzdx dxdy^ 

rPn , ^ d^Q 



dydz 



dz^' 



(5) 
(6) 
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where a + /3 + y = Oi + A = o^+A = i^. (7) 

To these valaes of w, v, xc we must add terms from the solutions of 

VV = 0, V\' = 0, vV/ = 0, 

which make the results suit the surface conditions ti = 0, r = — ut^z, 
w = Wj y. The value of u can satisfy the surface conditions without any 
addition, but we add to the right-hand sides of (5) and (6) the terms 

•y, — and yj — respectively, which satisfy W = 0, V ir'= 0, and, 

at the surface, take the values suitable for the boundary conditions. 
The complete values of «, r, xv then are 

dydz azUx ax ay 



d^Q , ^ d^Q . dil 



dz ' 
dQ 



d^n ^o d^Q / 
""^'dydz^^^y-d^^'^Uy 



The condition m = at the surface gives 

a'a + fe-)8+c»y = 0. 
Again, r = — w2 at the surface gives 






and this requires 

Similarly, w = w,^ at the surface requires 



^« ^ <3 



6* ■ (? 
From (7), (9), and (10) we get 



a.-=.a.-=^ 



2 (t'-c') ' 

r o^ KVB 1 _ ^ . gc 'g 

^'~ Lc 2C(6*-c')J' '^' ~ i< "^ 2B (t'-c*) ■ 



^■~^'~2(6'-c')' 



(8) 



(9) 



(10) 
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The equation of continuity requires 

\ 






-\-ax = 0. 

dxdydz 



But /3i = /3, and aj = a, ; hence 



-f-cuc = 0. 

dzdydz 



This requires 

« = 0, ai+/Jj-hyj + y, = 0, /3 = /3„ 7 = a,. 
Now, if « = and /3 = /3i, we have, from (8), 
6'i3^ + c«y = 0, 
and, fix)m (9), 6'/3j + c\ = 0, 

and hence y = Op 

Hence all the equations are consistent. 

From (11), we have yi + yi = — ^/C, 
and, substituting values of y, and y, found above, we get 



(11) 



Hence 



and 



fi = R = fi, = — V, = "^'^^ 

y = a, = a, = -y, = ^-^^^,. 
Therefore the component velocities are given by 

r. (TO ,, d'n jjni 
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where ''' = 6.fi?c'o' . 

or by the following scheme, showing clearly the analogy with 
Oberbeck's solution for motion parallel to a principal axis : — 



^ dx 



•='.[^-^f] 



w 



(12) 



.dy 

Ldz dijJ^ 

where ^, stands for Uy^^ ^h'z ~\ , 

and the mean pressure is given by 

We now proceed to the general case of rotation abont any axis. 
Let t/„ le,, K, denote the component velocities of the flnid parallel to 
the axis of x, when the ellipsoid is rotating round the axes of x, y, Zy 
with angular velocities Wj, oij, Wj respectively ; let r,, r,, r, and 
M?„ Wi, M?5 have similar meanings. Then u^, Vj, w^ have the values 
given by (12), and satisfy the differential equations 



V\ =-2<ri(fe«-c«) 



.V.=-2..(6.-c')^^^, 



vV,= -2<ri(62-c») 



dxdydz^ 

iy^dz 
(2»n 



de/da;' ' 



and the surface conditions u^ = 0, i\ = — w,z, u?, = Wjy. 
Similarly, the solutions of 

vSt, =-2<r,(c'-a») "^^ 



VV, = -2<r, (c'-a'; 



dzdx*^ 

dHl 
dxdydz^ 



rV,= -2..(o'-a')^|. 
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where 
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— _.__ri_ 



subject to the conditions u^ = w^z, r, = 0, ic^ = — w,a^, are 






-^#. 



where <p^ stands for 






and the solutions of similar differential equations for t^, r,, tr„ 
subject to the surface conditions u, = — a;,i/, r, = w^x, w, = 0, are 



= .rJ^^»-2fc=^"' 



u, = <r, j^- 
fj = o-j |_ 



dy 



]■ 



?^+2a«-^], 



w?,= <r. 



<^^8 



where 
and 



/,, dii , <zn\ 



a^A-^-h^B' 



When the ellipsoid is rotating round an axis through the centre of 
the ellipsoid with an angular velocity w, made up of components 
«i, Of,, 01, round the principal axes, the component velocities at any 
point are given by the superposition of the above values ; for, if 



u = ^Ur< 



s s 

V = Sr„ w = 2w7„ 



1 1 1 

then tt, r, w satisfy the differential equations 



«.=#] 



ru = 



dx 



-.1 dil/ 
dy 

dz 



! , 



(13) 
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where 

and also the surface conditions 

u = WjZ— Wjy, V = (ttja; — cDi^r, m? = w^y-^w^x. 

But the equations (13) are the equations of motion, when 11 has 
the value n^^ + fii/f, which is the value that was to be expected from 
our previous analysis. Hence we have at any point of the fluid 



where 



dU ^ol <^ ^^ 1 dQ\ 
^^_L_o/;2 dQ , dQ\ 



(14) 



The components of the differential rotation (, ij, t^ are given by 



i = <r,DO-a' 






, = ..Dn-6«^, 



( = ir,Dn-c' 



, ^' 



dz ' 



(i» 



where D denotes the operator a' -— z +?>*-:, -hc*-'^ and 

aaj* ay' dsr 

V— dQ , f/O . (in 

N 

The couple that must be applied to the ellipsoid, in order to maintain 
the motion, can readily be found by direct integration over the 
ellipsoidal sui*face. 

Letting ^i, N^, N^ denote the three normal stresses, and T„ T,, T^ 
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the three tangential stresses, we have 
dtv 



A^=-n + 2/i 



dz 



d^ 






with similar valnes for A"", and N^. Also 



'••='(1^^) 









'dydz "^^''tiy* 



dl («1 



with similar values for T, and T,. 

Now, in the integral \\(Hy—Gz)dS, where 1/ = ZTj+wTj + n^,, 
Qf = &c., we may neglect all terms containing products and powers 
of X, y, z which are of odd degree, as these terms clearly vanish in 
the integration from symmetry. We have 

yH^yilT^-^mT. + nN,) 



Since 



I d_ _^4._4.=s2 — 

dx dy dz dk' 
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and 



p'^ r 1 



+ .^+^ 



+X 6« + X c'-hX^ 



dX \dydz) (6=' + X)(c*+X) A, L ^ Va'^ + X ^ fe»+X ^ c« + X/ J' 

with similar values for the other derivatives with regard to X. 
Retaining only the even powers and products, we have 

p^ being the value of p at the surface ; that is 

Similarly, [^G],.. = ^m^^V 

hence [[ (Hy-Oz) dS=-'^' f L (y»+«») d8 

Thus the required couple has for its components 
16^M»,rfc' + c') ^ ^ 

This result may also be dednced in a somewhat different manner, 

for we have dT, ^. fTT, + dJ?, ^ 0, 

dx dy dz 

and two similar equations ; hence 

\\{Hy^Qz)d8^0, 

the integration extending over the ellipsoid and any exterior surface, 
which may be taken to be a sphere whose radius is ultimately made 
infinite. The values of the stresses at the spherical boundary are 
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easily found from the previous analysis by making X very larg^, and 
on int€gration we find 

\\ (Hy — Qz) dS over the sphere = ^rrfio-^ (6' + c*). 

Thus we get the same value for the couple as before. The usual 
method (though leading to connect results in this case) of writing 
down the limiting forms of the velocities when the distance from the 
origin is increased indefinitely and thence deducing the stresses by 
differentiation is open to objection, since the operations are not per- 
foinned in their proper order and there is no a priori evidence to 
show that they are commutative. 

2. The equations of the stream lines due to the steady motion of 
an ellipsoid in a perfect fluid, both when moving pai*allel to and 
rotating round a pnncipal axis, have been obtained in an integrable 
form by Clebsch {Grelle, Vol. Lii., pp. 103-132, and Vol. Liii., 
pp. 287-292). He used Cartesian coordinates in his investigation ; 
while Mr. Herman {Quart. Jour, of Math., Vol. xxiii., pp. 378-384), 
who considers the same two problems, and also the case when the 
ellipsoid is in steady motion pai-allel to a principal axis in a viscous 
fluid, uses ellipsoidal coordinates. Mr. Herman deduces, in each 
case, two integrable equations and one corresponding first integral. 

The object of this paper is to show that by a proper combination 
of Cartesian and ellipsoidal coordinates we can deduce both the first 
integrals in every case. The case of an ellipsoid rotating round a 
principal axis in a viscous liquid is also treated. 

With the same notation as in § 1, let A, B, C denote the values of 
Af,, B^y Cx respectively when X is zei^o, X denoting the positive root 
of the equation % « % 

We have also - = A^sr, — - = B^y, - - = CxZ, 
ax ay dz 

and A,+B,-{-C\ = ^. 

The velocity potential due to the motion of an ellipsoid in un infinite 
liquid, when moving parallel to the axis of x with velocity F, is 

9 = — :;^ — ^A^x 
^ B+C 

(Basset, Hydrodynamics, Vol. i., pp. 141, 142). 
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Hence the differential equations of the relative stream lines are 
dx _dy dz 



that is, 



d4^_y 
dx 



dx 



B+O+A 



2py 



dy dz 
dy 



dz 



"■'^^J^_ 



— 2p\xz 



(o*+A)« A, (a*-h\)(fe*+\) A, (o* + X)(c»-hX) A, 

where p^ is the perpendicular from the origin on the tangent plane 
to the confocal whose pn'mary somiaxis is s/a^-^X. 
Each of the above expressions 






dx 



a* + \ 



dK 



<*-''--")4x- 1,-w^r io^o.A,-^^ - ^^^ 



since 
Hence 



dji 

_2 = . 

1 



dz 
z 



^ xdx __ d\ 



—d\ 



-d\ 



(6-^ + A) A, (c«+X)A, ^' ^ A, 

Lotting ^x denote B-\-C -Bx—C,,, then, since 

d^x^/ _1_ . J_\i 
dA \6- + A c^+AJA,' 

wehave ^ + ^.^ + 1 ^^dA = 0. 

Integrating, one fii-st integral is 

yz [B+C— Bx— C\] = constant, 

that is, y. 1^ ( ^^ + ^) ^^ = constant. 

This is the first integral given by Mr. Herman ; the present method 
shows that it is the product of the integrals 

y^J,(«^+A)AA = constant, 



d\ 



( 

^gjx (c-+A)A,«, _. constant. 
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By squaring and adding these, we get the integral that corresponds 
to Stokes' cnrrent function in the case of a sphere, viz., 






The velocity potential, when the ellipsoid is i-otating round Ox 
with angular velocity w, is 

4> (ifin r^C!\ 

where iT denotes A-^ — -- ^ ' . The differential equations of the 

relative stream lines are 

dx __ dy _ dz 

dr dy dz 



that is. 



xdx 



V^hl 






zdz 



2(b^^c^)ptz* 



Each of these expressions 



, xdx 



•i (fc'-c*) 



(6»+\)(c«+X)A; 



-H (fi.-e.) (^, + /^,) -^K (- ,L-^ - -l-^) 



d\ 



Denoting (b''^c')y-- -K\ 4-(fe'+r=^ + 2A)(B,-C0 by (;„ we have 
dx_ (ll^r')d\ 

Thus a-e ^* («*+^) V-\ - constant 

is one first integral. A second integral cannot readily be found 
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directly ; but, observing that at a great distance from the origin the 
stream lines are circles, being the intersection of the planes x = con- 
stant with spheres having the origin for centre, we are led to assume 
as another integral 

^^ W-^y"^ W +^«A W = constant, 
where 6, ^, and yp are unknown functions of X. 
To justify this assumption, we must have 
2 [xd (\) (ia;+y«^ (A) dy+zil/(\) dz] 

+ [x'ff (X) +y V (X) H-z^f (X) ] dX = 0, 

when dx, dy, dz, dX, have the ratios given by the differential equa- 
tions above. 



Remembering that 

1 x" 



\2 "^ Vr^ 



Pi (aHX)'^ (6-^+X)* (cHX) 



^^.-U. 



we get 



26 (X) x' (h^-rf) . r 2 (6'-c ')v' 

^l '^^ ''L(6'+X)nc'+X)A» 

+ (^TTxI^Tx) [-'^(^)+2'V(x) +^' (X)] = 0. 

Here the coefficients of a^, y', s^ must all vanish. This gives 

+ '^^y.y^^^^ (B,-C,-Z) + ^'(X) G, = 0, 
2 A 2 
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+ ?SP-^ +(«''+X)(B.-a-i0]+f (X)G. = 0. 
Putting *W = $:Px ''''^ ^^^^ = J+X' 

we easily find that the last two equations become 

(«,-^,)(Bx-Ox+^ =-f^0,. 
Adding, we obtain 

Hence .^1^ _ _1_ rdOx ,_?>'- o* "l . 

Integrating, we have 

where A^ is an arbiti^aiy constant. Hence 



^1- 



(2\ 



= 2(5,-0,-iC)H„ 






2(B,-C,+2r)ff., 



where JTx denotes e^o^"*'*'^^'^x^*, the arbitrary constant being supposed 
absorbed in the integral. Hence 



*i = o.s, 



-'"i 



Hd\, 



^^-•^0^B^^2,K^Bd\, 
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Substituting the values of <t> and yj/, i.e., of - f^— and -f^— , in the 
first equation above, we get, since o +A r+ 

1 rfff» _ _ fc'-c* 

dd, 2 dH^. 
dk H^ dk * 

= G^ia^+ky t ^"^^ ^ ^*'- ^'^ ('''-'^> --^ (6'+ c«+ 2X) } 

+ 2ir{(J?»-C,)(6'+c'+2\)-X-(6'-c')}fHdX] 

Hence f-[flfd»(X)] 



JXi 



= (^,'^\) [{(Z*x-6'0(/>«-c')-iJ:(6'+c'+2X)} 



+2£: 



f ff 



2ffx dE, 



hndkl. 



L{a*+ky a'+k dk 
Integrating and dividing across by J5», we get 

Also <^ (A) = ^^,^ ^ [GfxHx-2iir r Hrfx] , 

ThuH the second integml is 

x^e (X) + i/2i/> (X) +5^1/^ (X) = constant ; 

By ^, and ij/ having the above values ; and the limits of the integrals 
having been so chosen that when X is indefinitely increased our 
second integral becomes a sphere, and when zero the ellipsoid 
itself. 

If an ellipsoidal solid is moving parallel to the axis of x with 
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velocity V through, a viscous incompressible fluid, the component 
velocities at any point of the fluid are given by 

^ dy dxdyi 

where /3 = -ia« and - = ^^f^.^^- 

The differential equations of the relative stream lines are 

dx _ dy _ dz 



Substituting and reducing, we get 
dx 



flx-H+-|-(^-^)+--, 



P\ 



r^ 



(a*+X) Ax a* + A 
dy 



dz 



V\^ 



p'^xz 



{a'-\-\) A, (6*4-A) (aHX) A, r« + A 



Each of these expressions 



2 



xdx 



^X 



Hence 



dxi 

y 



dz 
z 



d\ 



W^^ (C+U. 2[H.-H^i(A.-AH^J 



and we have 



dy . dz 



(feHA"^c*+A) 



kdX 

A. 



2[h.-H,."-(A.-A)+^^ 



= 0. 
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Integrating gives 

y;j(2(iTx--ff)4-a*(^--4)+ ~| = constant, 

that is, yz{\^ (-,'*-, ■*■ l) f'' - V I '= constant. (15) 

Letting O^ denote 2(IZ;,— fl")+a* (A— -4)+ — , we have also the 
pair of first integrals * 

yj' (»'+A)AA =, constant, 



AdA 



J. «^+x)AA ^ constant. 

The equation (15), which assumes a simple form, is clearly the por- 
duct of these integrals. Neither of them, however, separately admits 
of further reduction, unless the ellipsoid is one of revolution. 

When the ellipsoid is rotating in viscous incompressible fluid, 
round the axis of a;, with small angular velocity w, the component 
velocities at any point, parallel to the principal axes of the ellipsoid, 
are given by (cf. § 1) 

a! "■"' 



u = 2a' 






where 



h'B'\-c'C' 



The differential equations of the stream lines, relative to the moving 
solid, are 



dx 
u 



dz 



that is. 



dx 



v-\-iaz w — lay 
dy 



AJ (6^+X)' rc' + XyAl- V ^'^' ^^- a) 



<1z 
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Each of these expressions 

^ xdx 



and also 



dx 

(6.+A)(c'+X) r ^»+'^*'* ^+^J 
xdx+ydy-tmdz 



Hence, i^emoving common factors, 

X - A " 



(iX 



2\ 



Ax 






(o'+X)A, 

But j^r6.B,+c'a.--'+^]=-.,-A— . 

aXL o- \J (a'+X)Ax 

Thus one first integral is 

« rfe«5, + c«Cx- - + — 1 = constant, 
L o- AxJ 

that is, . i p r ^- + J- Y*.-m= constant 
The other first integral is evidently 

x*+y*+^+2r ^^^ _ = 

Jx A»[6«(5-B.) + c'(0-C\)]-2X 



= constant. 
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Fadorisable Twin Binomials. By Lt.-Col. Allan Cunningham, 
R.B., Fellow of King's College, London. Read and received 
February 14tli, 1901, 

[The author is indebted to the late Mr. Chas. E. Biokmore for advice in preparing 
this paper, and also to Mr. H. J. Woodall for reading the proofs.] 

Notation, 
All symbols used denote integers, 
M denotes any odd number, c denotes any even number. 
iV denotes the number proposed for factorisation, 
j), D denote the Numerator and Denominator of the fraction fi •¥ D ^ N, 

1. Binomial Forms. — The functions 

*, = ^x*+vr*, 4>i = /x'*-fv'Y'*, (1) 

wherein X, Y carry the same exponent (k), are here called Binomial 
Forms, or (for brevity) simply Forms, of order k. When two 
Binomial Forms (^*, ^i) of same order (k) are (nnmerically) equal, 
but not identical, they are called Ttoin Forms. 

la. A form (<^a) which is numerically = 1, is called a Unit-form* 
(^4 = 1). Twin Forms (^a, ^i) which are interconvertible by meret 
multiplication by one of their Unit-forms (<^4 = 1) — [i.e., which are 
such that <fri = ** . ^* identically'] — are called Automorphs. Twin 
Forms (<frA> *^*) which are non-automorphic are styled Non-equivalent 
Forms. 

2. Workifig Condition. — The following working condition is assumed 
throughout, saving much detail, without any real loss of generality, 

Each of the pairs (/*, k), (ji, F), (v, X), {X, T) is & pritne-pair, {2} 

i.e., the two members of each pair are mutually prime. 

3. Derivation. — When a number N is expressed in Twin Forms 
^*, ^;, so that ^ = ^, = ^i, 



* Unit-forms can exist only when the product /iv is negative. They are common 
in quadratic forms, e.g., 3 . 9^—2 .11=*= 1, 52—6 . 2- « 1 ; but less common in 
higher orders, e.g., 47 . 23-3 . 6» - 1, 43 . 2»-7» = 1 ; 3<-6 . 2< = 1 ; &c. 

t E.g., *2 = 11'^ 6 .2', ♦i « 312-6 . 12*, &c., are Automorphs ; f or ♦j . ^ = ♦i 
identically, by the Rules of Confoi-mal Multiplication, taking ^ =» 5*— 6 . 2^ =■ I (see 
the author's paper ** On CJonnexion of Quadratic Forms," l^roc. Lond. Math. Soc., 
Vol. xxvra.. Art. 6, 9). 
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*, = ^*+,y, *i = ^v'+vy*, (3) 



it will now be shown how to express it in two ways in the form 
N = fi -^ D, where fi, D are each Binomial Forms of order k. This 
process is styled* Derivation. 

Method i. — Suppose fi, [jl to contain the common factor ^o» ^^^ v, v 
to contain the common factor i',,, so that 

M = /^> • ^i» f*' = /*o • /*i' ; ^^ = »'o • •'p >'' = »'o • ^'\ ; 

but so that ^o» ^'o *^^® ^ prim^'pair, (4) 
Then, by (3), (4), 






Mo 



= integer = D (suppose), 



(5) 



and 



N: 



./iV'(/Lur*-h»y) _ ^ia^*OxV*-f v'/) 






M^ 



D D 



(6) 



Method ii. — Similarly, if /u', f contain the common factor /Iq, and 
v', ft contain the common factor k^, so that 

M = Mo'lh, ^ — Mo'^\\ f^ =^Q'Hi^ »'' = Vq.Vi'; 

but so that fi^, Vq ai'e a prinie-pair, (4a) 
then, by (8), (4a), 



/ /ft ft k f fk 



and, by steps similar to those used in Method i, 



integer = D (suppose), (5a) 



N = ^- 



D 



I) 



(ea) 



Thus, it has been shown how to transform a number N when ex- 
pressed in twin forms {N = ^t = ^I), into the form N = fi -i- D in 
two (alternative) ways ; but, inasmuch as the results (5), (6) differ 



♦ This process (as Applied to quadratio forms only) has been described under this 
me ftttine in the authors paper ** On Connexion of Quadratic Forms,** Art. 24. 
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from (5a), (6a) only in the interchange of fur*, vi/, the two methods 
differ only in notation, and it will suffice to consider only one of 
them, say Method i. 

4. Lemma (on factorisation). — If 

N=^y (7) 

and if also fi =^ L,M, where L, M each > 1, (8) 

then JV is hereby usnally resolvable into two factoids, (8a) 

except only, when one of L, Af = D, or = a factor of D. (86) 

4a. Similarly, iffi=i L^,L^,L^^ where L,, Lj, L^ each > 1, (9) 

then, JV is hereby usually resolvable into three factors, (9a) 

except only, when one of L,, Zrj, L^ = D, or = a factor of i), (96) 

and this procedure may obviously be extended to the case of more 
than three factors. 

5. Factorisdbility. — The chief condition of usage of twin forms in 
factorisation appears to be — 

The twin forms (^ii, *i) must be non-equivalent. (10) 

6. Factorisahle Forms of fi, — In oi-der to confine the investigation 
within reasonable limits, it is proposed to consider only such twin 
forms (^jk, ^i) as are so related as to yield the simplest factorisahle 
form of the numerator fi of the derived form (fi -r- D) obtained for N 
by Art. 3. These may be arranged in six classes, defined by the rela- 
tions between the coefficients (fi, y, fi\ k'), styled as follows : — 

♦», ♦* are Isomorphs* when /* = /li', v = i'' ; Antimorphs* when /li = ^', k = — •. 

♦a, ♦* are Conformah* when fiv = fiV ; Anti'CfmformaU* when /liv = — fii/\ 



♦*, ♦* are Quasi-conformalsf when ^ = | ^ j ; 

fi'y \ m / 

Anti-quaH'Conformahf when ^^- =» — ( -'^ I 



These will be found to lead to certain forms of fi which may be all 



• This corresponds to the nomenolature originally suggested for quadratic form» 
in the author*8 paper on ** Connexion of Quadratic Forms.*'* 
t New terms suggested by the previous terms ♦. 
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included in the general type 

» = X*-i. Y\ where j = ± 1, (11) 

which is well known to be always (algebraically) factorisable, except 
when J = — 1, and A; = 2* (c > 0). 

7. Isomorphs and Antimorphs (^4, ^j^). — These are the simplest 
general forms, leading to the simplest factorisable form (Jl) of fi. 
They are defined by writing in Art. 3, 

/A = / = /^o» V =jy = Fo ; where ; = ± 1, (12) 

giving fi, = fx{ = 1, V, = 1, y[z=j=± 1, (12a) 

^,^,i,x' + v,y\ <l>i = iLi,a:'*+;V,/; W = <!>, = **'], (13) 

D == EljZiL = / -i2L = ,Ve.7er, (14) 

» = (*'y)*-i(^')*. (15) 

which is of the general form required (11). 

It is proposed to consider in detail only the simpler, and more 
interesting, forms given by A; = 2, ^ = ± 1, and by Jfc = 3, j = — 1 
(Arts. 8, 9, 10). 

8. Isomorph Qtuviratics (^j, ^J). — Take 

h = 2k (any even number), j = + 1, (16) 

giving <^.^ = ^,aj^ + v,t/^ ^;c = /xoa'"' + »'o2/'^ [JV = 4>^ = *L], (17) 

/Sic 2jc Sic /2x 

D = •^_-?_. = 2L -^^L. = integer, (18) 

^ = (x'y)^—(^xy')^, a difference of squar&t. (19) 

Here the twin forms (^210 ^2*) are isomorph quadratic forms, a case 
known* to be always factorisable (when ^2ic» ^ic are non-automorphic). 



* (1) Eulor, Conwient, Jrithm., Petropol., 1849, t. n., Paper 69. The proof is 
limited to the case when fiayQiB + ; Xy xf both odd, or both even ; y, y' both odd or 
btith evcfi, 

(2) Legendre, Theorie dcs NotnbreHy 3rd ed., Paris, 1830, t. i.. Art. 236-240. The 
proof is limited to the case when fto vq is + » (more general than Euler's). 

(3) These restrictions have been removed in a (verbal) communication by the 
present author to the London Mathematical Society {Proc,, Vol. xxxn., p. 164). 
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Examples.— In (1). /ly ia + ; in (2), /iv is - ; whilst (3) illustrates a failure 
under Rule (10). 

(1) Given iV = ♦a = ♦$ = 40991 ; ♦2 = 5. 54«+ 11 . 49-, ♦j = 5 . 782+ 11 . 312 . 

Here 2) - Z?!^ - l?!r_ll: = 12 . 24 ; ji = (78 . 49)2-(54 . 31)2; 
11 5 

therefore 

fi « (3822- 1674)(3822 + 1674), and JV« -^ « 2148.5496^ 179.229. 

(2) Given iV« ♦, = ♦•i = 817 ; ♦j - 3. 172-2 . 52, ♦J = 3 . 25--2 . 23- ; 

Here i) = ?^i=ll' - ^iz??.* 12.14; « - (25 . 5)2-(17. 23)=; 

therefore fi - (125-391)(125 + 391), and JV = *- = r:?^_^_l?i? « 19 . 43. 

(3) Given iV« ♦a « ♦i - 817 ; ♦s - 3 . 17*- 2 . 5*, ♦J = 3 . 65--2 . 77* ; 
Here i) - ?^-^Z' - ^Ji! . -2 . 984 ; « = (65 . 5)2-(17 . 77)2 ; 
therefore fi = (325-1309)(325 + 1309), and JNT « ^ « :i^^l- ^^^* .. 817 ; 

Here the process /a»& to factorise N, although N'ib cotnposite (ao 19 . 43), in conse- 
quence of L = —984 being a factor of D [see Rule (8*)]. This indicates that the 
data are unsuitable under Rule (10) ; in fact «2< ^2 '^^ Automorphs ; for ^s . ^ = ^ 
identically by the rules of coiiformal multiplication, taking ^; « 62— 6 . 22 « 1 (a 
unit'form conformal with ^^, Compare Ex. (2) above, where the factorisation of 
the same number N succeeds ^ (the forms ^j* ^i being non^equivalent). 



9. Antimorph Quadratics (^„ ^J)- — In Art. 7, take 

fc=2, i = -l, (20) 

giving *, = ^*'+»'«y', *2 = /i,a!"-.'oy"; [J^ = *, = *Q. (21) 



D 



= = 2— !-3- ^ integer ; 



(22) 



Therefore 
therefore 

g = (a:'i/)«+(V)' = (^'y+^')'-2^y^y (23) 

= P*— Q*, a difference of squares^ when ^yx'y = Q*. (23a) 

The condition (23a), that H shall become a difference of squares, 
may be satisfied in sixteen principal (quite simple) ways, which fall 
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naturally into four classes, each of four cases, as in following 
scheme : — 



Class... 




I 




Case... 


1% 


2% 3', 


4^ 


X = 


X, 


2/, /, 


X 


y = 


y» 


^, 2x', 


y 


a;'« 


2y, 


^, ^, 


y 


/ = 


*» 


y', y', 


2j: 



n 

6^ 6", 7% 8° 



4*, 2/. ^, .r 

2y. ^'^ ^'. f« 
V», y', 1,'', 2j? 



in 


1 
1 


IV 




9°, 10°, 11°, 


12° 
1/ 


13°, 


14°, 15°, 


16° 


ie, e, ' 


2{'. 


e, e. 


f 


!f, i' , V 


> 
>? 


l', 


«»' , 2,», 


n' 


y, ^, r. 


2^ 


r, 


r*,^. 


tr- 


n", iv'*. ' , 


!/ 


.»", 


S.,", 1,", 


rf' 



A bnef detail of each Case (1°-16°), showing the values of *^ *J, B 
(in #ie?o forms), and §^, is given in the table below. 



I I I 



I, 



2°; 4.11^/2 + ^^$^ /io*"-»'oy'' 



(4y2-a;2)/,.o-(y'-»-^K 
(y2_4y'2)K-(a;^ + /2)K 

(*''-y^;K = (4:p^+y'')K 



/^' + y^^ , 4^*- •'on'^ ' (^y'-n^o - (y* + 1?'')/!^ 



II, 



6° 4/H.y'2 + Kon*, /lof^-Koy'^ 

8** ;ioX«+Vot,4 , ;4^4_4|r,^' 



(l'*-A/''o-(n* + 4x2)K 



' 11° A^ + 4koV. /i«|'*-»'o^» 
12° /uoy'^ + vot^S 4;io^^-voy'2 



I 



IV, 



14° /i(^ + »'oV, /4or'-4voV* 
15° ^ + 4koV, /^oT'-koV^ 
16° /ioC^ + voV. ^^^-foV* 



(y*-4nK' 
(4r-y^)/^o- 



(y»+V^)K 












« 



4y* + 4;* 

4x'* + y'< 
S^ + 44:* 



V + UV)* 

4a^* + (CV)* 



y*+4(€i,')* 

4(M* + j:^ 

4(r>?)*+y'* I 

I 

_ .. . I 



It will be seen that the binomials *„ *j take particular forms in 
«ach class, 

I. QuaJratie; II., III. Quadratiee-guartie ; IV. Quartie; 
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whilst the final ^ takes the same form in all. These values of ^ may 
be all included in the form, styled* Bin-Aurifeuillian, 



whose factors are known* to be 

L = (z~ r)^+ r^, M = {x+ Yy+ t'. 



(24) 
(25) 



Examples. — [The mimbering (1°, 2°, &o.) is that of the Cane referred to.] 



Here 



1°. Given X=- ♦, - ♦J = 221 ; ♦j - 5 . 3*+ 11 . 42, ♦2 = 0. S'-U . 3^ ; 
82_3« 454.32 



D = ' 



= 5; ji=4.4^ + 3^ 
J7.6r) 



therefore ji - (l2 + 42)(72 + 42) = 17 . 65 ; and JV=-^^ = 17.13 

o 



13. 



2°. Oivm X = ♦o = ♦a = 481 ; ♦j - 10 . 22 + 9 . 7^ ♦•i - 10 . 7^-9 . P ; 
Here 



--'V-'^r-^^ *-^— = 



therefore ji « (62 + 12)(82 + 12) « 37 . 65 ; and .V = ?7 '-^^ = 37 . 13. 

5 



Here 



. Givm iV«*2 = *2 = ''^05; ♦, - 13 . 12 + 3 . 82, ♦i - 13 .42-3 . 12 ; 
42_ia 82+12 



i) = 



3 



13 



«=6; ji = 4.4<+l^ 



0-(32i.42)(52 + 42) = 25.41; iV = ?5jiil « 5 . 41. 

5 



4^ (7iriFn 3^= ♦2- ♦a * 493 ; ♦2=13.22 + 9.72, ♦J = 13 . 7*-9. 42 ; 
Here 



75 — 92 72 + 4« 

-D = ^-r^ = ^-^ = 5; J^-7^ + 4.2^ 



9 



13 



therefore ^ - (52 + 22)(92 + 22) « 29 . 85 ; JV - ^-^ = 29 . 17. 



b". Given JV-*2 = *i- 1937; ♦j « 10. 3^ + 23. 7*, ♦J = 4 . 10 . 7*-23 . IS 
Here 



--"S--=-iV-«= ^--^^-^ 



therefore SL = (42 + 7=)(102 + 72) « 65 . 149 ; and iV = ?t:iii = 13 . 149. 



• Bin-AuHfeuiUian ; a name ^ven to the function {X*'¥^Y*) in the author^s 
paper ** On Aurifeuillians " in Proc, Lond, Math, Soe,, Vol. xxix. ; its properties 
are there studied. 
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9"". Given JV- ♦, «: ^J - 493 ; ♦, = 4 . 13 . l< + 9 . 7', ♦J « 13 . 7»-9 . 2^; 



Here 



7»-4.1* 7*^-2* 



9 



13 



= 5; «-7* + 4.2<; 



therefore fi - (5« + 2«)(92 + 2«) - 29.86 ; and JV^- ?i^'^ - 29 . 17. 

5 

13^ Given JV- «, - ^ - 12017 ; ♦, = 4 . 146 . 2^ + 33 . 3S ♦J - 146. 5*-33 . 7* ; 
Here 



2,-«l-*^.2*.31±J^-17; il-(6.3)^*4(2.7)- 



therefore 

fl- (1« + 14«)(29» +142)- 197.1037; and JV^=-fi: - -?^- ^?^-^-? = 197.61. 



2) 



17 



10. Antimorph Gvhics (*„ *J). — In Art. 7, take 

^ = 3, i = -l; (26) 

giving *, = /io«'+»'oy', *J = /io-'«j'*-v/'; C^' = *, = *;], (27) 

therefore B = — ^ = ^^- — 2^- 



A*o 



= integer, (28) 

» = (a''y)*+(^')' = Fa. A, ^i>po«e, (29) 

where F^^x'y+^\ A = {(«'2/)'+(^0*} "^ («'y+^'). (30) 

Then ^, = {x'y^xyj'-^xyx'y' (31) 

= P*— Q^ a difference of sqiiares, when Zxyx'y =^ Q^. (31a) 

The condition (31a) that <df| shall become a difference of squares may 
be satisfied in sixteen principal (qnite simple) ways, falling naturally 
into /our classes of four sub-cases each. 



Glaas... 


I 


II 


in 


IV 


Caae... 


l^ 2», 3% 4'' 


6% 6% r*, 8« 


9^ lo^ ir, i2« 


13% 14% 16% 16^ 


X — 


^, 3/, y', X 


ft 3y', ft * 


3r, ft ^, / 


3ft ft ft e 


y « 


Vf ^, 3^. y 


y, ,^, 3x', 1,'* 


y, ^. V, 1?' 


v\ r, 3„>, 1,= 


x'^ 


3y, a;', x', y 3y, |^, a;', 4" 


y, ^, r, 3^ 


r, r=, r,3r» 


/= 


:r, /, /, 3a; ',1^ y\ ij", 3a: 


ij'», 3i,'5, j:, y' 


V*. 31,", n'^, j^ 



A brief detail of each Case (1°-16°), showing the values of *„ ^i, D 
(<u;o forms), and '§, is given below. It will be seen that the binomials 
<^,, ^i take particular forms in each class, viz., 

I. Ctibie; II., HI. Cubo-textic; IV. Sextie, 
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whilst the final ^ takes the same farm in all. These values of ^ 
may be all included in the one formula 

S: = X«+3».r«=i^,.^„ suppose, (32) 

where F, = JP+3r, ^, = (X«+3'. r«) H- (XHSY'), (33) 

the factor <dfj being what is styled a Trin-Aurifemlllan ;* whose 
factors are known* to be 

L = X^-3XF+3r = F,-3Zr, M = X»+3Xr+3r = F, + SXY. 

(34) 



I, 



11, 



III, 



1* 
2° 
3« 

5° 
6° 

7° 

10° 

ir 

12° 






IV, 



D 



» 






33uo? + Koij«, Mol'^-i'oV* 



(3 V- ^)/»'o = (ir» + a:»)/Mo ! 3 V + a^' 






I 



(y»-3'|«)K = 

(3»|'«-y'8)K = 



(3V + ;^)//uo 



3V + (IV)^ 

(ri?)«+3y« 

3V6 + (|i,')« 

y«+3MlV)« 

3Me''?)'+^-' 



(|'6_3-^{«)/,^o = 
(r-{*)/vo ' 

(r-rt/i'o = 



(„«+3V^/mo 



(e'i?)«+3M|i?'r 
3Me''?)*+(|iiT 



It will be seen that Jt has been resolved into three factors, 
|I = i^, . L . If , and that N itself is therefore also usually hereby re- 
solvable into three factors (Art. 4a). 



• Trin-AurifeHiliian ; a name given to the function (X« + 35F») + {^ + 3 rs) in the 
author's paper ** On AurifeuilliajiB *' above quoted ; its properties are there studied. 

VOL. XXXIII. — NO. 761. 2 B 
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Examples. — [The numbering (1°, 2°, &c.) is that of the Case referred to.] 

r. Given A^ = ♦j - ♦$ = 2821 ; ♦3 = 5.2*+ 103 . 3», ♦J ^ 3'. 6 .3>-103 . 2» ; 

Here D = i?-L?£r:l' =, ?^"*"?^ = 7 ; i^ = 3S.3« + 26; J?, « 3. 3« + 2« - 31 ; 
103 6 * 

therefore 
i^=. 31(31-3.2.3)(31 + 3.2.3); and jV = # = ^A ^?^? - 31 . 13. 7. 



Here D •■ 



. - = 7; 0« 10fi + 3». 1«; /"a- 102+3. 1« = 103; 
143 



2^ Given X = #3 « ♦J = 142861 ; 

♦3 = 3». 143.13 + 139. 10s, ♦5- 143.103-139. 1»; 
_ 10^-33. 13 _ 103+13 
139 
therefore 

ia= 103(103-3. 10)(103 + 3. 10); and iV- ^ = ^^'"^ * "^.^ •— "^ = 103 . 73. 19. 

0°. ^itwi 3"= ♦a = ♦a = 60277 ; 

♦a = 27 . l« + 482 . 53, ♦g = 33. 27 . 63-482 . 2^ ; 

Here 2) = ^'--fjf ^* = ^'t^' = 7 ; ft = 33. 5fi+(l . 2)6; /^ =. 3. 52 + 22 - 79 : 
4o2 2i 

therefore 
1^ = 79(79-3.5.2)(79 + 3.5.2); and N= ^ ^ 79.49^09 . 79 7 jqq 



9°. Gitwj aV« ♦a = ♦J = 689791 ; 

♦3 = 33.323. P + 310.133, ♦3=323. 133-310. 2«; 
133-33. 16 133 + 26 



HereD = 

therefore 
and 



310 



323 



= 1; ii = 13« + 33 (1.2)6; 2?'3 = 132+3.22=. 181; 



j^ = 181 (181-3 . 13 . 2)(181 + 3.13.2); 
^^j|^ 181.103.259 ^^3^ ^^3 3^ 



13'-. Giveti iV^= ♦, « ♦J = 21679 ; 

♦3 = 33.61.16 + 313.26, «s = 61.46-313.36; 

4.6_Q3 16 964.Q6 

Here D = — 3^^ " = ^- =13; il = (4 . 2)6 + 33(1 . 3)6, F^ - 82+3 . 3= - 91 ; 
therefore 

4^ - 91 (91 -3 . 8 . 3)(91 + 3.8.3), and .V =. ^ = ^^ ' ^^ • ^^^ . 

i) 13 



7. 19.163. 



11. Quasi -Confonnals, and A7iti-Quasi'Co7iformals (<!>*, O^J). — These 
are the next most simple tjeneral forms (<1>a, Oi) leading to the simplest 
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factorisable form (11) of §!!. They ai-e defined by writing in Art. 3, 
f' = »°/*o. v = m^.i'„, n' = iny.n^ v = j.ii^ .v^; where j=±l, 

(35) 
with the conditions i^+y = a-|-^= k, 

Bl + 8 



giving 
Then 






integer, 



(36) 
(36«) 

(37) 
(38) 



(39) 



j^ __ mJx — n ^ _ wry ^ . n y __ 

which is of the general form (11) required. 

The forms $*, <^a of (37) are seen — by (36a) — to be Qudd-conformals 
when y = -|- 1, and Anti-quasi-confoi-mah when J = — 1 (Art. 6). 
These forms (37) include both Conformals and Anti-conformah (Art. 6), 
when k — 2k\ for, writing 

Z; = 2#c, a = )3 = y = 5 = K in (35) 

(40) 



gives 



flV =Z ±,fXV . 



It is proposed to consider only the simpler, and more interesting, 
cases, given by A; = 2, j = ± 1, and by /c = 3, / = — 1 Arts. 12, 
13, 13a, 14, 14a). 



12. Gonformal Quadratics (^j, ^2)- — In Art. 11, take 
k = 2k, a = /? = y = 5 = #c, j = + 1, 



giving 



/^ = '^ /^o> " = ^'^ ^'o^ /* = '^^^ /^o» »' = ' 



(41) 
(42) 



whence /iv = (7/171)" /XqVq= ij'y\ the condition of conformality. (42a) 
Then <1>2k = ?* /Aq .J^ -f-m v^.y , ^ik =■ 'ni ^i^.x +n v^.y , (45) 



D = 



-'^— = integer. 



''0 /^o 

g; = (rnx'yy^ — (nxy')'^, a difference of squares. 



(44) 
(45) 



Here the twin forms ($», *•!«) are amformal quadratic foritit, a. case 

2b2 
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believed* to be always factorisable (wben *i«, *ir are non-atUo- 
morphic). 

Example; — In (1), fivl** -¥ : in (2), /at la — ; whUst (3) fllnsiratee a/<n7«rtf under 
Role (10). 

(1) Given JV' = ♦, « ♦J = 6989 ; 

♦, = 3 . 43 . 1- + o . 7 . 142, ♦J = 5 . 43 . 4« + 3 . 7 . 13« ; 
6.42-3.1" h. 14--3. 13= 



Here 2> > 



43 



- 11; ^ = (5.4.14;2-(3. 1. 13)2; 



therefore fL = (280-39)(280 + 39) ; and ^ = 



_ fi 2A\ . 319 



If 



11 



= 241 .29. 



(2) Given JN' =♦.-♦; = 2601 ; 

♦- « 3 . 7 . 112-.1 . 2 . 2% ♦J = o . 7 . 112-3 . 2 . 172 ; 
5. 11--3.11* 5.22-3.17' 



Here D - • 



1-2 



= -121; ^- (5.11.2)2-(3.11.17)2; 



therefore #t - (110-561)(11O + 561) ; and 



^V = .^. BK ~ 



451 . 671 



D -11.11 



= 41.61. 



(3) Given 3' = ♦j = ♦, « 2501 ; 

♦j = 3 . 7 . 11- - 5 . 2 . 2=, ♦i « 5 . 7 . 29-- 3 . 2 . 67=; 



Here J) = 



5.29=-3.11- 5.2--3.67« 



-1921; |^= (5.29. 2)2-(3.11 .67)2; 
therefore #t = (290-2211}(290 + 2211) ; and .V= ^ = "^^^^ '^^^^ = 2501. 

Here the process fails to factoriee iV", although JVis composite (« 41 . 61), in oon- 
neqaence of Z = - 1921 being » D [see Rule (8^)]. This indicates that the data 
are unsuitable under Rule (10); iu fact, 4], ^2 are Autotnorphs ; for^].^««^ 
identically hj the rules of coufoimal multiplication, taking 4»2 "■ 15 . 12—14 . 1' «■ 1 
(a unit-form conforuial with 4»«). Compare Ex. (2) above, where the factorisation 
of the same number X succeeds (the forms ♦2* ♦« being non'SquivaletU). 



13. Anti'Conforvial Quadratics (*„ Oj). — In Art. 11, take 

k = 2, a=/3 = y = 5 = ifc=l, i = -l, (46) 

giving fi = w/X(„ y = iwvo, /i' = m/i^, v' = — n/i^ ; (47) 

whence /ai' = — /tV, the condition of anticonformality (Art. 6), (47a) 

^i = w/io.ir^+ >H»'o V» ^2 = m/io-ic'*— nKo.y'^i (48) 



* Announced in a verbal communication by the author to the London Mathe- 
matical Society {Proceedings ^ Vol. xzxn., p. 164). 
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(49) 
(50) 



^= (ma;'y)' + (wajy')* = {mxy-\-nxy'y—2mnxyxy 

= P*— Q*, a difference of sqttares, when 2mnxyx'i/ = Q*. (50a) 

The condition (50a), that Jt shall become a difference of squares, 
may be satisfied in at least forty-eight pnncipal (qnite simple) ways 
falling iiaturally into nine classes. On account of the great number 
of cases, an abstract only is given showing tl;e values of m, n, ar, y, 
x\ y' defining the cases. 



Glass... 


I-IV 


V 




VI 


VII* 


1 vm« 


IX 


Case... 




17°, 


18° 


19^ 20°, 21^ 22' 


iS^-iS', 29°-34' 


'35°-40"' 


41°-46° 


47°, 48° 


m = 


•iwo, 


fnl 


2wo, 2 Wo, wiq, wIq 


■t', y 


x'. 


y 


2»^. «? 


« — 


< 


nl 


2»l 


»J. »l, tnl 2«S 


</, 


I, 


y- 


«J, 2»J 


X = ' 


16 Gases 


( ^* 


X 


r. /. £'. y' 


r-, " 


■f. 


f 


t'. f" 


y « 


as in 


y, 


y 


y. i'. y. i" 


1-. y 


D«, 


y 


v\ n» 


x' ^ 


Art. 9 


y, 


y 


y, r. y. {^ 


x', e 


: J^. 


r' 


t", r* 


y'^J 




I X, 


X 


i". /. V», / 


y', i'' 


I)"''. 


y' 


v, v» 










• Prefix 2 to any one of mi, n, 
i each column yieUs hix onset. 


'.v.'f.r. 





In consequence of the complexity of the results no attempt will be 
made to give any detail of the above in their general form. Suffice 
to say that the binomials ^j, <^2 take particular forms in each class, 
viz., 

I-IV. As in Art 9 ; V. Quadratic ; VI. Quadratieo-quartie ; 
VII, VIII. Cubic and Quiniic; IX. Biquadratic, 

and that ^ becomes a Bin-Aurtfeuill{a7i* and therefore always 
resolvable, by (24), (25). 

13a. Simpler Anti-conformal Quadratics (^j, 4>!). — By taking 

Wo =1, no = 1, (51) 

in Art 13, all the forms of Classes I-IV, V, VI, IX are much 
simplified. Thus Classes I-IV become identical with those of same 
number in Art. 9, so need not be further considei^d. 



• See foot-note ♦ of Art. 9, p. 367. 
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Classes V, VI, IX. — Taking vi^^ = 1, 7i^ = 1 gives (w, n) = (2, 1) 
or (1, 2). A brief detail of each case (17°, 18°; 19°-22° ; 47°, 48°) 
of these three classes, showing the values of <l>„ <l>2, D (two fonns), 
and ||t, is given below. It will be seen that the binomials 4>„ ^J take 
the particular forms stated (Art. 13), and that ^ takes the same 
form in all, viz., the Bin-Aiirifenillian (X*+4y*), whose factorisation 
is given in (24), (25). 



6 I 



a 



V, 






iVI, 



lo'' 2,1 /uo4^+2,.,^^ 2^^--,.oV^ (2y2-|^)>o = (V+v-')/iu<, v+ceirr 

20° 2,1 )««y'= + 2^o'?^ 2;u«^'-»-^o/2 (2r^-y'2)/^« = (27j^ + y'*)//^ 4(|'t,)^+y'* 

21° 1,2 2Mo|* + i'oy=, Mo.V--2koV (y^-2{^)>„ = (y^.^ .i^^JZ/io .V^ + 4Ui|')* 

22-1,2 2^,*/- + y,r,\ M'-* - 2,.o/- T' - 2/^')/v., = (r?^ + 2/2)/^^, , (f,)* + 4/^ 



:jX -17° I 2, 1 : /i«f* + 2^„„S 2/xo^'- - i^oV^ I (2^^-^^)^, = (2r,^ + V^)/Ai« 4 ({'„)*+ (^i,')* 
: ' 48°' 1, 2 2^l^^ + yov\ M<.r-2W^ ' (r-2W''o= (V + 2V-')K (^1)^ + 4(1^)* 

I 



It will be seen also that these Classes V, VI, IX closely resemble 
Classes I, II and III, TV respectively of Art. 9, the coefficient 4 which 
occure in either ^.^ or 4>.2 in the latter being split up into its fa<^tor8 
2 . 2, one appean' ng in each of <l>2, 4>2 in the present article. 

Examples. — [The numbering (17^, &c.) is that of the Case referred to.] 



17°. Given JV'= ♦j =- ♦J = 2581 ; 

♦«« 59.32+2.41.5-, ♦2= 2.59.52-41.3'; 
Here l> ^ '^.l^^^' ^ ^^.±^ .= i ; . 4 . 5U 3- 

therefore &^ {2- + 52) (8= + 52) = 29 . 89 ; and X == 0. 

18-. Giveti JV = ♦j = ♦J = 689 ; 

♦0= 2.33.22+17.52, 44 « 33.52-2. 17.22; 

Here D ^ ^^ ^ 'l^^ ^ i ; ^ = 5^-^4.2- 

therefore i^ = (3= + 22) (72 + 22) = 13 . 53 ; and N ^ ^. 
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19°. Givni 

Here 
therefore 
47°. Giveti 

Here 
therefore 
48°. Given 

Here 
therefore 



Facforisahle Twin Binowials, 



875 



D 



1; ^=4.7* + (3.1)-»; 



iV-*2 = *J = 9685; 

♦2 = 99.3-» + 2. 17. 7^ ♦2 = 2.99.72-17. 1^ 

?_! 7'-:34 _ 2 . 7 -f 1^ . 
17' " 99 "' 

^ » (42 + 7-)(10»+ 72) = (65 . 149) ; and N = ^. 

iV - ♦, = ♦J = 26245 ; 
♦3= 163. 14+2.161.3*; 4^ = 2 . 163 . 3«-161 . 1* ; 

i^ = (8«+92)(102 + 9-) - 145.181; and X = 0.. 

JV- ♦2 = *3 = 46561; 
♦2 = 2.1331.2^ + 49.3*, ♦^ = 1331 .3*-2. 49.5*; 

^-— J— = -337-=^' ii = (3.3)* + 4(2.5)*; 
|^ = (12+10»)(192+102) = 101 .461; and X = £1. 



14. AnH-qunsi'Conformal Gubic^ (<t>3, ^3). — In Art. 11, take 

/3+y = a-H8 = A; = 3, i = -l, (5-2) 

which satisfy the condition of anti-quasi-canfarmality [see (36a)]. 
Then (/3, y) = (2, 1) or (1, 2) ; and («, 8) = (2, 1) or (1, 2), (53) 
whilst *„ ^3, D are as in (37), (38), (54) 

and ^ = (wa;'i/)'+ (nxi/y = jP, . j^j, svppose, (55) 

where jPj = ?mB'y 4- nxi/, ^df j = ( (rtix'yy + (nxi/Y ] -^ (7/20?')!/ + ^iiry' ) . 

Here $^^=^ {mx!y-\''nxy'y—^mnxyxy 

= P*— Q*, a difference of squares, when 3mnirt/aj'y' = Q*. (56a) 



(56) 



The condition (56a) that ^j sliall become a difference of squares 
may be satisfied in a great number of principal (quite simple) ways, 
quite similar to those of Art. 13 ; these may be arranged into nine 
classes, as in Art. 13, but with many more cases in each class (about 
twice as many), on account of the variation in a, /3, y, ^ in (53). The 
binomials <t>8, <l>3 take particular forms in each class, mostly cuhic^ 
cuhicO'Sextic, and sextic ; and the final values of ^ are all of one form 
Jt = (X'-f 3'. Y**), of which the factorisation has been given in (32), 
(33), (34) ; it is not thought worth while pursuing these further in 
their general foiins. 
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The Classes I-IX are defined by the values of m, n as below : — 

V 




vm» 


EX 


», y' 

oanjone 





of M, H, X. It, jr', ^. 



It will be seen that here the coefficient 3 replaces the coefficient 2 
of Art. 13, (compare the table on p. 373). 

14a. Simpler AiUi-quasi-conformal Gubica (^„ ^3). — By taking 

Wo= 1, tio= 1> (57) 

in Art. 14, all the forms of Classes I-IV, V, VI, IX are much 
simplified. Thus Classes I-IV become identical with those of same 
number in Art. 10 ; so need not be further considered. 

Glasses F, VI, IX. — Taking mo= 1, Wo = 1 in last article gives 
(m, n) = (3, 1) or (1, 3). The following scheme shows the values 
of m^, my, n", n* ; x, y, a*', y defining the several cases of these three 
classes. To every case of Art. 13 here correspond* two cases : — 



1 Class... V VI IX 

I Case... 17°, 17'; 18, 18' 19°, 19'; 20°, 20'; 21°, 21'; 22°, 22' 47°, 47' ; 48', 48' 1 

l_. 



m«- 


3^ 


3 


1, 


1 


3^ 


3; 


3% 3; 


1, 1; 


1, 1' 


32, 


3 




1, 


1| 


my — 


•J, 


32 


; 1, 


1 


. 3, 


3^^; 


3, 32; 


1, 1; 


1, 1, 


3, 


32 




1, 


1 


fi* = 


1, 


1 


3^ 


3 


1, 


1; 


U 1; 


3-, 3; 


32, 3i 


1, 


1 




32, 


3 


n^ = 


1, 


1 


3, 


32 


1, 


1 ; 


1, 1; 


3, 32; 


3, 32 1 


1, 


1; 




3, 


32 


X = 


1 




X 




e^ 


i^\ 


/, y'; 


e. e: 


y', y' 




^' 






y = 






y 




1 ^' 


y; 


^\ rr\ 


y, y; 


i»', 1)2 




ri^ 






ar' = 






y 




y. 


?/; 


r-. r-; 


y, y; 


r. r 




^ 






/ = 


1 




X 




\r{\ 


V'; 


y', y' ; 


i»^i?'N 


y', y' 






»?'« 







A brief detail of each case of these three classes, showing the 
values of $2, 4>.J, D (two forms), and §, is given below. It will be 



• To facilitate comparison, the same numbering (with distinguishing accents) 
has been griven to the corrtMfHmding cases of the two articles. Thus Cases 17°, 17' 
here corre.spond to Case 17° of Art. 13, 
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8een that tlie binoinials 4>„ ^2 take particular fonns in each class, 

viz., 

V. Cubic; VI. Cubo-Sextie ; IV. Sextic, 

whilst the final ||t takes the same form in all, viz., 

g = X«+3».r»=F,..f., (58) 

whose factorisation has been given in (32), (33), (34). 



170 


Mo^ + Q^oy®, 


SAioy^-vo** 


V '^' 


^0*^+3^0^3, 


9/«oy»-voar» 


' 18° 


9M(^ + »'oy' , 


fioS^— 3i^o*' 


18' 

1 


S/icyP'+KoyS , 


/«oy'-9voa:» 


lO** 


^ + 9^0^^, 


3Aiojr»->'oi?'« 


19' 


/*of + 3i/oy3, 


9/i«J^-»'o'?'« 


20*^ 


A*<y + 9yo'?^ 


3iUo«'«-Vty» 


•VI 20' 


Mo/*+3»'o'?S 


9Mof'-»'oy'' 


^^* 21^ 


O^ + Vciy^, 


Moy»-3.'oV* 


21' 


3/io4'' + ''oyS 


^oy'-9i'oi?'* 


22° 


9moJ^ + »'o'?'» 


MoT-Svo/' 


22' 


3Moy'*+»'o'?^ 


Mof**-9voy^ 












IX, 



47°, Mit^ + O^o^jS BMor-^oV^ 
47' ; /i<4«+3i^ot?«, 9^'«-voi?'« 



9/*oP+^ol?^ Moe'*'-3^„„'« 



(3y»-|«)/Ko = 
(9y3-^)/yo = 

(9|'«-y'3);vo ' 
y- 3{«)/^o ■■ 



(9n«+y'')//io 



3V + a^ 
3V + a:* 
y« + 33x« 
y« + 3».r« 

3V + (IV)« 

3y+uv)» 

3»(|'i?)* + y'*^ 

3'(r'?)*+y" 
y*+3S(|i?T 
y«+3Mlnr 
(C„)«+3y« 
(e'i,)«+3y« 



m"-i')/yo = (9>;« + !»'«)//.« -33 (!'„)« + (|V)« 
(9|'s - tjt'yo = (3>?« + v")lf^ i 3» (f 7,)" + UtiYI 
(4'^-9f)>o =• (!?«+ 3V«)/mo •(ri?)«+ 3»(4i?r j 

. I 



Examples. — [The numbering (17°, &c.) is that of the Case referred to.] 
17°. Given JV = ♦, « ♦a = 19747 ; 

♦s = 251 . 2» + 9 . 73 . 33, ♦J = 3 . 251 . 3»-73 . 2^ ; 

Here i) = '^-^J'^ = ^"3^?= 1; i^ = 33.3« + 2«, /^ « 3 . 3' + 22 = 31 ; 
^3 251 

therefore ^^ 31 (31 -3 . 3 . 2)(31 +3 . 3 . 2) = 31. 13.49; and iV« fi. 

19°. Oivtft iVT = ♦j = ♦J = 281827 ; 

♦3 = 4339 . 26 + 9 . 17 . 33, ♦s - 3 . 4339 . 3:»- 17 . 4« ; 

Here D ^'^ -^'~*'^'' ^ ^—ll - = 1 ; = 3^ . 3«+ (2 . 4^ J^3 - 3 . SH 8^ = 91 ; 
17 4339 

therefore i^ = 91(91-3.8.3)(91 + 3.8. 3) = 91 . 19. 163; and X =» fi. 
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47°. Given 3* = ♦j = ♦$ = 281827 ; 

♦s = 4105.26 + 9.2123. 1«, ♦J- 3 . 4105 . 3«-2l23 . 4«; 

HereD^'l^—" = ^i^^JLl = i ; ^ = 33(3 . l)« + (2 . 4)«, F, - 3 . 3« + 8* - 91 ; 
therefore 0. = 91 (91 -3 . 8 . 3}(91 + 3 . 8 . 3) « 91 .19.163; and X^ #t. 

15. Higher Order Fonns (k>2). — It should he understood that — 
although (for the sake of brevity) the detail of only the simpler 
cases (when k = 2, j = zk 1, and k = 3, J = — 1) has been entered into 
— the process is applicable to forms of a7iy order (k). And the pro- 
posed number N will usually be resolvable into the same number of 
algebraic factors as the tJcrived |l possesses, excepting only those lout 
under Rules (86), (9h). Thus, when Jl has the simplest form (11). 
it has always at least tico algebraic factoids (except when j = — 1, and 
A; = 2*, € > 0), and has more than two when A* is composite (except 
when J = — 1, and k = 2*, or 2*. 9, q being an odd prime, and e > 0). 
the number of factors usually increasing with the degree of compo- 
siteness of k ; and these algebraic factors may themselves — under 
suitable conditions — be susceptible of an AurifeuilUan* I'esolution. 

Example^ of a very large number with binomial forms of loth order {k = 1.5). 
Given X = ♦is = ♦(5 ; ♦jj = ^ . l^^ + y . 9»*, ♦J5 = /* . 4^* + k . 5»* ; 
where .u = -l . 41 . 541 . 45061, 1/ =9.7.331, ^=15; 

Here i) = l_:^. = I — ^ = 11.31 . 151; = (4 , 9)»»-(l . 5)>*; 
then $L is resolvable (algebraically) vaiofottr factors, since k - 3.5; say 

whert^ F, ^ 361-01, ^3 = ^^^, ^s = 3^,_,,, ^15 = ]^» ^» » -^^TZ^ • 

then /*! = 31 ; /'j = 1501 = 19 . 79 ; 

also ^5, Fii are both Quint -Aurifemlliam^i and are therefore resolvable by the 
AurifeuilUan resolution into two large factors each, as follows : — 

Fs = (36» + 3.36.5 + 5-)2-5.5.36(36 + 5)2- 18612-1230*= (631)(11 .281); 

(g = (36*^ + 3 . 363. 53+ 5«)2- 5 .53 .365(363 + 53)2 = 21942939612-2526174002 

= (1941676561)(2446911361), [which contains /*s]. 



• See the author's paper " On Aurifeuillians '* above quotoi. 

t I.e., Aurifeuillians of the fifth order ; see the author's paper ** On Auri- 
feuillians " quoted, and Ed. Lucas's paper '* Sur la serie recurrente de Fermat," 
Rome, 1879, p. 6. 
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F,, = ^* = 1941676561 2446911361 ^ ^28171 . 3877831 = (628171)(61 . 151 .421); 
jpj 11 . 281 631 

V= & = ^I'^Z'Pb'^i B ^ ( 31)(19.79 }{(631)(11.281)}{(628171)(61.151.421)} 
^ D D il731.15i 

= (19.79) {(63l)(281)}{(628171)(61.421)} ; 
here the given number N has been resolved algebraically into^r^ factors (shown in- 
side the brackets) ; one of the nisc algebraic factors of $i having been lost on 
division by D. 

16. Condition of Factorisahility . — It will be seen that when the 
derived gl^ is resolvable into two factors (^ = L.M) then the pro- 
posed N is also always resolvable into tic** factors nnder a certain 
condition (86) which may be expressed 

Provided neither of Z, if = D, or = a factor of /), (59a) 

and when g^ is resolvable into three factors {Vi = L^.L^.L^), then N 
is also always resolvable into three factors under a similar condition 
(96) which may be expressed 

Provided neither of Lj, Zj, Z3 = D, or = a factor of B. {59b) 

There is one case in which this condition (59a, h) can be seen to 
be satisfied a priori (i.e., before attempting to resolve ^) viz., 

When D = 1, then iV = |l, and the factorisation of 0. involves that of X. (60) 

Another case in which the condition is satisfied can sometimes be 
recognised a priori^ viz., 

When 2) is so small as to be obviously < both Z, if, then the factorisation 

of involves that of N. (60a) 

The general condition in (59rt, 6) is an a posteriori condition, i.e., 
its applicability is not recognisable until after the factorisation of "§, 
has been effected ; the two special forms (60), (60rt) are pix)bably as 
convenient as can be expected. The general form and both the 
special forms involve in general all the coeflBcients (/i, r, /x', r'), and 
also all the elements (a^, ?/, x\ y') entering into the twin forms 

(<^*, <J>0. 

It is much to be wished that some a priori form of the general 

condition (59a, h) could be found. At present this has been done 

(so far as known to the author) for two quadratic forms only 

(Art. 8, 12). 

IsotHorph Quadratics (♦j* ♦a)* *2» *2 must not be Automorphh. (61a) 

Conformal Quadratics (♦2? ♦a)* ♦2? *.» must not be Automorphs. (61*) 
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The mode of expressing the general conditioa used in ^(10) is 
suggested a4i pix)bably a suitable expression of it, viz., 

The twin forms ^f, ^ must be non'CquivaletUy (62) 

where the term equivalent may be taken to mean interchangeable by 
some algebraic process. 

[The discovery of sach a condition is perhaps more of theoretic than of praetietd 
interest ; as it se?ms quite likely that the application of such a condition might he 
more troublesome than the attempt at factorisation itself.] 



A Qeometrical Theory of Differential Equations of the First and 
Second Orders. By R. W. H. T. Hudson. Received 
January 28th, 1901. Communicated February 14th, 1901. 

1. Introduction. 

The differential equations dealt with in this paper are ordinary 
and of tlie first and second orders. The variables ai*e i^egarded as 
real, so that the usual geometrical interpretation and terminology can 
be employed throughout. 

The main ends towards which the investigation is directed ai-e to 
find conditions that a differential equation of the second order of 
general algebraic form may have singular solutions of the 
various kinds which are possible, and to examine their i*elations to 
other solutions. Since the singular solutions, if they exist, satisfy an 
equation of the first order, it is necessary to enter upon a preliminary 
investigation of these equations, and, in particular, to find the con- 
ditions that a singular solution may represent an osculating envelope. 
This occupies the second section ; the method chiefly employed is 
geometrical, and the results are obtained by pix)jection from figures 
in space of three dimensions. For completeness and greater generality 
the unspecialized form of equation is first discussed, and the usual 
results are obtained very simply in this manner. 

In the third section the same method is employed to examine 
solutions of equations of the second order, and the results of the pi'e- 
ceding section are fi-equently applied. In some cases it is simpler to 
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integrate the given equation by means of series of which the leading 
terms are found by the use of a diagram of unit points. In all cases 
the method adopted is that which seems to lead to the desired result 
in the shortest manner. The same results may, of course, be obtained 
by more straightforward, but much longer, processes. In particular, 
the vaiious possibilities of loci contained in the discriminant of a 
discriminant may be worked out as a piece of algebra, and will be 
found to amount to the same as those which are obtained by geo- 
metrical intuition.* 

In the following pages the theory is regarded from the point of view 
of the differential equation, not the complete primitive. As has been 
pointed out by Darboux, Cayley, and others, the theories are distinct, 
and what occurs as a general rule in one case must be regarded as 
exceptional in the other. But, before proceeding, a few remarks may 
be made on the theory of the complete primitive, as most writers have 
dealt with the subject from this point of view, and some of their re- 
sults can be obtained very shortly by considerations analogous to 
those employed in the latter sections of this paper. 

The subject may be said to have been started by Cayley in his 
paper t " On the Theory of the Singular Solutions of Differential 
Equations of the First Order.'' The type of differential equation 
considered is integrable, and corresponds to a system of curves repre- 

-"^^'i'^y /(.,,,c)=o, 

where c is either one parameter or stands for m parameters connected 
by m— 1 algebraic relations. Cayley proves that the c-discriminant 
locus is made up of the envelope, nodal and cuspidal loci, and that 
the jp-discriminant locus consists of the cuspidal locus, tac-locus, and 
envelope ; and states without proof the number of times each occurs. 
A singular solution is defined as belonging to the envelope species,, 
and from this definition it is deduced that the singular solution must 
satisfy not only the differential equation 

but also the derived equation 

dp 



♦ This has been done by Prof. Henrici in VoL n. of the Froe, Lend, Math. Soe.y 
1868, p. 104 and p. 177. 
t Mets. of Math., 1873, Vol. ii., p. 6. 
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but it may happen, as will be seen later, that the curve represent- 
ing a common solution is not an envelope.* 

In a later paper bearing the same title,t Cayley proves that two 
neighbouring curves of an algebraic system cut one another in points 
at which the tangents are nearly coincident, the number of such 
points being equal to the sum of the order and class of the curves, a 
necessarily positive number, whence the conclusion that an algebraic 
system of curves always has an envelope ; J on the other hand, it is 
pointed out that in general im part of the /^-discriminant provides a 
solution of the differential equation. Cay ley remarks that it at 
once appears by drawing consecutive curves with nodes and cusps 
that two ultimate intei-sections coincide at a node and three at a cusp, 
whence, doubtless, he w as able to infer the number of times these loci 
occur in the c-discriuiinant locus. 

When the complete primitive involves only one constant c, we may 
take c = -3 to be a third coordinate. This i« suggested by Cayley, 
who, however, does not apply the conception. Prof. Hill§ points out 
that the node-locus and cusp-locus can be regarded as projections of a 
nodal line and cuspidal line on a surface, and uses this idea to illustrate 
his theorems about the directions of tangents at nodes and cusps on 
curves of the family. 

The consideration of this surface leads at once to the connection 
between the number of times the factors of the c-discriminant are re- 
peated and the coefficients of 8 and #c in Plucker's formula for the class 
of any curve. For the order of a circumscribing cone is the class of 
a section of the surface by a plane passing through the vertex. Now, 
if n is the order of the surface 

/(•«, 2/» ^) = ^' 
the order of the z-discriminant is 

n (w— 1), = m-f 2^-h3ic, 



• In Vol. L. of the Math. Annakny p. 103, M. Petrovitch shows that the differ- 
eutial eqiiationH -, ,, ^ -^n-^ j a 

may have a common solution which is not an envelope of integral curves of the 
equation / = 0, and that this is due to the vanishing at ever}' point of the locus 
.)btained of other derivatives of f with respect to y and y'. 

t Mess, of Math., 1877, Vol. vi., p. 28. 

^ Prof. Chrystal points out that these ultimate intersections may be the same for 
■\\\ the curves, in which case there is no true envelope. £din. Phil. Trans. ^ 
Vol. xxx\iii., 1896, p. .S03. 

5 Vroc. Lofid. M'lfh. 6V;r., 18S8, Vol. xix., p. 565. 
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where m is the class of any section and the order of the circum- 
scribing cylinder whose generators are parallel to the axis of z, 
and B, k are the orders of the nodal and cuspidal lines. The section 
of the 5;-discriminant cylinder by any plane parallel to the axis of z 
consists of 71 (w— 1) parallel straight lines of which m are isolated, 
2^ coincide in pairs and pass through the 5 nodes of the section of /, 
and 3k coincide in threes and pass through the k cusps of the section 
of f. Hence the 5;-discriminant has the form 

where i? = is the envelope of 

/(a?, y, c) = 0, 

N" = is the node-locus, and = is the cusp-locus. Since the same 
formula holds good for curves possessing higher singularities when 
these are replaced by their " equivalent " nodes and cusps, the number 
of times the locus of these points occurs in the discriminant locus 
may be inferred. 

Two theorems proved by Prof. Hill follow at once from the geo- 
metrical conception just considered.* The theorems are 

(1) If d^f[d(? = at all points of the node-locus, this is also an 
envelope, and ^ is a factor of the discriminant. 

(2) If o^f/dc^ = at all points of the cusp-locus, this is also an 
envelope, and C* is a factor of the discriminant. 

The node-locus is the projection of a nodal line on the surface 
f(x,yyz) =0, 
and at every point of the nodal line 

/.= 0, /,=0, /, = 0, 
and the quadratic form 

(f»r, fyy, /«., /y., /«, /.yJX-iC, F-y, Z-'ZY 

breaks into two distinct factors. If now 

/=.. = 0, 

one of the factors must be 



♦ •* On Node- and Cuap-Loci which are also Envelopes,** Froe, Lotui, Math. Soc.^ 
1891, Vol xxn., p. 216. 
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which means that one of the tangent planes at every point of the 
nodal line is parallel to the axis of z. Thns, considering each sheet of 
the snrface separately, we see that the nodal line is projected on to 
the plane « = as the envelope of the projections of the sections of 
one sheet by planes perpendicular to the axis of z. Further, if we 
consider the distribution of lines parallel to the axis of z lying in any 
plane and satisfying the r-diseriminant equation, we find that three 
coincide at every intersection of the nodal line and this plane ; in fact, 
there are only m — S isolated lines in this case, and the discriminant 
must contain N* as a factor. 

In the case of a cuspidal edge the two factors of the quadratic form 
are the same ; so that the condition 

/« = 

involves the relations /,. = 0, f^. = 0, 

and then the repeated tangent plane is given by 

(/"■ U, UIX-x, T-yy = 0. 

The projection of the edge is an envelope of projections of sections of 
both sheets ; but these sections meet in pairs on the edge and form 
cusps there. Hence the pix)jection of the edge is an enveloping cusp- 
locus. Considerations similar to those applied to the node-locus show 
that C* must be a factor of the discriminant. 

2. Equations of the First Order. 

Considerable clearness may be introduced into the theory of 
ordinary differential equations of the first order by the use of an idea 
suggested by Poincai-e.* The usual geometrical interpretation of an 
equation 

/(a, .,.0 = (,'^|) 

is to make it associate one or more directions y' with each point 
(x, y) of a plane. In this way " integral curves " are obtained, such 
that each of the dii-ections associated with any point is the tangent to 
an integral curve through that point. 

The geometrical interpi*etation which is here described and de- 



* Journal de Math., 1885, ser. 4, t. i., p. 196'; see also Lie-Scheffers, Oeometrie 
der BeruhrungB-TraiiBfonnationm^ 1896, pp. 182-191. 
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veloped consists in regarding y' as the the third coordinate ^ of a point 
(a?, y, z) in space. Then, to any curve a in the plane of a*, y cor- 
responds a space-curve /3 of which a is the orthogonal projection, and 
the distance between any point on p and its projection on a is equal to 
the tangent of the angle made by the tangent to a with the axis of x. 
The chief convenience of this representation is that the condition 
that two curves a t&uch is the same as that the corresponding curves 
ft cut one another ; and, more generally, the condition that two curves 
a have contact of the w-th order is the same as that the corresponding 
cuiTes ft have contact of the (rt — l)-th order. 

To the equation / (aj, t/, y') = 

corresponds the surface / (x, y, z) = 0, 

and to the integral curves in the plaue s = correspond curves on 
the surface / = 0, for which 

dy^zdx = 0. 

For convenience, let the integral curves be called a-curve$ and their 
space representatives ft-cunfes. Then, through any point (ar, y, z) on 
the surface / = passes one /3-curve, its direction being given by the 
intersection of the tangent plane 

ox Oy OZ 

and the plane z (X-a*) — ( Y- y) = 0. 

Suppose that the axis of z is drawn vertically upwards. The latter 
plane is then a vertical plane and cuts the former in a determinate 
line, except in the special case when the two planes coincide. 

If the a-curves have an envelope, then through a point of the plane 
2 = near the envelope pass two a-curves whose directions are nearly 
the same. Corresponding to them in space we have two /3-curve8 
cutting a vertical line in two near points. We infer that the vertical 
cylinder standing on the envelope circumscribes the surface / = on 
which the i3-curves lie. 

We should therefore consider in general the relation between the 
curve of contact of the vertical circumscribing cylinder and the 
)8-curves. The curve of contact, which will be called 0, is given by 

VOL. xxxiii. — NO. 762. 2 c 
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the equations 

dz 

and the circumscribing cylinder is found by eliminating z. 

The direction of the )3-curve thix)ugh any point of C is given, in 
general, b}' the intersection of the two vertical planes 

ex cy 

(X-x)z-iY-y)=0; 

that is to say, all the )3-curve8 have vertical tangents at the 
points wherp they cross G. 

Xow, as a variable point moves along fi and passes thix)ugh a posi- 
tion where the tangent is vertical, the projection which describes a 
passes through a position in which it is stationary ; that is, a has a 
stationary point, or cusp. This is intuitively obvious when the 
surface has a general form. 

We thus obtain without calculation the known result that, in 
general^ a locus obtained by eliminating y' from 

is a cusp-locus for the integral curves of the equaiion 

f(x,y,y')=0» 



• [Note added July^ 1901. — In greneral there are a certain number of points on C 
at which fx-¥zfy =• 0, and the above reasoning breaks down. These correspond to 
singular points of the differential equation. For the shapes of the integral curves 
at these points see a paper by Dyck in the Sitzuugsbe^-iehte d, Akad, d, Wiss. zu 
Miinchen^ 1891, Bd. xxi., p. 23, where carefully drawn fig^uree of the t^uree possible 
oases are given. It appears that in a whole class of cases the integn^ curves which 
have cusps at different points of the disc^riminant loc^us touch it elsewhere at one 
and the same point (a nantd). This is illustrated by a particular example given 
by Prof. Chrystal {loc. cit.). In many cases the coefficients in the differential equa- 
tion can be modified so that it may possess an algebraic primitive without altering 
the general shape of the integral curves, so that such families of curves form an 
exceptional class in the general theory of envelopes.] 
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The I'easoning given above applies to any sheet of the surface/ = 
which has vei-tical tangent planes. It is therefore unnecessary to 
make any special supposition as to the way in which the arguments 
^> y? y are involved in / (a^, y, y^), except that the surface/ (a;, y,z) = 
must have the pn)perties of an algebraic sui'face in the neighbour- 
hood of points where the tangent plane is parallel to the axis of z. 

The exceptional case occurs when the equations 

iX-x)f,+ iY-y)f, = 0. 

(X-.,)z-(Y-y)=0 

coincide at all points of G* 

The analytical conditions are that at every point of the follow- 
ing equations are satisfied : — 

/(aJ, yyz) = 0, 

/= = o, 

or we may say that the i-esult of eliminating y, z from these three 
equations must be an identity. 

These are the known necessary and sufficient conditions (in the 
absence of further special relations) that the integi^al curves of 
/(aj, y» 2/) = may have an envelope, or, what is here the same thing, 
that the equation ^^ ^^^ ^^ ^.^ ^ q 

may have a singular solution. In fact, the curve G satisfies the 
equation 

^dx'\- --dy = 0, 
ex Cy 

and therefore dy—zdx = 0, 

except when /, and /^ vanish ; so that the projection of (7 is a solu- 
tion of the differential equation, that is, G represents a singular 
solution. The exceptional case, to be at present excluded, occurs 
when C is a double line on the surface. 

It remains to be investigated how the )8-ciirve8 behave in the 
neighbourhood of G. It is necessary only to take a point Q near G 



* Compare Fine, Amet\ Jour, of Math., Vol. xn., p. 302. 

2 c 2 



388 



Mr. R. W. H. T. Hadson on a 



[Feb. 14, 




and find the direction of the j8-eurve through it. Through each point 
of G pass two curves whose plans (projections on « = 0) satisfy 
/ (^> y» y ) = ^ > 0°^ ^^ these is the curve G itaelf , corresponding to a 
singular solution, and the other is a /^-curve whose plan is an 
ordinary integral curve touching the singular solution. 

The directions of these curves may 
be found by the following geometrical 
construction. Take any point P on 
(J and construct the indicatrix, which 
will be a small conic in a vertical 
plane. Di*aw a vertical tangent line 
touching at R and a horizontal tan- 
gent touching at Q, Then PR is the 

direction of G, and PQ that of the fl-curve which cuts G at P. These 
results can be deduced by simple geometrical reasoning from the 
definitions of the two curves. 

This discrimination between the dii'ections of the two curves on the 
surface f{x^ y, ^) = at points where every direction in the tangent 
plane satisfies dy = zdx corresponds to the discnmination between the 
curvatures of the singular solution of /(jr, y, y) = and the integral 
curve which touches it at any point. It is easy to verify that at such 
a point the two values of y' ai*e the roots of the quadratic equation 

da^ "' 



which breaks up into 



d 
dx 



a=«' 



giving the curvature of the envelope, and 



d_ 

dz Kdy 



ay 



giving the curvature of the integral curve. 

Hitherto only one condition has been imposed upon the surface 
/= 0, namely, that the curve of contact G of the vertical circum- 
scribing cylinder is the same as the unique curve on this cylinder 
which satisfies dy =z zdx. We proceed to find what further conditions 
must be satisfied in order that the plan of G may be an osculaiing 
envelope of a-curves. 

In this case the /3-curves must touch C ; but they cannot cut one 
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another except on G. It is thence intuitively obvious that the parts 
of a )3-curve separated by the point of contact with G are on different 
sheets of the surface ; so tliat the /3-curves are characteristics and G is 
an edge of regression on the surface / = 0. Since two consecutive 
characteristic /3-curves cut one another at each point of (7, therefore 
the tangent plane to the surface there must be the vertical plane 

z{X-x)-{Y-y)=0. 

[The plan of a cuspidal edge is generally an ordinary envelope of 
plans of characteristics ; it is only when the tangent planes are 
vertical that the plans can cross and so osculate.] 

The necessary and sufficient analytical conditions that the line 

/=o. /, = 

may have these properties are that at every point of it 

/, = 0, /; = o, 

which ai-e equivalent to 

2='' y<'=^' /-=o. /■==^'- 

The horizontal sections of the surface /, i.e., sections by planes 
z = const., project into the loci of contacts of parallel tangents con- 
sidered by Prof. Hill.* Since the envelope of these curves is ob- 
viously the base of the vertical circumscribing cylinder, the fact that 
they touch the cusp locus and also the envelope of the integral curves 
needs no further proof. 

The following results have now been obtained : — 

(1) The existence of a locus of cusps on a -curves follows generally 
from the existence of /3-curves on the surface /. 

(2) The existence of an envelope of a-curves requii^es a special 
form of/, but not necessanly the presence of geometrical singularities. 



♦ Froc, Land. Math. Soc, Vol. xix., p. 577. 
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(3) The existence of an osculating envelope of a-cur\''e8 requires a 
cuspidal edge on / ^\4th vertical tangent planes. 

Assuming next that / possesses singular lines, we proceed to in- 
vestigate theii' relations to /3-curves and the relations of their plans to 
a-cui*ves. 

Consider a nodal line. Let P (jc, y, z) be any point on it. In general 
the plane 

cuts the surface along two distinct directions through P, so that dis- 
tinct )3-curves cross at the point. The plans therefore touch, but are 
not consecutive. Hence, in general, the plan of a nodal line is a tac- 
locus,* 

By considering a penultimate form of surface we see that the nodal 
line counts twice over as part of the curve of contact of the cir- 
cumscribing cylinder. Hence the known result that the tac-locus 
occurs as a repeated factor in the y'-discriminant. 

Next, impose the condition that the tangent to the nodal line at 
any point {x, y, z) on it lies in the vertical plane 

Y^y=:z{X-xy 

The plan of the nodal line is then a solution of the differential 
equation. To find its relation to a-curves consider separately the two 
sheets of / which cut along the nodal line. On each is a singly 
infinite system of /3-curves, and the nodal line belongs to both 
systems. In plan there are two systems of a-curves having a 
common member, which satisfies both 

and |/- = 0, 

oy 

but is not an envelope of a-curves, and is in fact a particular in- 
tegi*al.t 

In order that the plan of the nodal line may be an envelope, 
it is necessary that through every point of it a /3-curve should 
pass distinct from the nodal line. 



* This is the locus of nodes on loci of contacts of parallel tangents (see Hill, 
Froe, Lond, Math, Soc., Vol. xix., p. 684). 

t For the analytical distinction between particular and singxdar solutions, see 
Hamburger, Crelle^t, cxu., p. 205, and Forsyth, Theoiy of Differential Equations^ 
Vol. n., p. 261. 
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Hence the vei*tical plane touching the nodal line must touch also 
one sheet of /. The two sheets may be considered separately, and we 
find that the line is an ordinary )3-curve for one sheet and a curve of 
contact of the vei*tical circumscribing cylinder for the other sheet. In 
plan there are two systems of a -curves, one member of one system 
being the envelope of the other system. 

The analytical conditions for this are found by expressing the 
fact that the quadric cone 

(Uf„Uf„UWS.X-x, Y-y, z-zy=o 

breaks up into two planes, one of which is 

z(X-x)-(Y-y)=0. 

Hence /„ = 0, 

U+zU = 0, 

which are equivalent to 

Consider next a cuspidal edge on /. 
In general the plane 

through any point (a;, t/, z) of the edge cuts the surface in a curve 
having a cusp at the edge. As we proceed from the cusp along either 
branch, the initial change in z has the same sign for both branches, 
except in the special case when the tangent plane is horizontal ; there- 
foi-e the vertical tangent planes to both branches of the /3-curve begin 
to turn in the same direction fi-om their common position at the cusp. 
Hence the corresponding a-curve, the plan of the /3-curve, has a cusp 
at («, y), and both branches lie on the same side of the tangent. The 
« -curve has, therefore, a rhamphoid cusp. 

In fact, the plane Y~-y = z(X—x) is the osculating plane of the 
^-curve at its cusp, and, since at a stationary point the osculating 
plane has contact of order higher by one than at an ordinary point, so 
at a cusp the osculating plane does not cross the curve. Therefore, 
the projection on a plane at right angles to the osculating plane has a 
rhamphoid cusp. 
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The e<ljre pr^fvulei^ a a^Aution of the differential equation if the plane 
Y^y = z 'X— z^ loaches it. We ha\-e then two families of ^-curres, 
</ne on each sheet r/f the *iarfaee. the ed^ being* a .>-carve common to 
both familief). The pi-ojection of the edge is then a particolar 
^f^^lntion. bat not an erivelo[*e of a-carves. 

In orrler that it rnay be an envelope, the f^-cnrves must cnt the 
e^l^e. In thi.s ca.^ thev will have a ca.sp there onless they also tonch 
the eflfge; they are then characteristics of the surface. Thus the con- 
dition that the plan of the e«lge may be an envelope of a-cnrves is 
Mafficient to make it an oscalating envelope. 

Before prrxreefling to more special forms of surface and differential 
erjaations of hig-her orrler it is o.sef ul to obtain some of these resnlts 
in a different manner. 

8appr>He that a sinf^lar solution exists ; it is required to find its 
relation to integi-al curves and to find what conditions must be satisfieil 
that it may be an osculating envelope. 

Let y and z \)e the fnnctions of sr corresponding to the singular 

mjlution, z being here -"i ^^^ 1^^ y + 'l* -J^ + 'z' correspond to another 
solution. Then the equation for rj is 

f(x, y-\-rj. r + i?')=--0; 
or, expanding and using the identities 

f(x,y,z)=0, /, = 0, 
this becomes rff^ -h Jif/yy + >?»?'/« + ^»?'"/== + • . = 0, 

where the coefficients are functions of x and are to be expanded in 
powers of x — x^j if an expansion for rj is requii^ed corresponding to 
initial values 

a* = i^oi V= Voi V = *o- 

The method of obtaining this expansion is as follows: — * 
Write ( for x—x^ and substitute ^ for 17; corresponding to any 
term ^''*"*''', mark on a diagram the point whose rectangular co- 
ordinates are a, h. Join tliese points to form a polygon, exclud- 
ing none of them. Then a side nearer to the origin than any 

• For an oxplanntioii of the application of a Puiseux diagram to differential 
equationn mco Kno, Auwr. Jour, of Math,, Vol. xi., p. 317, and Briot et Bouquet, 
Jour. Vohft,, Call, xxxvi., where the horizontal axis is taken one place lower than 
in the present paper. 
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internal point determines which terms may 
be taken together to be of lowest order, and 
the corresponding value of /x is the tanj^ent 
(with proper sign) of the inclination of the 
side to the axis of a. For example, the value 
of ft for the line represented in the diagi*am 
is +2. 

To construct the diagi*am for the difEer- 
eutial equation for i? we have to mark, corrc- 
1 m /H 3"** V 

point (m-fn, — n) and all unit points 
having the same abscissa and greater ordi- 
nates. But to obtain the sides of the 
polygon it is necessary to mark only the 
lowest point on each column ; so it is un- 




sponding to the term 



the 



necessary to expand 



in powers of ^. 





-V- 



9y'"3z" 

Now we are concerned only with values of fx greater than unity, 
because we want an expansion for an integral curve which touches 
the singular solution. A glance at the diagi^am shows that the terms 

tify and \ri% 

may be taken together, and give 

showing that the second derivatives of the dependent variable cor- 
responding to the singular solution and integi^al curve differ by 
/y//.., as indicated before (p. 388). 

If we suppose that/^ vanishes at all points of the solution, as is the 
case when the coiTesponding line on the surface / (ar, y, z) = is a 
singular line, then the first column of points disappears from the 
diagi*am, and the new polygon has no side for which /i is greater than 
unity. Thus no integi*al curve touches the solution at any point of 
it ; so that the solution is, in this case, not an envelope, but aparticnlai' 
solution. 

To make it an envelope we must ari'auge that the point (2,-2) 
may disappear. This is effected by supjjosing that /j. vanishes at all 
points of the solution. We have now satisfied tlie conditions which 
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make one set of tangent planes at the nodal 
vertical. The diagram shows that the terms 
may be taken to give 

so that the second derivatives differ by 3 (/"^-//r--). 

In order that the singular solution may be an osculating envelope, 
one side of the polygon must give /i = 3. This requires that the point 
(2, —1) must disappear, or/y^ must vanish. [This coiTesponds to the 
case of a cuspidal edge on / (a*, y, x?) = with vertical tangent planes.] 

Hence the conditions that at every point of a solution of 
/(^ y» y) = ^ ^^e following relations hold, namely, 

a/ = o. 11 = 0, Jl = o, 

Cy dy dyCy 

are suflScient to make that solution ^ 
an osculating envelope of other solu- 
tions ; and these conditions are also 
necessary because it is impossible to 
i*etain any of the coiresponding 
points, namely, (1,0), (1, -1), (2, -1), 
(2, —2), and at the same time have 
a side of the polygon inclined at an 
angle tan*^ 3 to the axis of a.* 

These conditions may cease to be 
sufficient when other deiivatives of / 
vanish ; for instance, if, in addition, 

1^ = 0, 

a/' 

causing the point (3, —3) to disappear, the only value of ft obtain- 
able from the diagram is 2, and hence the envelope cannot be 
osculating. 

3. Equations of the Second Order. 
The integral curves and singular solutions of the differential 
equation of the second order 

FJ^^. y^ y\ y") = 

* With the points (1, 0), (1, — 1) disappear also all the other points of the first column. 
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can be investigated in a geometrical manner by eonsidenng the space 
curves defined bv 

Z W 

where w is the function of a*, y^ z given bv 
F (a-, y, z, w) = 0. 

These curves will be called y-cunrs. 

Assume that F is a polynomial in its arguments and of degree h in 
w. Then, through every point (a-, y, z) pass ?i cui'ves whose tangents 
lie in the same vertical plane 

Y-y = z(X-^). 

If A (a?, y, z) is the a? -discriminant of F, then the surface A = has 
the propei^ty that of the n y-curves passing through any point of it 
two have the same tangent. 

The direction cosines of the osculating plane at any point of a 
y-curve are proportional to the determinants 



or 



d,v 


dy dz 


,Lp.r 


d*y <Vz\ 


1 


y' '' ; 





y" A 


, 1 


Z XV 




1 


dtv 

"• d. 


dtc . dw 
dr ' rf.r ' 



80 that, at an ordinary point of A, 

dw __ ^ 
d^ 

The osculating plane is then normal to the direction 

z. -1, 0, 
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and iM therefore the vertical plane 

The meaniDfr of = x or . = x 

isi that the y-carre has a cusp, and since the oscolating plane is 
vertical, the plan has a rhamphoid cusp (see p. 391). Further, 
thi-ough (j', y, z) on A passes one " /^-cnrve " defined by dy = zdr ; 
and the plan of this curve (projection on r = j touches the plan of 
the y-curve at the cusp. We have therefore proved that the solutions 
of the equation A (x, y, y) = are tangent lo^i of rhamphoid cusps on 
integral curves of tlie equation F (x, y, y\ y") = 0.* 

For convenience we shall call integral curves of the equations 

^ < •'•» y» y) = ^» a«^ ^ ('» y» y'^ y") = ^» 

^-rnrveti and F -curves i-espectively ; so that A-curves are plans of 
/3-curves and correspond to the a-curves of the previous work, and 
F-curves are plans of y -curves. 

Let (jj, y, z) be the coefficient of uf in F{x^ y, r, w). Then at 
every point of the surface ^ = one value of ir is 30 . For the cor- 
responding y-cui-ve ^ = X ; so that the tangent is vertical, and 

therefore the plan has an ordinary cusp. Thus the integral curves of 

the equation , .n r. 

^{x,y,y) = 

are tangent loci of ordinary cusps on integral curves of 

F{x,y,y',y'') = 0* 

A certain number of F-curves can be drawn thit)ugh each point 
(a5, y) in any direction determined by y'. The meaning of the equation 

^ {^^ y» y) = 

is that two of these curves have the same y\ that is, the same 
curvature. The following cases are a priori possible : — 

(1) The curves are branches of the same F-curve, and together 
form a rhamphoid cusp. 

(2) The curves are distinct F-curves. 

(8) The F-curves form a sequence in which each may be said to 



• TliiH proposition Ih obtained by Goursat, Amer. Jour, of Math., Vol. xi., p. 364. 



1901.] Oeometrical Tlisary of Differential Equations. 397 

touch the next. The envelope is an osculating envelope and a singular 
solution. 

These three cases correspond in a sense to the (1) cusp -locus, 
(2) tac-locus, (3) singular solution, which may exist in the case of 
an equation of the first order. 

Case (1) has already been examined. The line-elements (a*, y, y) 
considered unite to form the singly infinite system of A-cui'ves. 

Case (2) occurs when the corresponding y-curves are distinct and 

touch. Then -— is not infinite for either curve at the point of con- 
dx 

tact, and therefore the equation 

must be satisfied. This defines a curve Q on A. Thus, in general, two 
distinct ^-curves osculate each other at all points of a curve (the 
plan of Q) obtained by eliminating z, w from 

F (a-, y, z, w) = 0, 

F,-{-zF^-\-wF, = 0. 

Further, the value of — for a jS-curve is given by 
ax 



dz 
dx 



Fr+zF,-^ ^F„ = 0, 



since F^ = 0; 

so that at all points of Q the tangent y-curves are touched by a 
/3-curve, or, in other words, the two y-curves which touch one another 
touch also the surface A. Hence, also, the pair of J'-curves which 
osculate each other at any point of the plan of Q are osculated by 
a A-curve at that point.* 

Case (3) occui's when a family of y-cui*ves has an envelope Ij'ing on 
A. This envelope must be a /3-curve or else correspond to a solution 

A {x, y, y) = 0, 



* \^Note added Jtdy, 1901. — This is a loous of essential singularities, and at each 
point of it there may be an infinite number of J^-curves having contact of the third 
order with one of the pair discussed above. A detailed examination of the various 
cases must be reserved for another occasion.] 
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A *:r.:r*-lAr w^Iiry^r. of the/r*: irtfcdf L« 'iefioei *> ;& ^olxxtKiVi of 

-why;?. ;^ nor & *:r.;rilAr -olation vf thL* ^:(3An-.*n. and whicb satisfies 

If '/f.e ^xi.«t-. :* > c-^/n tamed in the l*>_-u> obtained by eliminatuig' 

F(x,y,z, ir) =U. 

an^l i«« an fr¥:nVAX\T\^ envelope of F-cnrves. Since, in general, the 
yi%hx(:rs iff y and z obtainefl from these equations do not satisfy 

ihj ^ zdx, 

no. at in the ca.se of equations of the tii'st order, the existence of a 
Min^nlar Holution i.s exceptional. 

To examine the F-carve« which oscnlate a singular solution, we 
have to h^;lve the equation for i|, 

F{x, y + iy, -+V, ir + i7")=0, 

wliere iy, z, w are the functions of x corre- 
sponding U) the singular solution. A 
diagram can be constructed as on p. 393 and 
showH tliat the terms of lowest order ai-e 

whence i; = - J f/V^'.J ^'-f ... ; 

and therefore the values of y'" for the 
singuhir Kolution and integral curve differ 
by FJF^^. 

If all the ^-curves ai-e singular solutions of F=0, then every 




♦ See ForHyth, Theory of Differential EqMtiom, VoL n., 1900, pp. 251, 253. 
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/9-curve is touched by y-curves. The curve Q does not exist ; so that 
the equation ti . n . n n 

must be an algebraic consequence of F= 0,2^,^ = 0. Since w, the 
common ix>ot of the equations in w, 1^=0, i^«.= Ois not infinite at the 
curve of contact C of the vertical cylinder circumscribing A, there- 
fore ~ for the y-curves and /3-curves at any point of G is not in- 
dx 

finite ; that is, the tangent line is not vei'tical. Hence, when all the 
A-curves are singular solutions of F =0, they have an envelope, the 
plan of C. It will be proved that this envelope is obtained by 
eliminating w, z from 

^=0, F^ = 0, F,= 0, 

and therefore, at every point of it, the osculating A-curve and F-curve 
have the same value for y". 

A singular solution of the equation 

which satisfies F (x, y, y\ y") = 

is called a singulai* solution of the second kind for the latter equation. 
As it must be contained in the 2-discriminant of A (a?, y, z), we must 
find what loci are included in this and examine their relations to 
jP-curves. 

First, consider the surface 

A (ar, y, z) = 0. 

It is the envelope of the surface 

F{x,y,z,w) = 0, 

in which w is regarded as a parameter. Thus, A is generated by 
chai'actenstics* which are the ultimate intersections of two near sur- 
faces F, and the chaiucteristic corresponding to any value of w is 
given by F =0, 

F„ = 0, 

The surface A has a vertical tangent plane where any surface F 
which touches it has a vertical tangent plane at some point on the 
curve of contact. Hence the curve of contact C of the cylinder with 



♦ Monge, Applicatioti de l"^ Analyse a la Geometrie. 
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vertical generators circumscribing A is obtained bv eliminating tc from 

F = o. F^=o, /; = o. 

Xow A has a singular line, the locus of points where two character- 
istics cut. The intersecting characteristics maj be either consecntive 
or distinct. In the former case the line is a cuspidal edge giren by 
the equations ^^q^ F^^O, /^^ = 0, 

and in the latter case a nodal line given by the conditions, eqnivalent 
to two independent condition.s, that the equation in m?, F= 0, has two 
distinct pail's of equal roots.* 
Thus the y'-discriminant of 

^ (x. y. y') = 

contains three possibilities, and we must examine in turn the relation 
between y- curves and 

(1) the curve G on A, 

(2) the nodal line on A, 

(3) the cuspidal edge on A.f 

(1) (7 has no special relation to y-curves ; that is, at each point of C 
two y-curves unite to form a rhamphoid cusp, just as at every other 
point of A. This may be seen by integi'ating the differential equation 

where a;, y, z, to are now constants satis- 
fying 
F(x,y,z,w)=:0, F, = 0, -P^ = 0, 

and r) is to be obtained as an expansion 
in powei*s of f in which the leading 
index is greater than 2. The diagram 
shows that the terms 

ai'e of lowest order, and thei'efore 




* See p. 269. 

t These results are obtained aljfebraically by Prof. Henrici in Vol. n., Froc. 
Loud. Math, Soe,, 1868, pp. 104 and 177. 
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80 that the expansion for the integral curve is of the form 

which is characteristic of a rhamphoid cusp. It is evident from the 
diagram that the absence of the point (1, —1) corresponding to the 
term rj^F^ has not affected the order of the leading term in the ex- 
pansion for ly. 

(2) The nodal line is doubly a locus of cusps on y-curves, one set of 
cusps corresponding to each sheet. At any point the osculating plane 
is vertical and the tangents to the two cusps are distinct. In plan 
we have a line which is a tac-locus for A-curves, and at each point are 
two rhamphoid cusps on ^-curves touching the A-curves. 

(3) This case is best dealt with in plan. We have to integi^ate, 
subject to the initial conditions 

F = 0, F, = 0, t\, = 0. 

The point (2, — 4) has now disappeared, and 
the terms of lowest order are 

indicating an expansion in which the leading 
index is J. The -F-curve has a singular 
point at which three bi^anches osculate each 
other. But only one can be real ; its curva- 
ture is finite and the singularity not apparent. 
It has already been shown that the tangent 
at the singular point is the tangent at a 
rhamphoid cusp on a A-curve. 

If the equation F (x, y, y\ y") = 

has a singular solution of the second kind, it must be one of the pre- 
ceding three loci. We must, therefore, suppose in turn that the 
curves (1), (2), (3) on A satisfy d. = wdx as well 2^ dy =. zdx. It is, 
however, simpler to consider the plans of these curves, and, assuming 
them to be solutions of J'' = 0, to investigate other solutions which 
osculate them. The diagram method is now applicable. 

(1) Suppose that the locus obtained by eliminating «, to from 
F{x,y,z,w)=^0, F,= 0, F^ = 
is a solution of F{x, y, y\ y") = 0. 

We have to integrate the equation for ty 

F{x,y-\-r), z-\-n\ ti;-|-V') = 0, 
VOL. xxxiii. — NO. 763. 2 d 
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where y^ «, w are the values of 
y» y'» y" corresponding to the 
assumed singular solution. The 
terms of lowest order are 

BO th^t the leading index in the 
expansion of 17 in powers of f is 4. 
We infer that the /^-curve which 
osculates this singular solution at 
any point has the same value 
for y'". 

Hence, when the curve C on A 
provides a singular solution of both 

equations, it is osculated by one of the y-curves which pass thronirli 
any point of it. 

(2) It is unnecessary to consider further the nodal line on A, 
because it can be treated as a /3-curve first on one sheet and then on 
the other, and the properties which its plan may have in either ease 
must simply be combined. 

(3) Suppose that the locus obtained by eliminating r, w fmm 




is a solution of 



^(''•. y^ y\ y") = o. 



Then, constructing a diagram as before, we find 
that the points corresponding to F. and F^^y^ 
indicate an expansion for ly in which the leading 
index is ^. Thus the locus (which is not an 
envelope of A-curves) is an osculating envelope of 
rhamphoid cusps on -F-curves. 

We infer that the corresponding y-cui'ves have 
cusps touching the cuspidal edge on A. 

Lastly, we suppose that singular solutions of both kinds exist. 
The A-curves then have an osculating envelope which, as we have 
seen, must be the plan of the cuspidal edge on A when this has 
vertical tangent planes at every point. Since these planes are also 
tangents to surfaces F^ we have the condition 






JP'. = 0. 
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Hence, if the equations 

can be solved for ^, z^ w, and if the functions of x so obtained satisfy 

dy = zdx, dz:=wdx, 

then the corresponding locus is a singular 
solution of the second kind, and is an 
osculating envelope of singular solutions 
of the first kind. 

That these conditions are necessary in 
order that both kinds of singular solution 
may exist appeara fi-om the diagram ; for 
the side of the polygon nearest the origin 
must indicate two expansions with leading 
index 3. 




APPENDIX (a). 
(Session 1900-1901.) 



In the list of exchanges, No. 56 (p. 3) should be deleted, as the 
copy in question is given to the College by a member of the 
Society. 

At the December meeting the Treasurer declined to have a i^eso- 
lution passed for the adoption of his report. The Auditor was 
thanked for his services by letter from the Secretary. 

Mr. J. H. Michell sends the following remarks for insertion in the 
Appendix : — 

There is an oversight in § 3 of my paper " On Transmission of 
Stress, &c.'' (Proc.^ Vol. xxxi., p. 183), which perhaps ought to be 
pointed out. 
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The method proposed implies the continuity of the functions 
(\-\'Sfi)0—2fjLWt, tar, &c., across the boundary between the parts of 
z = 0, over which the different conditions hold. This continuity will 
not in general exist. Cases (c), (d) are covered by Boussinesq's 
solution, as I have pointed out. The difficulty is with (a), (b). 
Whether the proposed method is feasible when the true continuity 
conditions (i*, v, w continuous) are introduced requires further 
examination. 

The following is an abstract of the communication made by Mr. 
Tucker (p. 311) entitled "The Brocai'dal Properties of some 
Associated Triangles " : — 

A^ABi, B^BGi, GiCAi are drawn perpendicular to Ail, Bil, Gil, 
cutting the circumcircle in ^, (T, A' respectively; and, in like 
manner, ul, -4 C„ B^BA^, G^CA^ perpendicular to -40', Bil\ Gil\ cutting 
the circle in C/\ A'\ JY' respectively. The equation to A^B^ is 

/3co8w-fy cos (-4— w) = 0, (i.) 

and to ^jJ?) is acosw + y cos (i^— w) = 0. (ii.) 

The points -4j, A^ are given by 

cos (C— w) cos (-4— w), — cosfti cos (4— w), cos^ w, (iii.) 

and by 008(^4—01)008(5 — 0*), cos'a>, — cosoicos (J.— o»). (iv.) 

We readily get -^iBi = c cosec oi = J,5, ; (v.) 

hence the triangles A^B^G^ (or Aj) and A^B^G^ (or A,) are similar to 
ilB(7 and are congruent to one another. 
The points A\ A" are given by 

— cos (0— w)cos (B-hoi), cosoicos (-B-fw), coswcos(0— w), (vi.) 

—cos (B— w) cos ((7-|-a>), cos 01 cos (B^w), cos o» cos (JB-hoi), (vii.) 

and the triangles A'B'G' (or A'), A''R'G" (or A"), and ABG &re con- 
gruent. 

The circles (Cj), (Cj) round A„ A, respectively, are given by 
P. 2a)Sy + cot w.Saa [Sa sin (7 cos (JB — oi)] =0 
and P.2a/3y-hcotw.Saa [SasinBcos((y— w)] =0, 

where P = cosecoi.U sin-4. 
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The circajncifcle A BG can be readily flhown to be the auxiliary 
circle of the Bixxjard ellipses of Aj, \. 

The cyclic property (circamcentre O) of the six Brocard points of 
the five triangles and other pi-operties are more elegantly denved 
from the theory of similar figures. 

A i-eferee writes : " We have as corresponding points of two 
similar figures 

A^ B, 0; A\ B\ 6''; Ai, 1?„ Cj ; ... ; 

A'\B'\Cr; A, B, (7; A,, ii„ (7,; ... ; 

the centre of similitude being and the figures being congruent. 
Again, we may consider the three similar figui*es 

A, B, C, ..., K, 0, n\ 0, ...; 

whose centres of similitude ai'e 0, O', O, and invariable points K, Ki, 
K^ (the symmedian points) ; hence it follows that the symmedian 
points of A^B^Gx and A^B^G^ lie on the Brocai-d circle of ABG'' 

The accompanying notice of the late M. Hermite has been drawn 
up, at the request of the Council, by Mr. G. B. Mathews : — 

Charles Hermite, whose death occurred on January 14th, 1901, 
was born at Dieuze, in Lorraine, December 24th, 1822. After school- 
days spent at Nancy and Paris, he entered the Ecole Polytechnique 
in 1842, and soon gave evidence of his remarkable genius ; for it was 
in 1843 that he wrote to Jacobi his well-known letter on the theory 
of Abelian functions, and this wa.s followed in 1844 by another on 
the transformation of the elliptic functions. Adopting the profession 
of a teacher, his career was one of uninterrupted success ; after hold- 
ing several minor appointments he was elected in 1862 to a newly 
founded chair in the Ecole Normale, and in 1869 to the professor- 
ship of higher analysis in the Sorbonne, which he held until 1897. 
Readers of his lithographed coui*se will understand the enthusiasm 
with which his successor and former pupil, M. Picard, speaks of his 
charm as a lecturer ; in judgment of selection and lucidity of exposi- 
tion these lectures are unsui'passable, besides showing on every page 
the impress of an oiiginal mind. The festal celebi'ation of Hermite's 
seventieth bii^thday showed in an impressive way the regard in which 
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he was held by his pupils and fellow- workers alike ; and we may 
hope that this was a bright day in a life which, like that of many 
other men of science, was, on the whole, retired and uneventful. It 
would be tedious to t^count all the distinctions bestowed upon the 
great mathematician by learned societies ; but it is proper to recall 
the fact that in 1871 (December 14th) he was elected foreign mem- 
ber of the London Mathematical Society, to the Proceedings of which 
he contributed three or four short papers. 

Hermite was exclusively an analyst, and, above all perhaps, an 
arithmetician. He was an avowed disciple of Gauss, Jacobi, and 
Dirichlet ; with the last two he frequently corresponded, and received 
from them an encouragement which must have done much to develop 
his powers. The biilliant discoveries of Jacobi naturally led Hermite 
to the study of elliptic and Abelian transcendents : his first two 
letters to Jacobi have already been referred to, and in subsequent 
years we have his researches on the elliptic modular functions, and, 
above all, the memoir Stir quelqiies applications des fonctions eUiptiques^ 
which contains, not only a discussion of Lame^s equation, which has 
become classical, but the extremely important theory of the decom- 
position of periodic functions into the sum of " simple elements," each 
with one (simple or multiple) pole. It may be observed that Hermite 
always adhered to the Jacobian elliptic and theta functions ; partly, 
no doubt, because he had gi-own accustomed to them, but also, per- 
haps, because of their more obvious association with arithmetical 
theories. It is noticeable that the same thing may be said of 
Kronecker. 

The invention of the calculus of invariants by Boole, Cayley, and 
Sylvester naturally attracted Hermite's attention, and he soon made 
substantial additions to the theory. To him is due the discovery of 
the firat skew invariant, and the law of reciprocity which has been 
called after his name. Moreover, he showed the value of the new 
calculus by applying it to the transformation of elliptic functions, to 
.the transcendental solution of the quintic, to the Tschirnhausen 
transformation, and to the separation of the roots of equations aft/cr 
the manner of Sturm. 

It is in his arithmetical researches that Hermite's genius shows to 
greatest advantage. Here his familiarity with algebra on the one 
hand, and transcendent functions on the other, by converging to a 
focus, enable him to penetrate into depths otherwise inaccessible. 
His work on the reduction and classification of arithmetical forms is 
of the very highest importance, and involves a new and ingenious 
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application of continuous parameters. His theory of forms with 
conjugate complex variables has shown itself capable of important 
developments, and he has made many beautiful applications of 
elliptic functions to arithmetic. One of his most famous achievements 
is the proof that e, the base of natural logarithms, is an essentially 
transcendental number. . 

Hermite had a large correspondence, and many of his most remark- 
able discoveries were communicated by letter to his friends. GOpel 
was induced to publish his classical memoir on Abeliau functions by 
reading Hermite's first letter to Jacobi ; had he not seen this, it is 
possible that he might have died without giving any of his work to 
the world. 

A portrait of Hermite will be found in the Annales de V6cole 
Norrttale Superieure, t. xviii. (1901), together with an excellent 
account of his scientific work by M. Smile Picard. It is to be hoped 
that a collected edition of Hermite's mathematical papers will be 
issued without unnecessary delay. 

[It may be interesting to note that M. Hermite communicated the 
following Questions to the Educaiional Times : references are to the 
Volumes of the Reprint : — 

Vol. vn., p. 37, 2264 (and Sylvester) ; p. 63, 2273. Vol. xxix., p. 76, 5492. 
Vol. XLVi., p. 21, 8660 ; p. 50, 8510 (and solution) ; p. 63, 8588 (and solution) ; 
p. 94, 8633 ; p. Ill, 8717. Vol. XLvn., p. 53, 8863 (and solution). Vol. XLvm., 
p. 21, 9072. Vol. LI., p. 33, 9832 ; p. 49, 9930. Vol. m., p. 63, 10125; p. 118, 
10083. Vol. LUi., p. 127, 10155. Vol. lxvu., p. 91, 10267. Vol. lxv., p. 99, 
12337. 

R. T.] 
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